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A  SIMPLIFIED  NONLINEAR  METHOD  FOR  ESTIMATING 
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EXCITED  PANELS 
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Present  methods  for  calculating  the  fetlgue  life  of  penels  subjected  to 
short  duretlon,  high  Intensity  random  acoustic  excitation  heve  been  shown 
to  compute  expected  fatigue  life  much  shorter  than  that  demonstrated  by 
tests.  A  simple  method  besed  on  the  "single  mode  approach"  la  presented 
which  Includes  nonllneer  effects  of  membrene  stresses  due  to  large  dis¬ 
placements  and  an  Improved  description  of  the  low  cycle/high  strese  portion 
of  the  stenderd  S/N  curve.  A  simple,  economical  computer  program  Imple¬ 
menting  this  method  Is  Included  and  comperlsons  of  enelytlcal  predictions 
and  test  results  ere  presented. 
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INTRODUCTION 

Skin  panels  of  aerospace  vehicles  are  of¬ 
ten  exposed  to  high  Intensity,  short  duration 
rendom  ecouatlc  noise.  Prediction  of  the 
fetlgue  life  of  such  penels  has,  In  general, 
relJed  on  the  llneer  "single  mode  epproach" 
coupled  with  Miner's  cumuletlve  damage  rule. 
This  design  tool,  either  enelytlcal  or  In  the 
form  of  design  cherts,  severly  under  estimates 
the  fetlgue  life  for  ring  frame,  stringer  type 
panels  which  are  designee  for  short  du.-atlon, 
high  Intensity  acoustic  excitation. 

The  parameters  effecting  the  fatigue  life 
prediction  of  panels  subjected  to  acoustic  ex- 
citetion  were  Investigated  In  an  attempt  to 
obtain  better  correlation  between  simple  ana¬ 
lytical  techniques  and  existing  test  dan.  Ihe 
parameters  studied  were  boundary  condition, 
curvature  effects,  preload,  temperature,  fun¬ 
damental  frequency,  damping,  variation  of  input 
acoustic  excitation,  r  mbrane  effects  and  S/N 
data  Interpretation.  Of  these  the  last  two 
were  found  to  have  a  significant  effect  for 
metallic  ring  frame,  stringer  panels  designed 
to  survive  high  intensity  acoustic  excitation 
for  short  durations. 

This  pap-  presents  an  extension  or  the 
"single  mode  roach"  to  Include  the  effects 
of  nonlinear  response  associated  with  large 
displacements  and  an  Improved  method  of  using 
conventional  S/N  data.  A  simple  computer  pro¬ 
gram  Implementing  this  method  is  described  end 
a  listing  is  included.  The  results  of  a  sample 
problem  using  both  the  linear  and  nonlinear 


msthod  are  compared  to  teit  deta  where  excellent 
agreement  with  the  nonllneer  method  le  obtelned. 


LINEAR  METHOD 

The  fetlgue  life  of  e  panel  exposed  to 
ecouatlc  excltetlon  depends  on  the  stress  his¬ 
tory  end  the  tolerence  of  the  materiel  to  the 
eccumuleted  demage.  The  approech  used  for  cal¬ 
culating  the  fetlgue  life  of  a  panel  Is  to 
determine  the  stress  levels  and  the  distribu¬ 
tion  of  the  stress  due  to  the  acoustic  excita¬ 
tion.  Using  this  "stress  history"  the  accumu- 
leted  damage  Is  calculeted  based  on  a  damage 
model  and  conventlonel  S/N  data.  When  the 
damage  reaches  s  certain  value,  the  panel  Is 
assumed  to  have  fatigued  and  the-  tic  to  fail¬ 
ure  Is  calculated  baaed  ui  the  knot:  response 
frequency.  The  method  requires  knowing  the 
stress  'evel,  stress  distribution,  panel  fre¬ 
quency,  damage  model,  S/N  data  and  excitation 
power  spectrum. 

The  linear  "single  mode  approach"  (1,  2, 

3)  for  calculating  the  stress  in  panels  sub¬ 
jected  to  random  acoustic  excitation  is  com¬ 
monly  used  and  relies  on  the  following  assump¬ 
tions:  1)  the  panel  reaponse  is  primarily  in 
the  fundamental  mode,  2)  the  acoustic  excita¬ 
tion  Is  fully  correlated  over  the  panel,  3)  the 
input  pressure  spectral  density  is  essentially 
constant  around  the  fundamental  frequency,  and 
A)  the  mode  of  -/ibration  is  the  same  ns  the 
deflected  shape  for  a  uniform  pressure.  Jn 
addition  lo  these  general  aasumptions,  the 
boundary  condition  of  riveted  panels  is 


generally  assumed  to  he  fixed. 


APPROACH 


The  eiuntion  based  on  the  single  raodo 
assumption  lor  computing  RMS  Stress,  ~  ,  is 

"  "  VI  W  Sp'  Ko  <*> 


whore  fn  *  panel  natural  frequency,  Sp  “  pres¬ 
sure  spectral  density,  Q  ■  dynamic  amplifica¬ 
tion  factor,  and  Kq  »  maximum  stress  for  a 
uniform  pressure  of  unit  magnitude.  The  linear 
method  further  assumes  that  the  stress  peaks 
have  n  Rayleigh  Distribution  and  uses  conven¬ 
tional  S/N  data  to  calculate  the  damage  accumu¬ 
lation.  Miner's  rule  Is  commonly  used  which 
assumes  that  the  damage  is  linearly  accumula¬ 
ted  based  on  a  ratio  of  actual  cycles  used  at 
a  given  stress  level  to  the  total  number  of 
cycles  to  failure  at  that  stress  level  as  ob¬ 
tained  from  S/N  data.  When  the  response  dis¬ 
placements  and  stresses  are  ’mall,  teat  data 
lias  indicated  that  the  Rayleigh  Distribution 
and  cumulative  damage  rule  give  reasonable 
estimates  of  the  fatigue  life. 


NONLINEAR  EFFECTS 

However,  when  thin  panels  are  exposed  to 
high  intensity  random  acoustic  excitation,  the 
panel  may  respond  with  large  displacements. 

For  displacements  beyond  the  linear  range  mem¬ 
brane  stresses  are  induced  that  cause  the  panel 
to  be  stiffer  than  predicted  by  the  linear 
theory  and  consequently  the  actual  stresses 
arc  less  than  predicted  by  the  linear  theory. 
Test  data  for  such  cases  have  verified  that 
the  stress  peaks  have  a  distribution  skewed 
from  a  Rayleigh  curve,  (4).  Since  the  stress 
levels  are  j.ess  the  damage  accumulated  will  be 
less  Chan  predicted  by  the  linear  theory  and 
the  panel  will  survive  more  cycles  to  failure. 
The  nonlinear  effect  actually  prolongs  the 
fatigue  life  of  a  panel  and  the  linear  calcu¬ 
lations  can  be  overly  conservative. 

A  second  problem  can  result  Ln  using 
Miner’s  cumulative  damage  rule  for  large 
stresses  since  the  common  S/N  data  must  be 
extrapolated  into  the  low  cyclc/high  stress 
region  of  the  S/N  curve.  The  ordinary  extra¬ 
polation  for  the  linear  method  is  made  to  the 
static  ultimate  stress  value  for  one-half 
cycle..  However,  reference  (?)  indicates  that 
a  better  estimate  of  the  true  ultimate  for  low 
cycle  fatigue  can  bo  made  by  extrapolating  the 
S/N  data  on  a  log- log  plot  to  the  one-half 
cycle  point.  This  extrapolation  results  in  a 
much  higher  value  of  ultimate  stress  than  the' 
static  ultimate  and  when  used  in  the  accumu¬ 
lated  damage  calculations  results  ln  o  less 
conservative  estimate  for  the  low  cycle  fa- 
ti.gue  of  a  panel. 


The  approach  proposed  to  cnlculate  fatigue 
life  of  panels  exposed  to  high  Intensity  acous¬ 
tic  excitation  is  based  on  extending  the  linear 
single  mode  approach  to  account  for  the  Lwo  ef¬ 
fects  discussed  above.  The  large  displacement 
effect  is  accounted  for  by  assuming  that  the 
fluctuating  pressure  peaks  (not  stress  peaks) 
follow  a  Rayleigh  distribution  and  calculating 
the  corresponding  stress  distribution  using  non¬ 
linear  plate  equations  that  Include  the  effect 
of  large  displacements.  (The  non-linear  effect 
on  panel  fundamental  frequency  and  damping  is 
not  included).  This  calculation  produces  a 
skewed  stress  distribution  which  is  used  in 
Miners  damage  rule  with  the  S/N  data  to  esti¬ 
mate  the  fatigue  life.  The  second  effect  is 
accounted  for  by  using  a  log- log  extrapolation 
to  the  low  cycle  region  on  conventionally 
available  high  cycle  S/N  data. 

The  basic  steps  of  the  linear  method  are 
well  csttibllnhod  and  can  be  performed  by  hand 
calculations  or  implemented  on  a  digital  com¬ 
puter.  The  extension  to  Include  the  two  ef¬ 
fects  is  best  discussed  ln  terms  of  the  indi¬ 
vidual  steps  of  the  calculations  which  the 
following  describes.  The  method  has  been  im¬ 
plemented  on  a  computer  program  and  is  listed 
in  the  appendix. 

1)  Compute  Natural  Frequency 

The  formulas  used  in  the  program  for  com¬ 
puting  the  panel  natural  frequency  were  taken 
from  reference  (6)  .  The  program  assumed 
clamped  boundary  conditions. 

2)  Compute  RMS  Pressure 

The  RMS  pressure,  Ppjjg,  is  calculated 
using  the  equation 

PRMS-  VV2  V5  Sp’ 


where  the  terms  are  defined  previously.  The 
ac ou a c lc  spectrum  is  input  to  the  program  in 
1/3  -octave  values  and  the  program  interpolates 
based  on  straight  lines  on  a  linear  (db)  log 
(frequency)  curve.  The  pressure  spectral  den¬ 
sity  values  are  computed  assuming  the  calculated 
panel  natural  frequency  Is  the  center  frequency 
of  a  l/3-octave  band.  The  relation  of  center 
frequency  to  1/3-octave  bandwidth  is  described 
below: 


"*  ^  It 

~  «  1.2589  (3) 

rL 

where  fj^  »  lower  frequency  and  fjj  “  higher  fre¬ 
quency  of  the  1/3  octave  band.  Also  . 


ft* x  »  fft 9 (■«)>¥ *».;«*"**»*  > 


f 


where  «  the  center  frequency  (in  this  case, 
the  natural  frequency  of  the  panel).  Using 
this  relationship,  it  can  be  shown  that  the 
bandwidth  (BW)  can  be  expressed  a3 


BW  ‘  fH  '  fL 
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N  N.  N 

>ln 

Cycles  (log) 


The  program  selects  the  range  on  the  input 
acoustic  curve  that  encompasses  the  natural 
frequency  as  shown  in  the  sketch: 


db. 

rdr  “ 

n 

f  i 

/ 

f 

1 

i 

1 

u, 

n 

_ l_L_ 

Frequency  (log) 


The  program  selects  the  range  on  the  curve 
baaed  on  Sj,  which,  for  this  case,  would  be 
Sn  to  Sg,  and  computes  based  on 


I 

f  ^lO  (VNn>  1 

Ni  '  L1Og!0  (VSn>J  1°g10(Si/Sn) 


if  the  computed  value  on  N  is  less  than  0.5 
indicating  a  stress  level  near  the  ultimate 
stress,  the  program  uses  N^  -  0.5. 

5)  Calculate  Damage 

The  program  computes  fatigue  life  based 
on  the  cumulative  damage  criteria: 


The  db  level  at  f^(dbi)  is  then  computed  as 


db  -  db 

db.  -  .  m  log,.  £./f  +  db 

1  lo8l0  £m/fnl  Win  n 


The  pressure  spectral  density  (Sp)  used  in 
equation  (2)  con  be  expressed  as 


?  K  If)  9 

0.235  f. 


.dbi/10  (7) 


■  1.0  at  failure 


where  nx  and  Nx  are  applied  and  allowable 
cycles  at  a  given  str'ss  level.  Assuming  a 
Rayleigh  distribution  of  peaks,  the  probability 
of  occurrence  of  a  pressure  peak  at  sigma  level 
x  is 


(-0 


Formulas  used  for  computation  of  the 
bending  and  membrane  stress  and  displacement 
were  token  from  (7).  The  only  modification 
to  the  basic  equations  was  an  allowance  to 
compute  maximum  static  stress  based  on  a  maxi¬ 
mum  fiber  distance  (fiber  distance  of  panel 
thickness  divided  by  2  used  in  basic  equa¬ 
tions)  . 


where  P(x)  equals  fraction  of  the  total  nu  ■  i 
of  cycles.  The  pressure  peak  is  then  equaled 
to  stress  levels  using  membrane  and  bending 
theory.  Essentially,  the  pressure  peaks  fol¬ 
low  a  Rayleigh  distribution,  but  because  oi 
nonlinear  membrane  effects,  the  stress  dis¬ 
tribution  is  not  Rayleigh.  It  can  be  shown 
that  the  numbe  •  of  random  cycles  to  failure  i; 


The  S/N  curve  supplied  is  interpolated 
based  on  straight  lines  on  a  log- log  curve. 
For  example,  assume  the  following  inpuc  S/N 
curve : 


No  -  oo 


f  ^ 

J  N* 


*  '  '  7  '' 


I 


Inis  equation  is  the  basis  for  the  fatigue- 
lifo  c  imputation.  The  program  performs  a 
nonet' i  c.i  1  integration  on 


using  sigma  values  (x)  from  0.2  to  5.0  with 
dx  ■  0.2.  With  the  value  of  Ng,  the  time  to 
failure  (tf)  Is  computed  as 


The  listing  of  the  program  la  given  in 
the  appendix.  The  run  time  per  case  Is  ap¬ 
proximately  2  seconds.  The  computer  program 
input  consists  of  panel  geometry  and  struc¬ 
tural  properties,  l/3*octave  acoustic  spec¬ 
trum,  and  material  S/N  data.  The  output 
includes  panel  natural  frequency,  preasure 
spectrum  density,  rms  pressure  and  displace¬ 
ment,  cycles  to  failure,  time  to  failure,  and 
a  damage  table.  The  Input  format  Includes  the 
option  to  repeat  Information  from  the  previous 
case  and  change  one  Input  parameter  at  a  time. 
The  format  <f  the  Input  Is  shown  In  Table  I. 


tf  -  fn  •  Nr  (13) 


# 


Table  I 


PROCRAM  INPUT  DAT a 


Input 

Format 

1. 

NCASE  ■  Number  of  cases 

15 

2. 

1CK  ■  Code  for  repeating  panel  data  (repeat  If 

XCK  *  0  muat  not  be  0  for  lit  case) 

15 

3. 

E§,  3k>  I,  I>  B,  J2>  £,  D  *  Short  side,  long  side, 
thickness,  modulus  of  elasticity,  Poisson's  ration, 
weight  per  unit  area,  amplification  factor,  dis¬ 
tance  to  extreme  fiber.  (Will  use  previous  data 

If  ICK  -  0.) 

10X, 

3E17.8, 

E15.8 

A, 

JCK.  DBINC  -  Code  for  reDeatine  acouatlc  data  if 
equals  0  (If  not,  JCK  equals  number  of  input  points 
on  acoustic  curves),  DBINC  incremental  db  value  to 
be  added  to  Initial  input  curve  (this  allows  for 
Increasing  the  original  l/3-0ctave  acoustic  curve 
without  repeating  the  Input  data). 

15,  5X, 
E17.8 

5. 

PSD  (J.l).  TSD  (J ,2)  J-l.JCK 

PSD  (J,l)  “  Frequency 

PSD  (J,2)  *  db  value 

(will  use  previous  data  plus  DBINC  if  JCK  ■  0) 

10X, 

2E17.8 

6. 

KCK.  SNINC  -  Code  for  repeating  SN  data  if  KCK 
equals  0  (if  not,  KCK  number  of  Input  points  on  CN 
curve),  SNINC  Incremental  number  to  be  multiplier 
times  the  initial  input  curve  (this  allows  for  in¬ 
creasing  the  Initial  SN  curve  without  repeating 
input  data) . 

15,  5X, 
E17.8 

7. 

SN  (K.l) .  SN  (K.2)  K-l.KCK 

SN  (K,  1)  -  Stress 

SN  (K,2)  ■  Number  of  cycles 

(will  uae  previous  data  times  SNINC  if  KCK  »  0) 

If  NCASE  equals  1,  this  ia  the  last  input. 

10X, 

2E17.8 

For 

next  case  go  to  2  and  repeat. 
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TEST  VERIFICATION  RESULTS 

The  i£thod  described  in  this  paper  and  Che 
computer  program  were  verified  through  compari¬ 
son  with  test  results  available  from  previous 
scoustlc  tests.  The  results  are  compared  for 
twelve  panels  from  two  different  tests  and  are 
summarized  in  Table  II.  The  testa  were  per¬ 
formed  on  two  Titan  II  10  foot  diameter  skirt 
sections  of  .040"  thick  aluminum  skin  riveted 
to  vertical  longerons  and  horizontal  frsmes, 
the  spacing  of  which  defines  the  panel  sizes. 
The  acoustic  overall  sound  pressure  levels 
(OASPL)  were  163.5  and  164.5  db  and  the  input 
spectrum  ar.d  response  frequency  of  the  panels 
were  measured.  (The  acoustic  spectrum  la  re¬ 
quired  to  be  input  to  the  program  to  determine 
the  one- third  octave  level  in  the  region  of 
the  natural  frequency.)  The  excitation  wss 
applied  in  bursts  lasting  for  30  seconds  for 
the  164.5  db  level  and  for  120  seconds  for  the 
163.5  db  level  test.  Cracks  were  noted  in  the 
panel  sections  and  the  test  completed  when  all 
6  panels  exhibited  a  crack. 


In  the  first  set  of  panels  in  Table  il, 
the  failures  occured  from  210  to  360  seconds. 
The  numf-.r  of  cycles  to  failure  range  from  2.4 
to  4.2  x  104  cycles  which  la  in  the  lower  range 
where  S/N  data  ia  conznonly  measured.  This 
panel  configuration  was  analyzed  using  both 
the  linear  and  non-linear  methods  (the  linear 
method  also  used  the  log- log  extrapolation  of 
the  S/N  data)  and  the  non-linear  method  pre¬ 
dicts  a  result  that  lc  in  the  range  of  failure 
and  conservative.  The  linear  method  with  loc* 
log  S/N  extrapolation  predicts  a  time  to  fail¬ 
ure  that  is  conservative  by  *vo  ordera  of 
magnitude.  The  linear  method  with  an  extra¬ 
polation  to  the  st  tic  ultimate  stress  predicts 
that  failure  will  result  in  1.4  cycles  or  .012 
seconds.  The  linear  method  for  this  case  la 
not  reasonable  aince  the  answer  requires  a 
stress  well  into  the  non-linear  range  to  pro¬ 
duce  failure. 

The  second  aet  of  panels  failed  from  840 
to  1500  seconds  or  in  6.6  x  1C1'  to  1.2  x  10^ 
cycles.  The  prediction-  were  again  both  con¬ 
servative  . 
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COMPARISON  OF  TEST  AND  ANALYSIS  RESULTS  FOR 
FATIGUE  LIFE  OF  PANELS 


Test 

Parameters 

Test  Results 

Analysis 

Results 

Linear  (Log-Log  S/N) 

Non-Llnesr 

Panel 

Type  and 
Geometry 

Material 

Input 

Acoustics 

Frequency 

(Hz) 

Time  to 
Failure 

Frequency 

(Hz) 

Time  to 
Failure 
(sec) 

Frequency 

(Hz) 

Time  to 
Failure 
(aec) 

6  Panels 
of  Mlaslle 
Skirt, 
Longeron/ 
Frame 

Construction 

8.7x21.5 

x.04" 

2014-T6 

Aluminum 

164.5  db 
OASPL 

118 

6  Pane  la: 
210 
to 

360 

Seconda 

120 

3.8 

120 

170 

6  Panels 
of  Missile 
Skirt, 
Longeron/ 
Frame 

Construction 

11.9x15.6 

x.040 

2014-T6 

Aluminum 

163.5  db 
OASPL 

78 

6  Panels: 
840 
to 
1500 
Second; 

79 

17 

79 

470 
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CONCLUSIONS 

An  extension  of  ihe  widclv  , 

mode  method"  for  estimating  fatigue  life  "of6 

hasChS  SU^Jectcd  t0  random  aeoustic  excitation 
has  been  developed.  The  basic  change 

(memb^neT  :ffeCe0tr:“s0t  “  ^ 

for  mmiltefr  asrccmcnt  with  test  data 

-^“2  with "the 

s,t;  .c™,  .r  r 

suits  were  for  failures  in  the  104  cvrlo 

?nra°“  ■-  i«44£Lw. 

»««  i'r;  -prh,^ 

pnncls  configurations  wl.ere  large  deflection’ 
would  occur  (less  than  10  3  eyelfs)  the  u 

method  would  be  most  applicable,  ^he  safest 

SoTy.^trSf-  —  -  -°ve 

judgement  on  the  order  of  *“ 

n  any  analytical  ptediction  of  fatigue  the 

smssss 
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APPENDl  X 


NPAR  COMPUTER  PROGRAM  LISTING 


PROGRAM  NPAR( INPUT. OUTPUT. T APE5*  1 NPUT  .  T APE6«0UTPUT ) 

NPAR  >  NONLINEAR  PANEL  ACOUSTIC  RESPONSE 

PROGRAM  COMPUTES  FAT1QUE  LIFE  OF  FLAT  ISOTROPIC  PANELS 
SUBJECTEO  TO  ACOUSTIC  EXCITATION 

COMBINATION  OP  BENDING  ANO  MEMBRANE  THEORY (LARGE  OEFL.) 

CLAMPED  PANELS  ONLY  IFIX*2 

ANALYSIS  USES  SINGLE  MOOE  APPROACH  AND  MINER  CUMULATIVE 
DAMAGE  CRITERIA 

PAUL  JONES  4/72 

DIMENSION  PSO (20 ,2 ) , ALAOri ( 1 1) «BTA06 ( 1 1 ) »COEF (111* 

•  AL (2. 11) ,BT (2. 1 1) *AO0 (2) ,SN<20,2) 

OATA  XG/1.506/ 

DATA  XH/1.248/ 

OATA  XJ/1.248/ 

OATA  YG/1.506/ 

OATA  YH/ 1 .248/ 

OATA  YJ/ 1 .248/ 

OATA  AL/0.,0.,.165,.28,.25,.51 ..59 ..825*. 80. 1.07 .,95. 1.24 . 

•  1  .08,1  .40, 1.19. 1.50 *1.28. 1.63.1. 38 . 1.72.1. 54. 1.86/ 

DATA  BT/0. «0», 3. 8,5.75, 6.90, 11.12, 14. 7, 20. 30, 21.0, 27< 4, 2b. 5, 35.0, 

•  31.5,41.0,36.2,47.0,40.4,52.5,45.0,57.6,53.5,67.0/ 

OATA  AOB/1 ,,1.5/ 

OATA  COEF/0.,12.5,25.,50.,75.,100.,125.,150.,1 75. ,200. ,250 ./ 

1001  FORMAT (I5,5X,3E17.8) 

1002  FORMAT (10X,3E17.8,E15.8) 

1003  FORMAT (/.5X.40HNAT  FREQ  OUT  OF  BOUNDS  OF  INPUT  SPECTRUM) 

1004  FORMAT(10X,2E17.8) 

1005  FORMAT (/.5X.30HPANEL  NATUHAL  FREQUENCY  EQUALS, 2X , IE  1 5.8) 

1006  FORMAT!/. 5X.32HPRESSURE  SPECTRAL  OENSITY  EQUALS ,2X , 1 E 15.8) 

1009  FORMAT (/.5X.19HFMS  PRESSURE  EQUALS , 2X ,  1 E 1 5 . 8 ) 

1010  FORMAT !/»5X  »23TRMS  DISPLACEMENT  EQUALS, 2X . IE  1 5 .8 ) 

1011  FORMAT!/, SX.3FHCYCLFS  10  FAILURE  (DM= 1 . )  EQUALS » 2X , 1 E 1 5.8 ) 

1012  FORMAT!/. 5X.15HTIME  TO  FA ILUHE . 2X, IE  1 5.8 ,2X , 'HSECONDS) 

1013  FORMAT ( 1H1 .//.23HOUTPUT  OATA  CASE  NUMBER ,2X , 15 ) 

?00?  F^QHA'  (!0X.'iE»7.3) 

2000  HjRMAT(/,s  .24HCUMMIJL  •»TIV{.  DAMAGE  i.'PLE) 

001  FORMA!  (/,!  vX,9iiiiGMA  (X)  ,  1  i  X  ,  Vi.ii  PF.SS  X  » 9X  >  MtH  (X!  •,  1 jX  » 4HN  (X)  , 
*11X.9HP(X)/N!X)  ) 

3000  FORMAT I/.5X. 10H1NPUT  OATA) 

3001  FORMAT  ( ’.3X.13HSHORT  SIOE  =  ,1F15.8,14H  .LONG  SIDE  =  ,iri5.8) 

3002  FORMAT 13X,  12HTH1CKNESS  -  ,1F15.8,20K  .MODULUS  OF  ELAS  ■-  • 

1 IF15.F) 

3003  FORMAT  ( 13X,  1  IHPOISSIO'S  RATIO  --  ,lFi5.3.16H  .WtlGHT/AREA  =  . 

1  IF  i!  .6) 

300A  FOFMAT  (  1 3X  ,  2  .  H  A*»-'  <  •■  ! .  A  T  ■  ON  TATI  -  .1F15.8.1JH  ,F1X  CODE  =  ,15) 
3005  FORMAT  ( 13X  .  1  OHDP  ?.C«  •-  ■  iF  i  3  J  ,  SN  INCH  a  »lF15.a) 


HEAD  NUMBER  OF  CASES 
READ(5»1001)NCASES 
C 

00  99  lal.NCASES 
MRITE!6,101 3)  1 
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c  »OISSO»SF»»TIo!.EIO«l’|™,lN!f  »«E«.0*°p!iIo!Sroi!;SLTS  °F  CL*5TiCIT’’ 

c  «« “iSS'Sir.V'BKS  "  Fia" 

I F ( ICK.EQ. 0 )  go  TO  10 
READ(5*1002)ES*EL*T*E«R«NT*Q*D 

liimiiipif:" 

c  JCK  EQUALS  NUMBER  OF  POINTS  ON  INPUT  SPECTRUM 

cc  ::;s  sTaijfj5r5;sr;;ss:,STi?ffiAtTi/j  ocTm  «««• 

C  THEN  os  INC  SHOULD  0EZERD.1  T  MUAL  T0  2ER°  <C*SE  2*ETC> 

10  READ (St  1001 ) JCK •  08  INC 
IF(JCK.NE.0)KCJ»JCK 
IF(JCK.EQ.O)  (30  TO  IS 

c  »E*0(5. 100*1  <<PS0(J,I),PS0(J.2n,j.l,jCK) 

s  sK.rr.sra’jssjy}’*  asjs’is'MBj',?*-' 

c  «CK  EQUALS  NUMBER  Of  Points  OH  S«  c!“f  E“  F,"S,I 

15  REAO(5*IOOI)KCK*SNINC 
IF(KCK.NE.O)KKC»KCK 
IF(MCK.EQ.O)  GO  TD  16 
REAO(5»IOO*1 ( (SN( J* I ) *SN(J*2)),J>I,KCK) 


:  MR  I T£  OUT  INPUT  DATA 
16  WPITE(6.3000) 

MR  I TE (6*3001 1  ES.EL 
MRI T£ ( 6*3002)  T,E 
WRITE (6*3003)  R,«t 
WRITE (6*300*)  Q* IF  I X 
WRITE (6*300S)  DBINC.SNINC 

COMPUTE  NATURAL  frequency  of  panel 

IF  (FREQ  .GT.  0,0)  GO  TO  18 
FPR2MG****  (yG*EL/ES)  **** (2** (EL/ES) **2) • 

(R*XM*YH* ( 1 ,-R) *XJ*YJ) 

FPk=FPF2»»,5 

. . . . 

18  ICW»KCJ-1 
20  00  30  K*1 • ICK 
FRl*PSO(K.l) 

FR2*PS0 ( K ♦ 1  *  1 ) 


t 


IF(FHFO.GE.FRl.ANO.FREU.LE.Ft<2)  GO  TO  35 
30  CONTINUE 

WRITE <6. 1 003) 

GO  TO  99 

35  ALP=ALOG10(PbO(K»l.l)/PSO(K.l ) ) 

At.  PHA»  AL061 0  ( FREQ/PSO ( K  *  1 )  ) 

OPPAL« (PSD(K»1 .2)-PSD(K»2) )/ALP 
09=n8PAL*ALPHA»PS0tK.2) ♦  DBINC 
BW=.235«FREU 

PSI2*(8,5flE-18:»(10.»»(OB/10- * ) 

PS=PS I2/BW 

INTERPOLATE  DISPLACEMENT  AND  STRESS  COEFFICIENTS 
FOk  «/B  RATIO 

RAT10=EL/ES 
Afl 1  * AOB ( 1 ) 

AH?=AOB (2) 

DO  *5  J«l.ll 
N  =  J 

IF(RATI0.GT.AB2)  GO  TO  *0 

BTA08(N)« t ( (BT (2*N)-BT(1 .N) ) / ( AB2-A8 1 ) i • (RAT IO-AB1) ) ♦ 

•  BT(l.N) 

ALAOB <N)»< ( (AL(2.N)-AL(1«N) ) ✓ ( A82-A8 1 ) ) • t PAT IO-A8 1 ) )♦ 

•  AL(l.N) 

GO  TO  45 

40  8T AOB (N ) *BT ( 2 iN ) 

ALAOB (N) *AL (2  «N) 

45  CONTINUE 

COMPUTE  RMS  PRESSURE  AND  DISPLACEMENT 

RMSPR* ( 1 .5V*FREQ*PS*Q) ** .5 
C0FFFe(RMSPR*(ES**4))/(E*(T**4) ) 

DO  46  J=1.10 
C01*C0EF(J) 

C02*C0EF ( J*  1 ) 

N  =  J 

IFtCOEFF.GE.COI .AND.COEFF.LE.C02)  GO  TO  47 

46  CONTINUE 

4/  ALPHA= ( ( ( ALAOB (N» 1 ) -ALAOB (N))/(C02-C0n ) *(C0EFF-C01) ) ♦ 

•  ALAOB (N ) 

RMSOS=ALPHA*T 

COMPUTE  FATIQUE  LIFE  OF  PANEL 

ASSUME  RAYLEIGH  DISTRIBUTION  OF  PRESSURE  PEAKS 

WRITE (6*2000) 

WR I TE ( 6 » 200 1 ) 

DEL  T  AS  =  • 2 

SIGMAsQ.Q 

SUMsO.O 

1 1 sKKC- 1 

DO  65  K=1 .25 

SNFlsSN(l.l) 

sigma*sigma*deltas 

PROBS=SIGMA«EXP(-SIGMA*»2./2. I 
SIGPR=SIGMA«RMSPR 
COEFF=(SIGPR*(ES*»4) )/(E*(T»*4) ) 

DO  48  U=1.10 
C01*C0EF(J) 


'  I  JL 

“*Slf 


C02«C0EF(J*1) 

Naj 

48  WNnNCE,GE,C01,AN0*C0E"*LE*C02'  80  T0 

♦  9#8ETA.(UBT*0B(N*n-BTA0B(N))/(C02-C01))*(C0ErF-C01),* 

SIGST»BETa# (E* (T**2)/(ES**2) ) 

IF (S1GST .LE.SNF 1 )  GO  TO  55 

oo  so  j-i,n 

Naj 

SNPlaSN<J»l ) 

SNF2*SN ( J* 1 » 1 ) 

50  I™TlIS3r0E*SNF1,ANO,SlGST*LE*SNf2>  GO  TO  60 
GO  TO  60 

:!  . 

TNal0.a*TLOGN*SNINC 

IE(TN.LT..5)TNa.5 

PONaPROBS/TN 

FLCVaJ ./SUM 

TFLaFLCT/FREO 

C  PRINT  DATA 
C 

WRITE  <6* 1005)  FREQ 
WRITE (6* 1006)  PS 
WRITE (6* 1009)  RHSPR 
WRITE (6*1010)  RNSOS 
WRITE(6.1011)  FCCT 
WRITE (6* 1 01 2)  TFL 
99  CONTINUE 
END 


&&  AmKI'V* 


STUDIES  ON  THE  DYNAMIC  IMPACT  OF  JET  ENGINE  BLADES 
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INTRODUCTION 

ancp'of  fCr,eq,UenCe  °f  imPr°ving  the  perform- 
hiuhn  l  *ng  '  ,y,tem,'  *»>•  introduction  of 
,  T“Ce  compo.ite  type  material,  for 
jet  engine  fan  compre..or  blade  application, 
ha.  been  considered.  The  potential  u.e  of  .uch 
material,  introduce,  a  wide  variety  of 

fro m  bu!r8/ntW  technolo*ic*l  Problem,  ranging 
^  ,  °n  technl<Iu«*  to  examining 

mechanical  propertie.  change,  occurring 
uring  u.e  in  varied  environment. .  One  area 

eLPb  b,  .f*1  COnCern  reUt«*  to  the  re.pon.e  of 
euch  blade  material,  when  .ubjected  to 

dynamic  loading,  cau.ed  by  inge.tion  of  .tone., 
ice  ball,  and  bird..  Such  impact  type  loading, 
are  classified  under  the  general  ar£  of  foreign 
object  damage  with  .uch  objects  creating 
localized  or  far  removed  failure..  Localized 
damage  is  usually  of  the  cratering  or  penetra¬ 
tion  type  while  that  produced  at  far  removed 
locations  is  usually  the  result  of  dynamic 
overstress  or  wave  interaction. 

Some  recent  analytical  studie.  related  to  the 
wave  surface  shape  and  speed  during  impact  of 
compo.ite  plate  material,  have  been  di.lms.ed 
in  [  1] .  In  addition,  some  limited  experimental 


•tudies  on  the  impact  resistance  and  fracture 
of  plate  type  composite,  have  been  di.cua.ed 

“TV  C°n,lder*tion  ha.  been  focused  on 
obta  ning  data  on  the  magnitude  of  the  dynamic 

res.e.  produced  during  impact  on  blade 

*  In  °rder  t0  under»t»nd  and  evaluate 
potential  candidate  material,  to  withstand 
impact  damage,  it  i.  de.irable  to  develop 
characterization  technique,  to  identify 
important  material  re.pon.e  parameters. 

Such  data  id  needed  to  systematize  and  clas.ify 
testing  technique,  to  reproduce  and  evaluate 
candidate  materials. 

In  the  present  inve.tigation  four  types  of 
compressor  blade  material,  have  been  studied 
including  stainless  steel,  titanium,  boron- 
aluminum,  and  graphite- epoxy.  Numerical 
result,  for  the  flr.t  and  second  natural  bending 
frequencies,  tip  displacement,  and  maximum 
flexural  .tress  are  presented  a.  a  function  cf 
engine  speed  fl,  and  the  first  torsional 
frequency,  maximum  angle  of  twist,  and  maxi¬ 
mum  tor.ional  stress  as  a  function  of  a  geo- 

"l'**1 2.!*1  P*rameter  c  considering  a  fixed  strike 
velocity.  A  re.pon.e  comparison  between  a 


1 .  On  leave  of  ab.ence  from  Iowa  State  Univer.ity. 

2.  Pre,.nt  *ddr.„:  „  Florid. . 
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geometrically  similar  boron-aluminum  and 
titanium  blade  is  discussed. 

ANALYSIS 

For  initial  study,  an  examination  of  the 
dynamic  response  of  blades  subjected  to 
impacting  objects  of  sizeable  mass  relative  to 
the  blade  mass  is  considered.  The  discrete 
mass  model  developed  takec  into  account  com¬ 
bined  bending,  torsion  and  centrifugal  loading 
and  is  formulated  using  Lagrangian  mechanics. 

An  overall  view  of  a  typical  fan  blade 
assembly  is  shown  in  Figure  1  and  a  schematic 
of  the  geometric  configuration  used  in  the 
analytical  formulation  is  shown  in  Figure  2. 


Figure  1.  Overall  View  of  Fan  Assembly* 

For  model  purposes  the  blade  has  been  con¬ 
sidered  to  be  a  cantilever  beam  with  lumped 
masses  placed  at  selected  spanwise  stations. 

A  further  division  of  the  mass  distribution 
along  the  blade  chord  has  been  made  to  account 
for  eccentricity  between  the  blade  center  of 
gravity  and  elastic  axis.**  The  geometrical 
notation  used  is  shown  in  Figure  3.  The  kinetic 
and  potential  energies  for  the  homogeneous 
blade  configuration  as  shown  in  Figure  3  and 
defined  in  terms  of  the  generalized  coordinates 
yj  and  <j>.  are  given  below: 


*  Courtesy  of  United  Aircraft  Corporation 


Figure  2  .  Schematic  of  Fan 
or  Compressor  Blade 


Figure  3.  Geometrical  Beam  Notation 


**  One  approximate  method  to  determine  the 
chordwise  mass  to  be  placed  at  elastic  axis 
and  center  of  gravity,  respectively,  is  to 
use  a  weighted  mass  distribution  and  the 
percentage  of  the  static  moment  about  geo¬ 
metrical  profile  of  the  chord. 
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and  for  torsion  by 


V 


V 


I 


T  «  J  £  (Vi  +  L.ft>2+I  I  mc)g.  (Yi 


i  =1 


+  e^j  +  l^H)* 


(1) 


■iZ  1^41  £v> 


1=1  j-l 


ij  vi  i 


3=1 


o . 
‘3  3 


(61 


Equation  (61  shows  that  the  engine  speed  fi  hat 
no  effect  on  torsional  vibration.  This  fact  is 
nearly  true  when  the  coupling  effect  between 
bending  and  torsion  is  very  small.  Consider¬ 
ing  harmonic  motion  the  eigenvalues  and  eigen¬ 
vectors  for  the  system  are  obtained  by  setting 
the  determinant  of  equations  (5)  and  (6)  equal 
to  zero  separately. 

IVAjI*0  (7) 


(2) 


for  bending  and 


The  last  term  in  (2)  represents  the  contribution 
of  centrifugal  force  due  to  engine  rotation. 


(8) 


In  the  present  analysis,  the  influence  of 
damping  has  been  neglected.  The  governing 
equations  of  motion  arc  then  obtained  using 
Lagrangian  mechanics. 


Since,  for  the  blade  geometries  considered,  the 
shear  center  is  very  close  to  the  centroid  of 
the  blade,  (i.e.,  e^  is  very  close  to  zero)  the 
flexural-torsion  coupling  is  small  and  each  of 
the  motions  has  been  considered  independently. 
In  this  case,  y^  and  <t>j  in  (1)  become  uncoupled. 
The  kinetic  energy  T  can  then  be  expressed  as 


.  n 


2  mi(l)  (Yi  +  Lifl'“ 
i  =1 


♦it. 


2  .'wm2  Ci*i 
i  =1 


(4! 


In  equation  (4)  it  is  to  be  noted  that  a  pseudo 
geometrical  dimension  cj  has  been  included. 
This  has  been  incorporated  in  order  to  calcu¬ 
late  uncoupled  torsional  vibrations.  (See 
Figure  4.) 

A  typical  equation  of  motion  for  bending  is 
then  given  by 


_(«” 

m  y. 


3=1 


Vj 


+  m(i,y.n‘  = 


(5) 


for  torsion.  In  equations  (7t  and  |8)  th^rm,  fl 
and  c.  have  been  incorporated  into  the  kjj  and 
h..  for  convenience.  Equations  (7)  and  (8)  rep¬ 
resent  the  standard  eigenvalue  problem. 

Once  the  eigenvalues  and  eigenvectors  have 
been  obtained,  the  transient  vibration  problem 
can  be  studied.  In  the  present  analysis,  the 
impact  event  has  been  incorporated  as  an 


1  (i) 


Figure  4.  Cross  Section  of  Symmetric 
Uncoupled  Bending- Torsion  Geometry 
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initial  condition.  The  cenoral  solution  is  thus 
given  by  '  I : 


In  Equation  (10'.  [  6,  ]  a  olitnv*  niaf.sc.  icp- 
rcsiu.ts  the  s'h  column  of  t'*e  modal  matrix  j  ti>] 
and  f4sj^  is  the  transpose  of  [  6g  ]  .  In  addition, 
an  upper  bound  response  has  been  calculated  by 
'aklr.e  thi  maximum  values  o?  the  trigonometric 
functions  anrl  assuming  th  -se  to  occur  simul¬ 
taneously. 

RESUI  TS  AND  DISCUSSION 

Although  several  materials  have  been 
examined,  data  obtained  for  two  of  the  blade 
material"  considered  have  beet  presented 
graphically  in  Figures  5-10.  The  two  materials 
represented  are  titanium  and  boron-aluminum 
with  the  geometrical  and  p’-ys.>  a!  ;>"op.  i  ties  of 
titanium  and  boron-alumit.um  blades  oeing 
given  in  Tables  1  and  2,  respectively.  It  is 
noted  that  the  area  moments  of  inertia  for  botn 
blades  are  not  constants  along  the  spat,,  and 
this  fact  has  l  een  incorporated  ,n  evaluating  uu 
bending  stiffness  coefficients  1.,,. 

For  the  cases  considered,  ohieet  imps- it  lt,.s 
been  introduced  into  the  rest:.''  thro-  g1' 
initial  vel  icity  condition.  !■>  s*>;  r 

a  single  impact  elocity  of  t  ».*.•  bu.  ••  -is  .t 

introduced  as  a  reference,  recognizing  that 
results  for  higher  velocities  can  be  obtained  by 
scaling  the  reference  results.  In  the  present 
analysis  a  Rayleigh  distribution  for  the  lumped 
masses  has  been  used  in  conjunction  with  a 
variable  geometry  blade  profile. 

In  Figure  5  the  uncoupled  bending  frequen¬ 
cies  arc  plotted  versus  engine  speed  Q  for  the 
two  materials.  It  is  noted  that  the  stiffer 
boron-,  luminum  blade  has  a  natural  frequency 
in  first  bending  approximately  three  times 
greater  than  that  of  the  titanium  blade. 


Figure  6  shows  the  blade  tip  displacement 
as  measured  from  the  elastic  axis  as  a  function 
of  n.  It  ran  be  seen  that  the  tip  displacement 
for  titanium  blades  as  a  function  of  engine 
speed  is  greater  thin  the  ovri  sponding  boron 
aluminum.  This  results  in  the  root  bending 
stresses  shown  in  Figure  7  plotted  versus 
engine  operating  speed,  l  or  the  impact  situa- 
<ion  considered,  (100  ft. /sec.  1  the  magnitude 
of  the  stresses  shown  appear  insufficient  to 
cause  failure,  however,  upward  scaling  of  the 
imps  t  velocity  would  result  in  correspondingly 
higher  stresses,  resulting  in  blade  failure. 
i'i.r  the  case  oi  torsional  impact,  that  is,  when 
ebordwise  eccentricity  exists  between  the 
center  of  gravity  and  elastic  axis,  calculated 
results  for  uncoupled  torsional  frequency, 
torsional  stresses  and  angle  of  twist  are  pre¬ 
sented  ir.  Figures  8,  9.  and  10,  respectively, 
i  he  toisional  stresses  have  been  calculated  on 
the  basis  of  an  assumed  narrow  rectangular 
chordwise  blade  profile  based  upon  an  average 
spanwisi  nngul.tr  displacement.  Since  there  is 
lack  oi  theoretical  and  experimental  guidance 
regarding  the  magnitude  and  location  of  the 
lumped  mass  ml.*'  along  the  chord,  two  sets  of 
data  for  the  two  materials  studied  are  shown 
and  compared.  The  first  case  assumes  that 
bOT  of  the  mass  is  at  the  blade  center  gravity 
while  the  second  case  assumes  a  30rn  distribu¬ 
tion.  In  each  case  we  introduce  a  parameter  c 
to  indicate  the  chordwise  location  of  ml,*) 
relative  to  the  elastic  axis.  The  torsional 
natural  frequency  torsional  stresses  and  angle 
of  twist  calculated  for  these  chordwise  mass 
distributions  are  presented  in  Figures  8,  9, 
end  10  as  a  function  of  e  for  titanium  and 
horon-a lumiuutr.  blades.  As  expected,  when 
me  values  of  c  and  my*  increase  the  torsional 
s.rosses  and  the  angle  >f  twist  increase  while 
the  natural  frequencies  decrease. 

r OI ,’CI.Ul )IN C.  R K M A n  K S 

P  is-d  upon  u.e  iuv<  t’.gi'.ion  of  titanium  and 

boron-aluminum  blades,  it  is  observed  that  the 
effect  of  engine  speed  fl  is  insignificant  on  the 
resulting  blade  stress.  This  observation  is 
particularly  true  for  the  boron-aluminum  blade, 
which  is  stiffer  than  the  titanium  blade.  In 
general,  the  influence  of  engine  rotation  is  to 
stiffen  the  blade.  However,  this  influence 
decreases  as  the  blade  stiffness  increases. 

It  can  be  seen  from  Figures  8-10  that  the 
values  of  c  and  rj  play  a  very  important  role  in 
torsional  vibration.  As  c  and/or  7/  increase 
the  torsional  stiffness  of  the  blade  tends  to 


♦ 

I 


V 

I 


decrease.  A  reasonable  value  of  c  or  T)  can  be 
determined  experimentally.  The  torsional 
mode  of  vibration,  however,  is  less  significant 
than  the  corresponding  bending  modes. 

Finally,  due  to  the  light  weight  and  high 
strength  of  the  boron-aluminum,  its  response 
characteristics  are  superior  to  the  correspond¬ 
ing  titanium  blade. 
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TABLE  II.  BORON- ALUMINUM  BLADE 
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NOMENCLATURE 


Symbol 


Definition 


Engine  operating  speed 

Blade  natural  frequency 

Segment  of  lumped  ma**  located 
along  blade  elastic  axis 

Segment  of  lumped  mass  located  at 
cherdwise  c.g.  of  blade 

Chordwise  lumped  mass  at  elastic 


Chordwise  lumped  mass  at  center 
of  gravity 

Total  mass  lumped  at  each  station 


Spanwise  dista-ce  between  lumped 
man  location*  to  the  root  of  blade 

Chordwise  distance  between  shear 
center  and  c.g.  at  spanwiae 
station  i 

Chordwise  pseudo  distance  intro¬ 
duced  for  an  off  center  mass  to 
incorporate  torsion  effect* 


Half  chord  length 
Blade  torsional  rigidity 
Blade  flexural  rigidity 
Kinetic  energy  of  blade  system 
Potential  energy  of  blade  system 
Centrifugal  force 


DISCUSSION 

Mr.  Doepker  (Babcock  and  Wilcox  Co,): 

What  wss  the  relative  impact  properties  of  the 
grsphlte  epoxy  blade  versus  the  fiberglass 
blade?  Was  the  flberglsss  superior  from  an 
Impact  standpoint? 

Mr,  Sun:  I  think  the  graphite  epoxy  wss 
superior. 

Mr.  Doepker:  Did  you  perform  any  analysis 
to  optimize  the  ply  layups  of  those  materials? 

Mr,  Sun:  The  lamination  effect  will  be 
the  third  stage. 


i}1'  +  ml1'  = 


’'e.a.  +  mc.g. 


Vertical  deflection  at  i"1  blade 
spanwise  station  measured  to  the 
elastic  axis 

B?ade  twist  at  i^1  blade  spanwise 
station  measured  to  the  elastic  axis 
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A  I'lME  DOMAIN  MODAL  VIBRATION  TI  ST  TLlTGilQllE 


S.R.  Ibrahim,  Graduate  Student 
The  University  of  Calgary 
Department  of  Mechanical  Engineering 
Calgary,  Alberta,  Canada 

and 

L.C.  MikulciK,  Associate  Professor 
The  University  of  Calgary 
Department  of  Mechanical  Engineering 
Calgary,  Alberta,  Canada 


A  technique  using  the  free  response  to  determine  a  mathematical 
model  of  a  structure  is  developed.  Vibration  parameters  are  then 
determined  from  this  model.  Simulated  responses  from  hcth  lumped 
and  distributed  parameter  systems  demonstrate  that  this  technique 
produces  excellent  results,  even  in  the  presence  of  closely  spaced 
natural  frequencies  and  high  damping,  when  frequency  domain  methods 
f  ai  1 . 


INTRODUCTION 

Modal  vibration  testing  is  carried  out 
to  determine,  experimentally,  the  natural 
frequencies  and  the  associated  principal 
nicdos  and  damping  factors  of  stiucturcs. 

Such  tests  are  often  performed  either  to 
verify  or  to  determine  mathematical  models  of 
the  system  being  tested. 

Techniques  that  arc  presently  used  in 
v  ,.b*uit  ion  tests  [1-111  ns)  be  classified  as 
’.VvfM  e)  domain1  method.-.  Vibration  para¬ 
meter  data  is  extracted  from  frequency 
ri  —  pcM-.e  t  'brmatior  ii.e.  fivi>  equcncy 

.■main  '  i.L  jCj  'J  obtained  direct  •;  from  sine 
wave  testing,  or  from  Fourier  analysis  of 
random  or  transient  test  results  [12-16].  It 
is  usually  necessary  to  assume  that  the 
structure  being  tested  has  light  damping,  and 
that  tne  mtn.es  are  sufficiently  separated 
in  frequency  so  that  a  single  degree  of  free¬ 
dom  approximation  is  adequate  at  the  resonant 
frequencies.  This  aspect  of  frequency 
response  tev.iniquc-.  is  discussed  in  references 
[2,17,18],  where  it  is  shown  that  the  appli¬ 
cation  of  frequency  domain  methods  to  struc¬ 
tures  which  do  not  comply  with  these  assump¬ 
tions  may  lead  to  serious  errors  in  the  test 
results . 


*  Numbers  in  brackets  designate  references 
at  end  of  paper. 


This  paper  describes  the  theory  of  a 
technique  in  which  a  'time  domain',  rather 
than  a  frequency  domain  mode]  of  the  test 
structure  is  obtained.  The  structure  may  be 
driven  or  not  driven;  the  undriven  case  is 
simpler,  and  is  the  one  described  here. 
Vibration  parameters  of  the  structure  arc 
obtained  directly  from  the  time  domain  model 
without  the  necessity  for  assumptions  concern¬ 
ing  the  degree  of  damping  or  the  spacing  of 
natural  frequencies. 

Simulated  experimental  data  for  a  two 
degree  of  freedom  spring-mass-damper  system 
is  used  to  compare  this  technique  with 
i iv quency  response  methods.  This  comparison 
of  results  based  on  'exact  experimental  data’ 
serves  to  point  out  that  large  errors  are 
possible  when  using  frequency  response  methods 
for  systems  having  closely  spaced  natural 
frequencies,  especially  in  the  presence  of 
considerable  damping,  even  when  the  experi¬ 
mental  data  is  excellent.  It  also  shows  that, 
under  the  same  circumstances,  the  time  domain 
technique  produces  excellent  results  because 
there  are  no  assumptions  involved  in  the  pro¬ 
cedure  of  determining  vibration  parameters 
from  the  time  domain  model. 

The  possibility  of  using  a  lumped 
parameter  model  for  obtaining  vibration  infor¬ 
mation  about  a  distributed  parameter  system  is 
explored.  It  is  shown  that  the  number  of 
measurement  stations  located  on  the  test 
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structure  should,  in  theory,  be  equal  to  the 
number  of  modes  excited  in  the  test  response, 
\alidity  is  demonstrated  by  using  s:  wlated  ; 
data  for  a  pinned-pinned  beam  to  identify 
four  modes,  assuming  four  measurement  sta¬ 
tions  on  the  bean, 

THE  TIME  DOMAIN  MODEL 

A  lumped  parameter  linear  model  is 
assumed  to  describe  the  system  te  le  tested. 
The  general  equation  of  motion  for  the 
system  is  [20-22] 

M^+C£*^v  =  _f*.  (1) 

M,  C  and  £  ave  the  mass,  damping,  and 
stiffness  matrices  respectively;  v  and  f  are 
the  displacement  and  forcing  function  vectors. 

The  time  domain  model  chosen  to  repres 
ent  the  system  for  vibration  study  is  equat¬ 
ion  (1)  rewritten  in  the  following  state 
variable  form: 


since  the  need  to  obtain  and  deal  with 
excitation  records  would  bo  eliminated.  The 
technique  described  -n  tins  paper  is  based 
on  the  determination  of  A  using  the  free 
response  governed  by 

x  =  A  x_  Id.i 

ft-  a  svstcR  of  n  lumped  masse  A  is  of 
dirauisior,  2n  x  2n.  Equation  w  ,nws  that 
the  upper  half  of  A  is  [o  J_]  ,  heiivc  n  x  2n . 
or  in-  elements  of  A  need  be  detirr’-.ed  in 
order  to  characterize  the  system  completely. 

The  2n-  unknown  elements  of  A  are 
determined  by  noting  that  at  any  instant  of 
tine,  t •  ,  equation  (4)  specifies  that  the 
followin’  relationship  must  hold  between  the 
accelerations,  velocities,  and  displacements 
of  the  limped  masses: 

x.  -  A  x.  ) 

-i  - 1  ^ 


V 

'o  l 

“ 

s 

- 1  -1 

.i 

-M  K  -M  C 

or 

x  «  A  x  *  !)  f 


where 

x 


A  = 


-M^K  -  M" 1 C 


and 


(3) 


If  the  accelerations,  velocities,  and  dis- 
placemeits  of  the  n  lumped  masses  aw  mea¬ 
sured  and  therefore  known  .it  1 1  ,  tiiou  .'qua- 
(5)  represents  2n  scalar  equations  in  the 
elements  of  _\.  Tie  equations  whicn  correspond 
to  the  uiper  half  of  \  are  identities;  the 
other  n  equations  arc  linear  nor -homogeneous 
in  the  2n-  unknown  elements  of  A.  Writing 
equation  (5)  at  2n  different  time  instants 
tj.  t2  t2n  results  in  2n-  linear  non- 
henogeneous  equations  in  the  unknown  el  ...c  L. 
of  jV,  hence  A  can  be  completely  detenr.i-u  . 

It  is  convenient  to  write  these  2nd  c>.  >i  >n< 
together  with  2nd  equations  corrcspon ,i 1  ng  to 
liic  upper  half  of  A  in  the  following  forts: 

fil  id  ••••  idn1  =  A  [*!  *2  •••*:„! 


or 


X  =  A  X 


17.1 


whence. 


A  «  XX 


.-1 


The  eigenvalues  of  A  are  the  roots  of  the 
system's  characteristic  equation  [ID],  hence 
the  system  is  completely  characterized  by  A. 
The  matrix  £  determines  the  system's 
response  to  a  particular  forcing  function  f. 
This  means  that  B  need  not  be  known  in  order 
to  determine  the  vibration  parameters  of  the 
system,  hence  a  vibration  test  method  may 
be  based  on  the  free  response  only,  Such  a 
test  method  would  be  easier  to  implement 


*  Matrices  are  indicated  by  underlined 
capital  letters;  vectors  are  indicated  by 
underlined  lower  case  letters. 


Equation  (7)  caq  be  solved  for  A  because 
all  the  elements  of  X  and  X  can  be  obtained 
from  measured  response  data.  The  responses  at 
all  coordinates  of  the  n  degree  of  fruouoni 
system  must  be  recorded  and  digitized  at  2n 
different  -nstants  in  time,  giving  2n 
different  displacement  vectors.  2n  correspond¬ 
ing  velocity  vectores,  and  En  corresponding 
acceleration  vectors. 

In  order  that  the  identified  A  matrix 
represent  the  n  degree  of  freedom  system,  all 
n  codes  must  contribute  to  the  response 
information  used  for  identification. 
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VIBRATION  PARAMETERS  FROM  THE  A-MATR1X 

The  relation  of  the  vibration  parameters 
to  A  becomes  apparent  by  assuming  a  solution 
of  the  form 

£  '  i  (8) 

for  equation  (4).  Substitution  of  this 
solution  into  equation  (4)  results  in  the 
following  eigenvalue  problem: 

1  =  M  (9) 

Hence  it  follows  that  the  eigenvalues,  or 
characteristic  roots,  of  A  give  information 
about  the  system's  natural  fequencies  and 
damping  factors,  and  the  eigenvectors  are 
the  damped  principal  modes  of  vibration.  Real 
eigenvalues  correspond  to  overdamped  modes 
of  vibration,  while  eigenvalues  corresponding 
to  modes  for  which  the  damping  is  less  than 
critical  are  complex  of  the  general  form 
Aj  ■  aj  ♦  ib j .  The  damped  and  undamped 
natural  frequencies,  and  the  damping  ratio 
associated  with  the  j-th  mode  are  given  by 


u  , .  *  b  . 
dj  J 

(10) 

J  2  .2 

u  .  =  /  a .  ♦  b . 

nj  J  J 

a. 

nj  ‘  /  2  .  2 

/  a .  *  b  . 

(ID 

(12) 

j  j 


Complex  eigenvalues  occur  in  conjugate  pairs, 
with  corresponding  complex  conjugate  eigen¬ 
vectors.  Each  pair  of  complex  eigenvalues 
corresponds  vo  a  single  natural  frequency 
and  damping  ratio,  and  the  associated  pair  of 
complex  conjugate  eigenvectors  corresponds  to 
a  single  real  mode  shape. 

The  undamped  principal  modes  of  vibration 
may  be  determined  using  equation  (9)  by 
setting  M"l£  =  0  in  the  A  matrix. 

RESULTS  FOR  A  TWO  DEGREE  OF  FREEDOM  SYSTEM 

The  technique  discussed  in  the  preceeding 
sections,  and  various  frequency  response 
methods,  are  applied  here  to  system  response 
data  which  is  simulated  on  the  digital  comput¬ 
er.  It  is  shown  that,  even  with  excellent 
experimental  data,  the  basic  assumptions 
made  in  the  theory  of  the  frequency  response 
methods  can  lead  to  serious  errors  in  the 
results  for  systems  having  close  natural 
frequencies,  especially  in  the  presence  of 
considerable  damping.  The  results  obtained 
using  the  time  domain  technique  are  consist¬ 
ently  good. 


The  system  that  is  used  as  the  structure 
under  test  is  shown  in  Figure  1.  Results  for 
the  following  two  cases  are  presented  in 
detai 1 : 

Case  1:  highly  damped  system  with  well 

spaced  undamped  natural  frequencies 

Case  2:  lightly  damped  system,  with  closely 
spaced  undamped  natural  frequencies 

In  addition,  results  are  noted  for  comparison 
purposes  for  the  following  two  additional 
cases : 

Case  3:  lightly  damped  system  with  well 

spaced  undamped  natural  frequencies 

Case  4:  highly  damped  system  with  closely 
spaced  undamped  natural  frequencies 

The  system  parameters  corresponding  to  the 
four  cases  considered  are  listed  in  Table  1, 
and  the  theoretical  vibration  parameters  are 
presented  in  Table  2.  It  is  of  interest  to 
note  that  damped  modes  for  less  than  critical 
damping  are  complex,  indicating  that  the  two 
masses  of  the  system  do  not  move  exactly  in 
or  out  of  phase  if  the  system  is  vibrating  in 
such  a  mode. 

Frequency  Response  Methods 

The  frequency  response  for  each  case  was 
calculated  by  applying  an  impulse  input  to  the 
system  and  then  calculating  the  transfer  matrix 
over  the  frequency  range  from  0  to  30  HZ  at 
intervals  of  0.05  HZ.  The  following  quantities 
were  calculated  for  use  in  applying  the  various 
frequency  response  methods: 

,  the  in-phase  component  of  the  amplitude 
at  coordinate  i  due  to  a  harmonic  force  at 
coordinate  j. 

Yij,  the  quadrature  component  of  the  amplitu 
de  at  coordinate  i  due  to  a  harmonic  force  at 
coordinate  j . 

Ajj ,  the  modulus  of  the  amplitude  at 
coordinate  i  due  to  a  harmonic  force  at 
coordinate  j. 

Rij ,  the  rate  of  change  <-f  arc  length  with 
respect  to  frequency  on  the  complex  receptance 
plot  (Xjj  versus  Yjj) . 

Zy  ,  the  impedance  of  coordinate  i  due  to  a 
driving  harmonic  force  at  coordinate  j . 

The  frequency  response  methods  employed 
are  the  following: 

1)  The  peak  amplitude  method  [1] 

The  natural  frequencies  are  assumed  to 
correspond  to  the  peaks  in  the  plots  of  Ajj 
versus  the  driving  frequency. 
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2)  The  quadriture  response  method  f 2 1 

The  driving  frequency  is  assume.!  to  be 
equal  to  a  natural  frequency  when  the  in- 
phase  component  of  the  response,  X^j ,  is  zero. 
This  corresponds  to  a  90  degree  phase  diff¬ 
erence  between  the  forcing  function  ani  the 
response. 

3)  The  maximum  quadrature  component  method 

_ HI _ 

Resonances  are  assumed  to  correspond  to 
maxima  in  the  quadrature  component ,  Y^j ,  of 
the  response.  This  is  the  component  which  is 
90  degrees  out  of  phase  with  the  forcing 
function. 

4)  The  Kennedy  and  Pancu  Technique  [31 

Natural  frequencies  are  assumed  to  corr¬ 
espond  to  maxima  of  Rij ,  the  rate  of  change 
of  arc  length  of  the  complex  receptance  plot 
with  respect  to  driving  frequency. 

5 )  The  mechanical  impedance  method  [5] 

Natural  frequencies  are  assumed  to 
correspond  to  minima  of  the  plots  of  impedance 
versus  the  driving  frequency. 

Frequency  response  plots  for  each  of  the 
above  methods  are  shown  in  Figures  2  to  8 
for  cases  1  and  2;  the  natural  frequencies 
determined  for  all  four  cases  are  listed  in 
Table  3.  These  results  show  that  case  3  is 
the  only  case  for  which  two  natural  frequen¬ 
cies  were  detected.  The  results  for  this 
case  show  considerable  scatter  with  varying 
degree  of  accuracy  for  each  method  used. 

The  principal  modes  for  case  3  using  peak 
amplitude  method  were  found  to  be  (1,0.93) 
and  (1,-0.832).  The  errors  in  these  modes 
are  8.25%  and  12.9%  as  compared  to  the  theo¬ 
retical  damped  modes,  and  7%  and  17.8%  as 
compared  to  the  theoretical  undamped  modes. 

Time  Domain  Method 


vibration  data  from  the  time  domain  model, 
these  errors  are  due  to  computation  errors 
derived  in  the  nisterical  integration  of  the 
time  responses,  and  in  the  calculation  of 
the  eigenvalues  end  eigenvectors  of  the  A 
matrices. 

DISTRIBUTED  PARAMETER  SYSTEMS 

All  physical  structures  posess  distri¬ 
buted  mass,  elasticity  and  damping.  Such 
structures,  referred  to  as  continuous  systems 
or  distributed  parameter  systems,  are  described 
by  partial  differential  equations  and  they 
theoretically  contain  an  infinite  number  of 
degrees  of  freedom  and  hence  an  infinite 
number  of  frequencies  and  modes  of  vibration. 

In  practice,  however,  the  frequency  range  of 
interest  contains  only  a  finite  number  of 
these  frequencies.  It  is  shown  here  that  the 
time  domain  method  of  vibration  testing  based 
on  lumped  parameter  systems,  as  described  in 
this  parcr  can  be  used  to  obtain  vibration 
parar  .ers  of  distributed  systems  when  it  is 
considered  that  only  a  finite  number  of 
modes  contribute  to  the  response. 

The  free  response  of  n  points,  or  stations, 
on  a  linear  elastic  distributed  parameter 
structure  in  which  n  modes  are  excited  is 

E  -  f  ii  eXit  (») 

i»l  1 

where  £  is  the  vector  whose  elements  are  the 
displacements  of  the  n  stations,  R^  are 
constants,  are  the  complex  modal  vectors, 
and  Aj  are  trie  characteristic  roots.  Let  it 
be  assumed  that  there  exists  a  hypothetical 
lumped  parameter  system  with  n  masses  which 
move  in  exactly  the  same  manner  as  the  n 
points  of  the  distributed  structure.  The 
response  of  this  hypothetical  lumped  system 
is,  then, 


Time  response  data  for  the  four  cases 
was  obtained  by  numerically  integrating  the 
equations  of  motion  using  the  initial 
conditions 


2n 

I  Ri  *i 

i»l 


(14) 


y^o)  *  i 

;  (°) 

y2(°)  *  3 

;  y'2(°) 

The  response  matrices  )(  and  )(  were  obtained 
using  four  response  vectors  containing 
response  information  at  t  »  0.0,  0.02,  0.04, 
0.06  sec.  The  vibration  parameters  obtained 
from  the  eigenvalues  and  eigenvectors  of  the 
identified  A  matrices,  calculated  using  the 
method  of  A.N.  Krylov  [23]  are  presented  in 
Table  4.  The  percentage  error  in  the 
identified  vibration  parameters  are  also 
listed  in  Table  4,  Since  there  are  no 
approximations  involved  in  extracting 


If  this  response  is  used  to  identify  the 
vibration  parameters  of  the  hypothetical  n 
degree  of  freedom  lumped  parameter  system, 
then,  the  parameters  so  determined  are  also 
those  of  the  n  modes  excited. 

In  summary,  it  can  be  stated  that  the 
time  domain  method  described  in  this  paper  may 
be  applied  to  distributed  structures  if  the 
number  of  measuring  points  on  the  structure 
equals  the  number  of  modes  which  contribute 
to  the  measured  response  of  the  structure. 

The  response  measurements  obtained  are  then 
used  in  the  same  manner  as  for  the  lumped 
parameter  case. 
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Results  for  a  Pinned-Pinned  Beam 

In  this  section,  computed  response  data 
for  a  uniform  beam  with  viscous  damping  is 
used  to  identify  the  first  four  frequencies 
and  mode  shapes  of  a  beam.  The  parameters 
of  the  beam  are  as  follows: 


Young's  modulus  (E) 

30  x  106 

lb/in2 

Viscous  damping 
constant  (c) 

O.S 

lb  ^c/in 

Length  (L) 

24 

in. 

Width  (b) 

3 

in. 

Thickness  (h) 

O.S 

in. 

The  equation  of  motion  of  the  beam  is 


Equation  (15)  was  solved  for  simply  supported 
end  conditions,  with  initial  conditions  chosen 
so  that  only  the  first  four  modes  were 
present  in  the  response.  Displacement, 
velocity,  and  acceleration  responses  at 
four  stations,  located  at  distances  of  L/8, 
3L/8,  SL/8  and  7L/8  from  one  end,  were 
calculated  for  each  one-thousandth  of  a 
second  from  0.001  sec  to  0.009  sec.  Thqse 
responses  were  used  to  construct  X  and  X 
response  matrices  which,  in  turn,  were  used 
to  determine  the  A  matrix,  from  which  the 
vibration  parameters  of  the  beam,  at  the  four 
stations,  were  obtained.  These  parameters 
together  with  the  theoretical  ones  ,  are 
listed  in  Table  5.  The  results  show  that  the 
identified  values  are  essentially  exact 
except  for  computer  round-off  errors. 

CONCLUSIONS  AND  REMARKS 

A  time  domain  vibration  technique  which 
can  identify  both  lumped  end  distributed 
parameter  systems  is  described.  The  method 
entails  the  development  of  a  time  domain 
model  of  the  system  from  free  vibration  test 
data,  followed  by  calculation  of  the  system's 
vibration  parameters  using  the  model.  There 
are  no  approximations  involved  in  obtaining 
the  vibration  parameters,  so  if  the 
vibration  test  data  is  sufficiently  accurate  to 
produce  a  good  model,  the  method  will  give 
good  results  even  for  structures  having  high 
damping  and  close  natural  frequencies.  This 
paper  describes  only  the  theory  of  the 
technique;  *\c  practicality  of  applying  it 
to  real  structures  is  the  subject  of  further 
research  by  the  authors. 
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TABLE  1 


i nr-vri n i:n  vibration  parameti  rs  for  mi.  four  casks  ok  the  i*o  degree  of  freedom  system 


Damped 

Undamped 

Case 

Mode 

No. 

| 

Frequency 

(HZ) 

and 

Error  (*.) 

i 

Principal 
Mode  (v,/y  1 
and 

i  Error  (  ) 

Damping 

Factor 

and 

Error  ("„) 

Frequence 

(HZ) 

and 

Error  (“.) 

Principal 

Mode  (y,/y  ) 
and 

Error  ("„) 

1 

■0.2721 

(0.0645) 

I 

1  1.3593 

(0.0736) 

9.8581 

(0.0040) 

1 .0007 
(0.0752) 

j  1 

1 

T 

3.51)1' 

(0.0011! 

1. 6591» iO. 3326 
(0.0094)* 

0.5576 

(0.0557) 

13.9515 

(0.0681) 

-1.0010 

(0.1) 

| 

f - 

3 

-0.5819 

(0.1856) 

1.3593 

(0.0736) 

-- 

-- 

1 

9.7678 

(0.0040) 

-0.6177.i0.0234 

(0.0145) 

0. 1913 
(0.0523) 

9.8537 

(0.0486) 

1.0085 

(0.85) 

| 

2 

9.8486 

(0.0030) 

— 

1  .6165+i0.0580 
(0.0338) 

0.0546 

(0.0000) 

9.9574 

(0.0080) 

-1.0247 

(2.4700) 

i  3 

i 

1 

9.8582 

(0.0000) 

1.0154*10.1230 

(0.0109) 

0.0617 

(0.0000) 

9.8585 

(0.0000) 

0.9999 

(0.0100) 

i 

2 

1 

— 

13.  7941 
(0.0021) 

-0.9494* iO. 1620 

(0.0023) 

..... 

0.1316 

(0.0000) 

13.9418 

(0.0014) 

-1 .0000 
(0.0000) 

i 

| 

j 

-0.6101  i 

(0.0145) 

1.9130 

(0.0679) 

9.8581 

(0.0040) 

0.9970 

(0.3000) 

4 

*-  i 

8.2620  1 

j 

1 .621 1* i 0.0050  j 
(0.0037) 

0.5465 

(0.0000) 

9.9563 

(0.0030) 

-1 .0159 
(1.59) 

3 

_ L 

-0.6177 

(0.0548) 

1.9130 

(0.0679) 

1 

J 

Error  in  the  magnitude 


TABLE  5 


THEORETICAL  AND  I  DENT i  l- 1  ED  VIBRATION  PARAMETERS  OF  THE  PINNED-P1NNED  BEAM 


VIBRATION 

PARAMETERS 

MODE  NO. 

1 

2 

3 

4 

un  (rad/*ec.) 

498.9834 

1995.9339 

4490.8513 

7983.7356 

(rad/sec.) 

444.7936 

1983.0798 

4485.1532 

7980.5324 

Damping  Factor 

0.4532 

0.1133 

0.0504 

0.0283 

Mode*  y  /y 

Shape  1 

2.4142 

1.0000 

-0.4142 

-1.0000 

(damped  y./y 
and  J  1 

2.4142 

-1.0000 

-0.4142 

1.0000 

(undamped)  Y  Jy  ^ 

1.0000 

-1.0000 

1.0000 

-1.0000 

un  (rad/sec.) 

498.9834 

1995.9317 

4490.9127 

7983.8540 

w.  (rad/sec.) 

444.7973 

1983.0789 

4485.2129 

7980.6467 

Damping  Factor 

0.4532 

0.1133 

0.0503 

0.0283 

Damped*  y,/y. 
Mode  1  1 

2.4111-10.0000 

1.0000*10.0000 

-0.4142*10.0000 

-1.0000*10.0000 

Shape  yj/yj 

2.4141-iO.OOOO 

-1.0000*10.0000 

-0.4141-10.0000 

1.0000-10.0000 

y4/yl 

1. 0000*10. 0000 

-1.0000-10.0000 

0.9999*10.0000 

1.0000*10.0000 

Undamped*  y./y. 
Mode  1  1 

2.4142 

1.0000 

-0.4142 

-1.0000 

Shape  yj/yj 

y4/yl 

2.4142 

1.0000 

-1.0000 

-1.0000 

-0.4141 

0.9999 

1.0000 

1.0000 

1.0000 


-1.0000 


0.9999 


1.0000 
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NATURAL  FREQUENCIES  AND  DAMPING  OF  FULL-SCALE 
HYDROFOILS  BY  “PLUCK  TEST"  METHODS  <U> 


James  R.  Peoples 

Naval  Ship  Research  and  Development  Center 
Bethesda,  Maryland 


(U)  A  series  of  tests  using  simple  transient  techniques  were  conducted  on  the  hydrofoil 
ship,  USS  PLAINV1EW  (AGEH-I ).  The  objective  of  these  tests  was  to  study  the 
structural  dynamic  characteristics  of  the  hydrofoil  strut-foil  system.  The  first  three 
strut  foil  natural  frequencies  were  found  and  their  damping  factors  estimated.  Several 
hull  natural  frequencies  were  also  identified.  The  test  methods,  instrumentation  and 
results  are  discussed. 


INTRODUCTION 


TABLE  1 

AGEH  Characteristics 


(U)  Flutter  of  the  strut -foil  system  is  one  of  the  main 
considerations  in  the  design  of  the  AGEH  (hydrofoil  research 
ship).  Safe  operation  of  the  ship  depends  upon  validation  of 
design  calculations.  Table  I  lists  the  principal  dimensions  of 
the  AGEH  and  the  general  arrangement  of  the  ship  is  shown 
in  Figure  I.  A  one-eighth  structurally  scaled  model  of  the 
AGEH  main  strut-foil  system  was  built1  by  Southwest 
Research  Institute  and  tested  by  the  Naval  Ship  Research 
and  Development  Center  (NSRDC).*  Flutter  analysis  was 
also  made  at  NSRDC+  on  this  model  using  model  parameters. 
The  results  of  the  model  flutter  calculations  agreed  well 
with  the  model  tesis.  The  full  scale  flutter  calculations  , 
however,  indicated  a  higher  flutter  speed  than  that  which 
would  be  obtained  by  scaling  the  experimental  flutter  speed 
of  the  model  up  to  its  full  scale  value.  This  prompted  a 
need  to  conduct  tests  to  determine  the  full-scale  vibration 
characteristics  so  as  to  properly  evaluate  the  structural 
parameters  of  the  full-scale  strut-foil  system  and  their 
relation  to  the  model.  Several  approaches  had  been  consid¬ 
ered  for  exciting  the  system  so  that  natural  frequencies  and 
mode  shapes  could  be  measured.  However,  the  “pluck" 
approach  was  considered  the  most  feasible  in  terms  of  time 
and  cost  for  the  information  the  tests  would  yield.  The 
data  obtained  from  these  tests  would  also  be  useful  in 
establishing  the  scaling  factor  for  flutter  speed  between 
model  and  full-scale  strut-foil  svstems 


HULL  CHARACTERISTICS 

LENGTH,  OVERALL  -  FEET 

212 

LENGTH  BETWEEN  FERPENOICULARS  -  FEET 

20C 

BREAOTH.  HULL  -  FEET 

403 

MAXIMUM  BREAOTH.  FOIL  OOWN  -  FFET 

708 

DISPLACEMENT,  FULL  LOAO  -  LONG  TONS 

370 

OISPLACEMENT  OURING  TESTS  >  LONG  TONS 

250 

FULL  LOAO  ORAFT.  FOILS  UP  -  FEET 

64 

FULL  LOAO  ORAFT.  FOILS  OOWN  -  FEET 

25 

HULL  MATERIAL 

5456  ALUMINUM 

MAIN  STRUT  CHARACTERISTICS 

OVERALL  STRUT  LENGTH  -  FEET 

2&s 

STRUT  CORO  LENGTH  -  FEET 

11.75 

FOIL  SPAN  LENGTH.  TIP  TO  TIP  -  FEET 

26 

WEIGHT  OF  EACH  STRUT-FOIL  ASSEMBLY 
-  LONG  TONS 

21 

MATERIAL 

HY60/1 00  STEEL 

PRELIMINARY  STUDIES  AND  C  \LCULAT10NS 


(U)  Calculations  performed  at  NSRDC t  indicated  that 
the  first  three  natural  frequencies  of  the  full-scale  AGEH 


*  D.  Cieslowski  conducted  the  tests  in  1968. 
t  \ ,  Liu  performed  the  flutter  calculations. 

t  J.  Caspar  and  Y.  Liu  performed  the  full-scale  strut-foil  natural  frequency  calculations. 
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Figure  1  -  PLAlNVIEW  (AG(EH)-t)  General  Arrange  menu 


main  strut-foil  system  should  occur  at  1.3  Hz,  3.S  Hz,  and 
4.S  Hz.  The  tint  natural  frequency  la  predominantly 
aaaodated  with  a  strut  bending  mode.  The  second  frequency 
is  of  prime  interest  because  it  is  associated  with  torsional 
deformations  of  the  strut.  Strut-foil  systems  of  the  AGEH 
type  generally  flutter  In  this  mode.  The  third  mode  consists 
of  a  combination  of  various  bending  and  torsion  deforma¬ 
tions  of  the  strut-foil  system. 

(U)  In  support  of  the  "Pluck”  testa,  calculations  were 
made  to  determine  the  natural  frequencies  of  the  hull  in  the 
vertical  and  horizontal  bending  modes.  These  calculations 
were  done  using  a  19-section  finite-element  beam  with  the 
General  Bending  Response  Code  Computer  program  at 
NSRDC.2  The  calculations  were  done  for  hullborne,  light- 
load  conditions.  The  added  mats  of  the  water  wn  considered 
in  all  appropriate  cases.  Since  the  hull  wu  constrained  in  the 
horizontal  direction  by  the  test  setups,  a  calculation  was  done 
for  this  condition.  A  value  of  3.8  x  104  pounds  per  Inch  was 
estimated  to  be  the  effective  stiffness  of  the  constraining 
cables.  The  results  of  these  calculations  are  shown  in 
Table  2. 

TEST  SETUP 

(U)  The  tests  were  conducted  in  a  zero -speed  hull- 
borne  condition  with  the  foils  fully  submerged,  during  the 
period  from  12  to  24  February  1970  at  Puget  Sound  Naval 
Shipyard,  Bremerton,  Washington.  Figure  2  shows  the 
overall  test  setup  for  exciting  the  main  strut  tonlon  mode. 
The  AGEH  was  held  in  place  between  two  piers  by  a  system 
of  cables  and  the  load  applied  to  the  strut  through  a  bridle 
and  pulley  arrangement.  The  purpose  of  this  arrangement 
wu  to  minimize  loading  other  than  torque  on  the  strut. 


TABLE  2 

Measured  and  Calculated  Hull  Frequencies 


VERTICAL 

MEASURED 

MEASURED 

CALCULATID 

MOOI 

FREQUENCY 

DAMFINO 

FREQUENCY 

Hi 

•/.,  FSRCSNT 

Hi 

1 

1.11 

24 

1.7S 

2 

1.7S 

1.1 

111 

a 

Ml 

14 

MO 

4 

7.1 

- 

7M 

a 

1.1 

- 

AM 

ATHWARTgHIP 

CALCULATID 

CALCULATID 

MIASUflID 

FRSOUENCV 

IfUOUINCY 

MOOS 

MIOUINCY 

Hi 

Hi 

Hi 

WITHOUT 

WITH 

CONSTRAINTS 

COWtTHAINTI 

1 

M 

B.X 

All 

2 

10.0 

1044 

(U)  Figure  3  gives  a  view  of  the  main  foil  and  the 
method  of  applying  the  load  to  the  foil.  A  load  wu  placed 
on  the  foil  122  Inches  from  the  pod  centerline,  producing 
an  initial  torque  in  the  strut.  A  standard  nylon  rigging 
strap,  with  pads  to  spread  the  load  on  the  trailing  edge  of 
the  foil,  wu  used  to  apply  the  load  to  the  strut-foil  system. 
The  load  wu  suddenly  released  by  cutting  the  cable  with  a 
standard  cable  cutter  Type  1SE173,  manufactured  by  Atlas 
Chemical  Industries,  Inc.,  capable  of  cutting  up  to  !  / 2  Inch 
of  standard  steel  cable.  The  strut-foil  system  wu  allowed 
to  vibrate  freely,  and  the  resulting  acceleration  response  wu 
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TEST  INSTRUMENT*  NON 

(U)  Accelerations  of  the  strut-foil  system  were 
measured,  using  Kistler  Type  305T  servo  accelerometeis 
and  their  associated  signal  conditioners.  AU  measurements 
were  recorded  on  magnetic  tape  and  oscillograph  paper. 
Real-time  spectrum  analysis  was  performed  by  a  Honey - 
well/Saicor  SA1-21  real-time  analysis  system.  Figures 
shows  a  block  diagram  of  the  on  line  instrumentation 
used  during  these  tests. 

(U)  The  location  and  orientation  of  the  accelero¬ 
meters  on  the  main  strut-foil  system  and  hull  are  shown 
in  Figure  6.  Gages  at  these  selected  locations  were  used 
to  determine  the  modes  of  vibration  of  the  strut -foil 
system  and  the  motions  of  the  hull.  Torsion  of  the  strut 
is  measured  at  location  I A  and  I B.  Locations  2  and  7 
measure  strut  bending,  while  vertical  foil  bending  is 
measured  at  locations  3  and  4.  Strut  bending  and  torsion 
are  measured  by  the  gages  at  locations  S  and  6.  Gages  at 
locations  8  and  9  measure  the  rigid  body  motions  of  the 
hull  in  yaw  and  roll.  The  locations  on  the  stern  at  10, 

II.  and  12  measure  the  vibration  response  of  the  hull. 

(U>  Strain  gages  were  installed  on  the  strut  at  the 
downlock  and  were  monitored  during  the  tests.  Two 
channels,  one  torsional  and  one  bending,  of  strain  data 
from  the  starboard  strut  were  recorded  on  magnetic  tape. 
Strain  gages  at  the  same  locations  on  the  port  strut  were 
monitored  on  the  ship  instrumentation  system.  This 
system  which  is  separate  from  the  instrumentation 


described  above  is  provided  as  an  integral  part  of  the  ship 
equipment  to  measure  various  operational  parameters. 


-  ACCELEROMETER  LOCATIONS 

Figure  6  -  Accelerometer  Locations  and  Orientation 
Main  Strut-Foil  System 


SERVO  ACCELEROMETER 


Figure  5  -  On  Line  Instrumentation  Block  Diagram 
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data  analysis 

(U)  Ch*nneh  1  and  :  of  Runs  8  and  9  were  chosen 
for  detailed  analysis.  These  runs  represent  the  best  data 
collected  on  the  main  strut-foii  system.  All  instrumen¬ 
tation  systems  were  active  during  these  runs,  and  maximum 
initial  load  levels  were  used.  Attenuator  and  gain  settings 
were  optimized,  based  upon  the  experience  gained  from 
previous  tests.  Channel  I  is  a  combination  of  two 
accelerometers  on  the  forward  and  aft  extremes  of  the 
pod,  equidistant  from  the  midchord  of  the  strut.  The 
output  of  the  aft  gage,  IB,  was  subtracted  from  forward 
gage,  I  A,  to  give  a  signal  proportional  to  the  torsional 
motion  of  the  strut.  Channel  2  is  a  recording  of  the  out¬ 
put  of  acce  erometer  2  which  was  placed  on  the  bottom 
of  the  strut  at  midchord.  This  gage  is,  therefore,  sensitive 
to  transverse  morion  at  the  lower  frequencies.  Of  these 
motions,  bending  should  be  predominant.  In  Run  8  the 
initial  load  was  placed  so  as  to  excite  predominantly 
bending  motion,  and  Run  9  was  arranged  to  excite 
predominantly  torsional  motions. 


- CHANNEL  t,  TORSIONAL.  BUNS 

— - CHANNIlJ.  bending  puns 


SECOND  STRUT  MODE 
TORSION 
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It  \  / 


v-;  w 


-  -  V\ 
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Figure  8  -  Main  Strut  Torsional  and  Bending 
Response  Spectrum.  Torsional  Initial  Load 


(U)  Data  on  Channels  I  and  2  were  spectrum 
analyzed  The  linear  spectra  of  20  Second  samples  of 
these  data  are  shown  in  Figures  7  and  8.  In  these  figures 
all  gains  have  been  normalized,  and  the  output  of 
Channel  1  has  been  divided  by  a  factor  of  2  so  that  the 
Channel  I  spectra  represent  the  acceleration  of  the  end 
of  the  pod  due  to  torsion  of  the  strut. 

(C)  Figures  9  and  10  are  a  linear  spectrum  analyses 
of  a  20-second  sample  of  the  vertical  acceleration  response 
of  the  stern  on  Channel  1 1  during  Runs  1 1  and  9.  Fig¬ 
ure  1 1  is  a  spectrum  of  the  output  of  accelerometer  I  2 
which  is  the  response  of  the  stern  in  the  athwartship 
direction  during  Run  9. 
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Figure  9  -  Hull  Stem  Vertical  Response 
Spectrum.  Run  9 
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Figure  7  -  Main  Strut  Torsional  and  Bending 
Response  Spectrum,  Bending  Initial  Load 
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Figure  10  -  Hull  Stem  Vertical  Response 
Spectrum,  Run  1 1 
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Figure  II  -  Hull  Stern  Athwartship  Response 
Spectrum,  Run  9 


(U)  The  spectra  in  Figures  7  through  1 1  were  ob¬ 
tained  using  a  CR/Time  Data  I923C  FFT  Analysis  system. 
The  spectra  are  obtained  by  calculating  the  auto  spectrum 
<1  taking  the  square  ton;  of  the  magnitude  of  earn 
qiectral  point. 

(U)  To  obtain  exact  me„su>-ements  of  the  frequencies 
and  damping  present  in  the  data,  several  channels  of 
»  Vcted  runs  were  recorded  on  a  magnetic  tape  loop  and 
wi  re  then  revert‘-d  and  played  back  through  filters  in 
reverse  time.  The  center  frequency  of  the  filter  was  tuned 
to  suspected  natural  frequencies  and  was  fine  tuned  to  the 
point  where  maximum  filter  output  was  obtained.  The 
handwidth  was  kept  sufficiently  wide,  a  minimum  of  10 
percent  of  the  center  frequency,  to  avoid  adverse  effects 
on  the  data  due  to  the  filter  fill  time.  The  filter  output 
was  then  recorded  on  string  oscillograph  paper  and  the 
frequency  was  visually  counted.  The  results  of  these 
analyses  are  presented  in  Tables  2  and  4. 


TABLE  4 

Measured  and  Calculated  Natural  Frequencies  and 
Measured  Damping  Values  ot 
Main  Strut-Foil  System 


MODE 

MEASURED 

FREQUENCY 

Ht 

MEASURED 
DAMPING 
c fcc  PERCENT 

CALCULATED 

FREQUENCY 

Hi 

t 

1.37 

4.7 

1.3 

2 

4.2 

90 

3.5 

3 

4.86 

1.9 

J 

4.6 

(U)  The  filtered  output  was  also  used  to  measure  the 
damping  present  in  the  structure.  The  methods  described 
in  Reference  3  were  used  to  make  the  damping  analysis. 
The  filter  output  is  recorded  on  a  string  oscillograph 
display  and  each  oscillation  is  measured.  These 


Figure  12  -  Typical  Damping  Analysis 


measurements  are  plotted  on  semilogrithmic  paper.  Trom 
this  plot  an  estimate  of  the  decay  rate  may  be  obtained. 
Figure  1 2  contains  a  typical  analysis.  Tables  2  and  4 
present  the  results  of  all  damping  analyses. 

DISCUSSION 

Main  Strut-Foil 

(U)  The  first  three  natural  frequencies  of  the  main 
strut  were  excited  in  Run  8  in  which  a  bending  initial 
load  was  applied.  In  Figure  7  the  strut  torsional  response 
(Channel  I,  Run  8)  shows  strong  resonant  peaks  at  approx¬ 
imately  4.2  and  4.9  Hr.  The  spectrum  for  the  bending 
response,  Channel  2.  contains  peaks  at  1.3,  1.8,  and  4.9  Hz. 
The  amplitude  of  the  torsional  response  spectra  at  4.2  Hz 
is  about  five  times  the  bending  response  at  4.2  Hz.  The 
strong  peak  at  1.3  Hz  in  the  bending  data  is  not  shown  in 
the  torsional  data.  The  peak  in  the  strut-bending  data  at 
1  8  Pz.  i  :  due  to  a  liu!'  vertical  inode.  Ih-i  n-nh  w.-i 
strongly  excited  in  this  run  because  the  struts  are  located 
near  a  hull  antinode  for  this  mode.  The  hull  vertical 
motion  causes  a  bending  motion  to  be  induced  in  the  strut. 
Both  response  spec'-a  contain  peaks  at  4.9  Hz.  These  data 
indicate  that  1.3  Hz  is  predominantly  a  bending  mode, 

4.2  Hz  is  predominantly  a  torsional  mode  and  4.9  Hz  is 
a  combination  of  the  two  motions. 

(U)  Further  indication  of  the  contribution  of  the 
strut  characteristics  to  the  first  three  modes  can  be  seen 
in  Run  9  (Figure  8)  in  which  a  torsional  initial  load  was 
applied.  These  spectra  of  the  responses  during  Run  9 
contain  peaks  at  4.2  and  4.9  Hz  in  both  Channels  I  and  2 
and  very  little  response  at  other  frequencies.  The  torsional 
response  (Channel  1)  at  4.2  Hz  is  heavily  predominant. 
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The  average  torsional  acceleration  is  five  times  larger  than 
the  average  bending  acceleration  response  (Channel  2|  at 
4.2  Hr.  These  d.iia  indicates  a  heavy  dependence  of  the 
4.2  Hr  mode  un  the  torsional  properties  of  the  strut. 

(Cl  The  I  .3  Hr  mode  was  not  excited  hv  torsional 
excitation.  This  confirms  that  the  torsional  characteristics 
of  the  strut  have  little  effect  on  the  first  mode  and  that 
it  is  almost  a  pure  bending  mode. 

till  Figures  7  and  K  show  that  the  4.9  Hr  mode  was 
excited  by  both  bending  and  torsional  excitation  This  is 
a  heavily  coupled  mode  and  it  is  difficult  to  tell  from  the 
data  whether  bending  or  torsion  predominates. 

(Ul  The  main  strut -foil  data  as  shown  in  Figures  7 
and  S  are  summarized  in  Table  4.  The  calculated  natural 
frequencies  are  included  for  comparison. 

Hull 

(U)  Five  hull  vertical  frequencies  were  clearly  excited 
by  the  p  uck  of  the  strut-foil  system  in  Runs  9  and  1 1  as 
shown  by  the  results  in  Figures  9  and  10.  The  loading 
method  used  during  these  runs  had  the  effect  of  applying 
a  large  moment  in  the  vertical  plane  at  the  stern.  The 
resulting  respunsc  was  bv  tar  the  easiest  from  which  to 
obtain  frequencies.  A  comparison  of  the  calculated  and 
measured  vertical  natural  frequencies  (Table  2)  shows  very 
goud  agreement. 

(U)  The  hull  was  not  excited  very  well  in  athwartship 
bending  during  any  run.  This  was  expected  since  the  loads 
were  all  applied  in  a  general  fore-and-aft  direction.  Run  9 
represents  the  best  data  collected  in  the  athwartship 
direction. 

(Ul  Figure  I  I  shows  peaks  in  the  hull-stem  athwart- 
whip  response  during  Run  9  and  5.6  and  10.0  Hr.  A  com¬ 
parison  of  the  frequencies  obtained  frum  the  hurizontal 
respunse  uf  the  hull  sterr  in  Run  9  and  the  calculated 
natural  frequencies  is  shown  in  Table  2.  The  data  show 
frequencies  which  fall  between  the  constrained  and  uncon¬ 
strained  calculated  natural  frequencies.  This  indicates  that 
the  cahles  were  nut  as  effective  in  the  horizontal  directiun 
as  had  been  assumed. 

Damping 

(U)  The  measured  damping  values  for  the  first  and 
third  main-strut  modes  shown  in  Table  4  seem  to  be 
within  a  normal  range  uf  values.  The  value  of  9.0  percent 
for  the  second  mode  is  unusually  high.  The  first  and  third 
modes  are  heavily  dependent  on  the  bending  characteristics 
of  the  strut.  The  secund  mode  is  predominantly  torsional. 


plating  contributes  a  large  amount  of  sliding  friction  when 
torsional  motions  are  induced. 

Ill)  The  measured  damping  of  the  hull  shown  in 
Table  2  falls  between  1.6  and  3.2  percent  of  critical  fur 
the  first  three  vertical  modes.  These  values  are  considered 
to  be  w  ithin  the  normal  range  of  values  for  aluminum -hull 
structures. 

CONCLUSIONS 

ill)  The  first  three  measured  natural  frequencies  of 
the  main  strut  foil  system  are  1.3.  4.2.  and  4.9  Hz. 

Damping  values  for  these  three  modes  are  4.7,  9.0.  and 
19  percent  of  critical,  respectively.  These  frequencies 
vary  somewhat  from  the  calculated  frequencies  of  1 .3, 

3.5.  and  4.5  Hz  but  are  considered  in  reasonably  good 
agreement  for  the  purpose  of  flutter  analysis.  Although 
the  damping  values  are  reasonable  for  structures  of  this 
type,  the  second  mode  value  of  9.0  percent  seems  some¬ 
what  high. 

(U)  Good  agreement  exists  between  the  hull  calcula¬ 
tions  in  the  vertical  and  athwartship  bending  directions 
and  the  measurements  for  these  modes.  The  measured 
damping  for  the  hull  vibration  modes  seems  reasonable  for 
aluminum  structures. 

(U)  The  method  of  testing,  as  described  in  this  paper, 
is  an  inexpensive  means  of  obtaining  useful  information 
concerning  the  dynamic  characteristics  of  hydrofoil  strut- 
foil  systems.  The  method  can  be  used  to  study  the 
frequencies  and  damping  uf  such  systems.  Mode  shipe 
determination  would  require  an  extensive  instrumentative 
and  data  analysis  effort.  It  is  felt  therefore  that  a  vibration 
generatur  lest  is  the  best  method  of  determining  mode 
shapes. 
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(U)  One  pussible  cause  of  the  high  damping  in  the 
second  mode  is  that  the  strut  skin  is  bolted  to  (he  main- 
strength  member  of  the  strut.  It  is  possible  that  the  skin 
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Mr.  Celef  (TRW  Syatema):  T  waa  very  aurprlaed 
thet  you  were  eble  to  get  the  doping  from  the 
log  decrement  when  you  hive  the  problem  o e 
leveral  model  excited  et  the  tame  time.  Then 
you  try  to  look  at  one  at  a  time  through  e 
filter,  the  effect*  of  the  filteri  tend  to 
contamlnete  the  effecti  of  the  damping.  Hov 
did  you  do  It? 

Mr.  Peoplea ;  Well,  In  general  thet 'a  true. 
During  aome  of  the  teatin*  with  the  atruta 
ve  excited  ilmoat  a  pure  toralonel  mode  ao 
we  didn't  have  modal  Interference  or  aome  of 
the  other  runa,  not  tl  l-  that  I  ahowed 
here.  There  waa  aufficlv  ead  in  the  hull 

frequenciea  ao  that  one  c  .uid  filter  with  e 
wide  enough  bendwlath  to  avoid  any  problem. 

We  didn't  even  have  to  reverae  theae  in  time. 

ruriTb^k  T  e,T  reveri,e  th*  date  in  time, 
run  It  backward!  through  the  filter  and  there- 

by  minimize  the  filter  effect!  thet  wey. 
However,  In  thla  caae  thut  waan't  eveny" 
neceaaary.  n,e  filter  bandwidth!  were  wide 
enough  that  it  didn't  meke  any  difference. 


7 tf-tltlU  IT/  ilke  t0  eel1  >0ur  '“•"“on 

.a  ! S P  h  Prof#,ior  Cronin  end  I  praaent- 
«d  two  yaer.  ego  at  the  Shock  end  Vlbretlon 
Syopoalun  which  did  aome  curv.  fitting  in  the 
frequency  domain  end  eneblea  ona  to  get  the 

Ju^t  ffrUh^Vhe,teVer  ,ccur«y  went.  We 

z: -  — 
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ON  THE  THEORY  AND  PRACTICE  OF  STRUCTURAL 
RESONANCE  TESTING 
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An  application  oriented  treatment  oi  structural  resonance  testing 
has  been  developed.  The  analyses  are  based  on  possible  dynamic 
boundary  conditions  encountered,  or  experienced  in  real  testing  en¬ 
vironments.  For  each  dynamic  boundary  condition,  a  governing  equa¬ 
tion  or  equations  are  derived  from  basic  physical  and  mathematical 
principles.  These  equations  contain  information  providing  analytical 
bases  for  testing  techniques  as  well  as  interpretation  of  experimental 
results.  Laboratory  tests  on  a  steel  beam  with  three  simple  supports 
were  performed  according  to  each  derived  technique.  Results  agree 
very  well  and  demonstrate  their  independence  of  choice  of  test  tech¬ 
niques.  The  theoretically  predicted  possible  deficiency  in  revealing 
physical  information  from  the  tests  were  also  observed.  The  clarifica¬ 
tion  of  such  a  deficiency  is  made  possible  by  data  analysis  suggested  by 
one  of  the  techniques. 


NOMENCLATURE 

(£) 

Coupling  matrix  of  the  pth  and 

sth  substructures 

[  ] 

Square  matrix 

(C) 

Constant  column  matrix 

() 

{  > 

Non-square  matrix 

z 

V  u 

Cofactor  oi  the  impedance  de¬ 

i 

Column  matrix 

terminant  associated  with  the 
impedance  element  z)iv 

L  J 

Row  matrix 

q 

Generalized  acceleration 

* 

[M] 

Mass  matrix 

q 

Generalized  velocity 

IK] 

Stiffness  matrix 

q 

Generalized  displacement 

a 

[Z] 

Mechanical  Impedance  matrix 

fv(t) 

Generalized  force  associated 

1 

[zp] 

Mechanical  impedance  matrix  of 

with  the  vth  generalized  coordi¬ 

t 

the  principal  substructure 

nate 

i 

[zb; 

Mechanical  impedance  matrix  of 

f„ 

Generalized  force  amplitude 

i 

the  base  substructure 

associated  with  the  vth  general¬ 

i 

ized  coordinate 

K 

[Z»] 

m 

Mechanical  impedance  matrix  of 
the  support  substructure 

^nv%  V  ' 

The  Mth  response  due  to  the  vth 
force  input  of  the  generalized 
displacement,  velocity,  and  ac¬ 

Mechanical  mobility  matrix 

celeration  respectively 

1  * 


qu„,  quV,  q^  The  amplitude  of  the  ath  re¬ 
sponse  due  to  the  vth  force  input 
of  the  generalized  displacement, 
velocity,  and  acceleration  re¬ 
spectively 

u  Exciting  frequency 


Sui  Relative  phase  of  the  nth  gener¬ 
alized  displacement  response 
with  respect  to  the  vth  applied 
force 


4>uv  Relative  phase  of  the  ^th  gener¬ 
alized  velocity  response  with 
respect  to  the  vth  applied  force 


Theoretical  treatment  as  such  yields  insufficient 
information  to  guide  aproper  resonance  test  un¬ 
less  the  supports  are  truly  remaining  stationary 
through  the  test.  Unfortunately,  it  is  quite  often 
not  the  case.  Realizing  this  fact,  test  engineers 
have  made  efforts  to  overcome  such  practical 
difficulties  by  using  specially  designed  fixtures 
to  simulate  a  dynamic  boundary  condition  equiv¬ 
alent  to  the  given  statically  fixed  constraints. 

As  the  state  of  art,  the  current  practice  in  fix¬ 
ture  design  is  rather  empirical  than  analytical. 
Tremendous  experiences  in  testing  is  a  neces¬ 
sity  in  order  to  achieve  a  suitable  design  for 
each  particular  case.  Even  so,  for  compara¬ 
tively  large  structures,  fixture  design  become 
forbidding  both  economically  and  technically. 


mul)  Mobility  element  of  the  *th  row 
and  vth  column 

|  [  ]  |  The  determinant  of  a  square 
matrix 

Ca,  C„  Constants 
n(m ^-.u)  Mobility  function 
Resonance  function 


In  this  paper,  an  attempt  to  bridge  this 
traditional  gap  between  theory  and  practice  was 
made.  As  a  result  of  this  effort,  an  application 
oriented  treatment  of  structural  resonance 
testing  has  been  evolved.  This  treatment  will 
.  ovlde  the  practical  engineers  alternative 
ways  to  conduct  structural  resonance  testing 
under  various  possible  testing  boundary  condi¬ 
tions. 


Equation  of  Motion 


INTRODUCTION 

The  natural  frequencies  of  a  mechanical 
system,  in  many  ways,  play  an  important  role 
in  engineering.  The  basic  theory  of  small  os¬ 
cillation  has  been  established  and  well  docu¬ 
mented  for  more  than  a  century.  Direct  appli¬ 
cation  of  such  a  theory  for  practical  purposes 
often  presents  difficulties,  especially  for  com¬ 
plicated  structures.  Suppose  we  are  given  a 
structure  with  statically  fixed  constraints  and 
asked  to  find  its  natural  frequencies.  This  is 
the  usual  way  normally  a  practical  engineer  or 
test  engineer  receives  his  assignment.  One 
way  to  find  the  true  natural  frequencies  of  a 
given  structure  Is  by  resonance  testing.  As  we 
all  know  that  structural  natu  il  frequency  is  a 
boundary  value  problem.  T'  natural  frequen¬ 
cies  measured  are  closely  -Tated  to  its  sup¬ 
port  conditions.  Test  res'  .s  obtained  under 
different  dynamic  support  conditions  corre¬ 
spond  to  different  structures.  Therefore,  with¬ 
out  positive  control  of  the  support  movement  or 
without  having  the  knowledge  of  the  motion  of 
the  supports  during  the  test,  correct  interpre¬ 
tation  of  the  test  data  become  difficult  to  say 
the  least.  It  is  evident  that  a  practical  engineer 
faces  a  more  complicated  problem  than  the 
conceived  theoretical  one  which  naturally  takes 
the  given  statically  fixed  constraints  as  the 
dynamic  boundary  condition  of  the  structure. 


Some  important  definitions  and  mathemati¬ 
cal  formalism  pertaining  to  this  work  are  briefly 
reviewed.  The  equations  of  motion  of  an  n 
degree-of-freedon.,  undamped,*  linear  time- 
invariant  lumped  miss  system  in  configuration 
space  has  the  general  form 

[«  (q)  *  [K]  {q>  =  {f  (t))  .  (1) 

Consider  a  single  applied  sinusoidal  fcjrce 

f„(t)  =  f„  sin  at.  (2) 

The  steady  state  solution  of  equation  (1)  with 
the  applied  force  in  equation  (2)  is 

%¥  =  q„„  sin  (at  +  0tf„)  (3) 

where  6 „„  is  the  relative  phase  of  the  ^th  gen¬ 
eralized  displacement  response  with  respect  to 
the  vth  applied  force.  For  undamped  systems, 
equation  (3)  becomes 

V  =  V  co*  5in  ut  ^ 

6 =  0*  'T  n 


♦This  treatment  is  valid  for  structures  with 
small  damping  [3], 
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'rv~‘*r<v  : 


and  the  spatial  part  of  equation  (1)  becomes 


(-a'2[M]  4  [K]  )  {q  cos  4  } 


[M]  4  I  [K}\ 


<5  ^  sin  <f  }  '  >  (6) 


From  equation  (9),  the  elements  of  the  me¬ 
chanical  mobility  matrix 

q„„  sin  4 


can  be  determined  by  measuring  the  generalized 
velocity  and  force  amplitudes  and  the  relative 
phase  between  them.  Each  force  application 
enables  us  to  determine  one  column  vector  of 
the  mobility  matrix  provided  that  the  corre¬ 
sponding  spatial  response  vector  is  measured. 
Equation  (10)  shows  that  the  elements  of  the 
mobility  matrix  can  be  expressed  in  terms  of 
cofactors  of  the  impedance  determinant  and  the 
impedance  determinant  itself  as 


where 


<%,,  cos  6uv  =  itui/  sin  4U„  ,  <t>a„  -  j*  <?Hl 

for  steady  states.  The  angle  4^  here  is  the 
relative  phase  of  the  ,/th  generalized  velocity 
response  with  respect  to  the  vth  force.  The 
square  matrix  operator  in  equation  (6) 


-a  [M]  4  -  [K]  -  rZ]  (7) 

u 

is  defined  as  the  mechanical  impedance  matrix. 

For  a  nondegenerate  system,  the  imped¬ 
ance  matrix  has  a  rank  of  n  and  its  inverse 
exists 


[Z]  [Z]  =  [Z]  [Z]  =  [I]  . 


It  is  evident,  from  equation  (7)  and  (10),  the 
mobility  elements  are  functions  of  the  exciting 
frequency  alone  for  a  given  structure.  In  other 
words,  the  mobility  elements  are  invariant 
physical  quantities  of  the  dynamic  structure 
with  respect  to  space  and  time. 

For  multiple  force  inputs  with  a  single  ex¬ 
citing  frequency,  Eq.  (6)  and  (9)  become 


tz]  1 E  sin  % 


By  a  linear  transformation,  equation  (6;  can  be 
written  as 


{%„  sin  r  TO  V: 


E  sin  ^4  r-  1*1  E  <14) 


where 


TO  -  [z] 


is  defined  as  the  mechanical  mobility  matrix  of 
the  system. 


Where  the  force  components  represent  the  spa¬ 
tial  distribution  of  the  total  force  vector.  In 
this  particular  case,  all  the  force  components 
are  assumed  in  phase.  This  assumption  does 
not  represent  a  general  situation  but  a  suffi¬ 
cient  special  consideration  of  our  interest. 
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In  general,  structures  under  study  are 
most  likely  coupled  to  their  neighboring  struc¬ 
tures.  A  correct  mathematical  model  which 
can  be  used  to  analyze  its  response  to  an  ex¬ 
ternal  force  input  must  take  the  total  structure 
involved  into  consideration.  For  the  conven¬ 
ience  of  discussion  in  the  forthcoming  analyses, 
the  following  nomenclature  of  the  structures 
are  adopted. 

Total  structure:  The  spatial  extent  of  the  dy¬ 
namic  influence  due  to  the  external  force. 


substructure.  The  submatrices  on  the  diagonal 
of  the  impedance  matrix  are  the  impedance 
matrices  of  the  substructures.  The  off-diagonal 
matrices,  in  general  nonsquare,  represent  the 
coupling  mechanisms  between  adjacent  sub¬ 
structures.  The  generalized  velocity  and  ap¬ 
plied  force  vectors  or  column  matrices  are 
partitioned  accordingly.  Here,  each  substruc¬ 
ture,  although  written  in  a  lumped  mass  model 
form,  will  be  kept  Intact  throughout  the  mathe¬ 
matical  manipulation. 


Principal  substructure:  The  structure  whose 
dynamic  response  behavior  is  to  be  deter¬ 
mined. 

Support  substructure:  The  substructure  com¬ 
posed  of  the  common  constraints  or  the 
connecting  parts  of  the  principal  and  the 
base  substructure. 

Base  substructure:  The  remaining  part  of  the 
total  structure  other  than  the  principal  and 
the  support  substructures. 

According  to  the  above  subdivision,  equations 
(6)  and  (9)  car.  always  be  arranged  to  have  the 
partitioned  form 


Theoretical  Background  of 
Resonance  Testing 

Suppose  the  total  structure  considered  is 
composed  of  an  8  degree-oMreedom  principal 
substructure,  an  m-g  degree-of-freedom  sup¬ 
port  substructure,  and  an  n-m  degree-of-free¬ 
dom  base  substructure.  Methods  used  for  de¬ 
termining  the  natural  frequencies  of  composite 
structures  and  substructures  can  be  categorized 
according  to  their  dynamic  boundary  conditions. 

Case  1.  Unconstrained  structure:  The 
principal  substructure  is  freely  suspended. 
There  exists  no  support  and  base  substructures. 
Equation  (15)  and  (16)  become 


► 


respectively. 


[?}  {C  sinO  -  { 


fp 


>,«.  V  =  1.  2,  ---  g 


(17) 


and 


sin4>aJ  =  ['K 


(18) 


The  corresponding  mobility  elements  are 


'L s  * n  ‘Ax*  ZL 


QL  s* 


[zp]  i 


(19) 


5L 


Equation  (20)  shows 


®  when  |  [Z1*]  |  =■  0 


[Z»>]  {qP„  sin<*>a„}  =  J  ; 


i.e.,  with  the  response  sensor  mounted  on  any 
part  of  the  principal  substructure  (or  the  total 
structure  in  this  case)  and  a  force  applied  at 
any  where  on  the  structure,  the  monitored  re¬ 
sponse  amplitude  will  show  peaks  at  the  natural 
frequencies  of  the  structure  corresponding  to 
|  [zp]  |  =  0.  Ambiguity  may  arise  when  the  par¬ 
ticular  cofactor  z£v  becomes  very  small  at  the 
resonance  frequencies.  Since  the  cofactor  z ^ 
depends  on  where  the  response  and  applied 
force  are  located,  such  ambiguity  may  be  elim¬ 
inated  by  changing  the  locations  of  the  response 
sensor  and  the  force  application.  Unfortunately 
there  is  no  simple  rule  to  follow. 


(Eg)  sin*<J  +  (£*)  {5®,  *tn <?,,„}  =  {o} 


[zB]  {4?„  S‘n<#>r„}  =  {o} 

for  subcases  "a"  and  "b"  respective  y.  The 
subcase  "a"  corresponds  to  the  fact  that  the 
principal  substructure  is  the  toi'al  Firucture 
and  the  subcase  "b"  represents  the  inner  reso¬ 
nance  phenomenon  if  a  solution  exists.  In  either 
case,  the  spatial  equation  of  motion  of  the  prin¬ 
cipal  substructure 


Case  2.  Fixed  Constraints  in  Space:  The 
principal  substructure  is  rigidly  mounted  on  an 
infinite  impedance  support  substructure  for  all 
exciting  frequencies  (within  the  range  of  in¬ 
terest).  The  dynamic  boundary  condition  for 
this  case  are  either 

a'  {3J,.in*„}  =  {0} 

(21) 

{q®„  sin0ri/}  -  {o} 


sin^}  =  {o} 

( 

{q®„  sin^TV}  t  {o}  . 

With  the  force  applied  on  the  principal  sub¬ 
structure,  equation  (15)  can  be  written  as 


l2”]  sin*w}  =  J  ! 


[ZP]  sin*J  = 


must  be  satisfied.  It  is  noticed  that  equation 
(25)  has  the  same  form  of  equation  (17)  except 
that  the  principal  substructures  referred  to  in 
these  two  cases  are  not  the  same.  If  the  same 
structure  is  considered,  the  rank  of  the  imped¬ 
ance  matrix  [Z**]  in  equation  (25)  equals  to  the 
rank  of  the  impedance  matrix  in  equation  (17) 
minus  the  degree-of-freedom  of  the  support 
substructure,  which  is  rigidly  constrained  by 
mounting.  The  natural  frequencies  measured 
in  this  case  are  so  called  fixed-base  natural 
frequencies.  It  is  expected  that  the  dynamic 
boundary  conditions  are  intimately  associated 
with  the  natural  frequencies  measured.  By  the 
same  reasoning  given  in  case  1,  we  have 


q£„  sin<£0 


similarly 


®  when  |  [Zp]  [  =  0  . 


The  fixed-base  natural  frequencies  correspond¬ 
ing  to  |  [zp]  |  =  0  may  be  revealed  by  vibration 


test  in  a  manner  described  in  case  1.  Similar 
ambiguities  may  also  arise  for  the  same  reason. 

Case  3.  Rigid  Body  Motion  of  the  Con¬ 
straints  as  a  Whole:  When  the  support,  or  base 
and  support,  substructures  are  in  motion,  any 
force  applied  to  the  principal  substructure  does 
not  yield  information  about  the  fixed-base  nat¬ 
ural  frequencies  of  the  principal  substructure 
[1].  Therefore,  in  the  treatment  of  case  3, 
force  application  to  the  principal  substructure 
is  avoided.  The  dynamic  boundary  condition 
for  this  case  is 

{n^  S'n<f>5„}  =  {c3}  (27) 

where  {c3}  is  a  constant  column  matrix; 

/3  =  8  +  1,  k  +  2,  . . .  ,  m  for  all  frequencies 
within  the  range  of  interest.  Then  with  the  ap¬ 
plied  force  either  on  the  support  substructure 
or  on  the  base  substructure,  if  the  direct  ex¬ 
citation  were  possible,  equation  (15)  becomes 

j  "I  r  r ,  -n 

Mfe)(°)  l^sinM  |:} 

(°)  K)  M  n 

j  j 

(28) 

where  the  support  substructure  response  vector 
can  have  at  most  six  Independent  components. 


Since  the  mobility  elements  are  functions  of 
exciting  frequencies,  equation  (30)  can  not  be 
satisfied  over  an  arbitrary  frequency  range. 
Physically,  this  means  that  we  are  no  longer 
able  to  use  a  single  steady  state  sinusoidal 
force  to  perform  the  resonance  test.  There¬ 
fore,  the  basic  idea  for  a  direct  excitation  of 
the  resonance  modes  at  the  fixed-base  natural 
frequencies  of  the  principal  substructure  in  this 
case  has  to  be  different  from  the  previous  cases. 
In  fact,  the  popularly  used  shake  table  test  tech¬ 
nique  is  of  this  kind.  It  is  done  by  designing  the 
mounting  fixture  in  such  a  way  tha*  the  fixture 
or  the  support  substructure  responds  like  a 
rigid  body  within  the  interested  frequency 
range,  and  instead  of  controlling  a  constant 
level  sinusoidal  force  input,  a  time  dependent 
force  amplitude  is  controlled  by  a  feedback 
system.  The  feedback  signal  is  from  a  re¬ 
sponse  sensor  mounted  on  the  fixture.  In  es¬ 
sence,  if  is  a  support  substructure  response 
controlled  test  at  a  prescribed  level.  The  cor¬ 
responding  spatial  equation  of  motion  of  the 
principal  substructure,  under  the  special  pro¬ 
vision  above,  can  be  written  as 

f2”]  (31) 

or 

{qL  sin*a*} =  [*p]  Kl  (32) 

where 

=  £  {cj 


To  examine  the  physical  possibility  of  such 
an  excitation,  we  recall  equation  (16)  and  con¬ 
sider  a  single  sinusoidal  force  input  with  con¬ 
stant  amplitude 


Then  the  corresponding  dynamic  boundary  con¬ 
dition  in  equation  (27)  becomes 


From  equations  (12)  and  (32),  the  individual 
generalized  velocity  response  becomes 


Zp  {c  } 

O.V  J  l  u  J 

I  [Z»]  I 


(33) 


Again  by  following  ihe  same  argument  and  re¬ 
sponse  measurement  given  in  Case  1  and 
Case  2,  i.e., 


““ 1 "  00  when  |  [Zp]  |  =  0 


the  fixed-base  natural  frequencies  of  the 
principal  substructure  are  determined  by  a 
conventional  shake  table  test.  As  one  can  see 
from  the  numerator  on  the  right  side  of  equa¬ 
tion  (33),  more  involved  ambiguities  may  arise 
for  situations  when 


becomes  very  small  at  the  resonance  modes. 

The  resonance  testing  methods  analyzed 
heretofore  are  quite  popular  in  engineering 
practice  and  laboratory  experiment,  when  the 
dynamic  support  condition  can  be  simulated. 

The  analytical  results  derived  from  considera¬ 
tions  of  dynamic  boundary  conditions  provide 
not  only  information  about  how  and  what  to 
measure  but  also  better  understanding  of  the 
physical  aspects  of  the  information  obtained 
from  testing. 

Case  4.  Elastically  Coupled  Substructures: 
When  the  substructures  involved  are  elastically 
coupled,  theoretical  analysis  shows  that  a  direct 
excitation  of  the  resonance  modes  of  a  principal 
substructure  at  its  fixed-base  natural  frequen¬ 
cies  are  possible  if  the  following  necessary  re¬ 
strictions  are  being  satisfied  [3]  and  [4], 

Restriction  I  No  force  applied  on  the 
principal  substructure. 
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Consider  the  simplest  case  of  restriction  II. 
By  physically  limiting  the  number  of  force  ap¬ 
plications  to  the  number  of  degree-of-freedom 
of  the  support  substructure,  then  equation  (34) 
can  be  written 


’mfY . " 
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f  SB 
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(36) 


Restriction  II  No.  of  force  applications 
£  no.  of  the  degree-of- 
freedom  of  the  support 
substructure. 

The  first  restriction  can  be  fulfilled  without 
difficulty.  The  second  restriction  requires 
multiple  force  input.  Such  fo.ce  input  is  tech¬ 
nically  uncontrollable  because  there  is  no  ra¬ 
tional  way  to  select  a  desirable  set  of  forces 
without  solving  the  problem  analytically  first 

[5] ,  By  trial  and  error  approach,  the  prob¬ 
ability  of  having  accidental  success  of  such  a 
choice  of  forces  is  very  remote. 

A  new  semi  analytical  method,  which  in¬ 
directly  derives  the  resonance  modes  of  these 
type  of  substructures  has  been  developed  [3] 
and  experimentally  validated  [4].  A  condensed 
’ersion  of  these  two  was  published  elsewhere 

[6] ,  For  the  completeness  of  this  treatment, 
the  vital  part  of  the  theory  is  described  in  the 
following: 

The  dynamic  boundary  condition  for  the 
excitation  of  a  resonance  mode  at  one  of  the 
fixed-base  natural  frequencies  of  the  principal 
substructure  requires 


{5^  s in 4>0„}  =  {0}  (34) 

With  the  restrictions  given  above,  equation  (9) 
becomes 


Where  the  square  mobility  submatrix  in  equa¬ 
tion  (36)  is  composed  of  any  combination  of  m-g 
columns  of  the  mobility  submatrix  pertaining  to 
the  support  response  vector.  The  double 
superscripts  sB  of  the  force  components  des¬ 
ignate  the  application  points  of  the  forces  being 
limited  within  the  support  and  base  substruc¬ 
ture.  Nontrivial  solutions  of  equation  (36) 
exist  if 


=  0  =  ;  ui)  .  (37) 


Theoretically,  it  means  the  sets  of  forces  exist 
to  satisfy  the  given  boundary  condition  in  equa¬ 
tion  (34)  at  the  frequencies  determined  by  the 
secular  equation  (37).  We  define  this  determi¬ 
nant  as  the  mobility  function  <*).  Mathe¬ 

matically  we  have  reduced  a  multiple  dimension 
vector  problem  in  equation  (34)  to  a  one  varia¬ 
ble  scalar  function,  a  polynomial  of  the  exciting 
frequency  in  equation  (37).  The  physical  sig¬ 
nificance  of  this  mathematical  step  is  evident 
by  the  following:  first,  in  general,  the  excita¬ 
tion  of  a  resonance  mode  of  the  principal  sub¬ 
structure  at  one  of  its  fixed-base  natural 
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frequencies  is  technically  uncontrollable  for  a 
non-degenerate  structure;  therefore,  equation 
(36)  is  of  little  practical  value  [5],  Second, 
since  the  mobility  elements  containing  the  in¬ 
herent  dynamic  properties  of  the  total  structure 
are  functions  of  exciting  frequency  alone,  cer¬ 
tainly  one  can  take  advantage  of  its  measurable¬ 
ness  and  construct  a  mobility  function  which  is 
defined  as  the  left-side  of  equation  (37)  artifi¬ 
cially.  This  is  done  by  applying  one  controlled 
sinusoidal  force  at  a  time,  totally  n-«  times,  to 
measure  the  responses  of  the  support  substruc¬ 
ture.  The  required  mobility  elements  in  equa¬ 
tion  (37 )  are  then  calculated  in  accordance  with 
equation  (11).  By  judicious  variation  of  the  ex¬ 
citing  frequency,  the  mobility  function  u) 

enables  us  to  trace  out  the  solutions  of  the  sec¬ 
ular  equation  (37)  graphically. 

It  becomes  clear,  since  the  mobility  func¬ 
tion  defined  in  equation  (37)  depends  on  the 
relative  phase  among  the  forces  by  a  constant 
multiplier.  Such  multiplier  will  not  alter  the 
solution  of  the  secular  equation  (37),  Therefore 
it  is  our  liberty  to  consider  the  simplest  case 
by  choosing  zero  phase  for  all  force  compo¬ 
nents.  This  explains  the  generality  of  the  ex¬ 
pression  in  equations  (13),  (14),  and  (35).  Any 
solution  yielded  from  the  mobility  function  must 
satisfy  equation  (14)  of  the  total  structure.  The 
explicit  relation  between  the  mobility  function 
and  the  fixed-base  natural  frequencies  of  the 
principal  substructure  was  established  through 
equation  (8)  and  (14)  in  the  partitioned  form 


h]  (£)(°) 

[ 1  X°)(°) 

K)  Mfc) 

* 

= 

(°)['](°) 

(°)  Mh] 

(°)(°)H 

Then  the  mobility  matrix  in  equation  (38)  is  re¬ 
placed  by  a  nonsingular  matrix  as  suggested  by 
the  mobility  function  in  equation  (37).  There 
are  many  ways  to  choose  this  nonsingular  ma¬ 
trix  depending  on  the  force  application.  Since 
the  exact  locations  of  the  applied  forces  are 
irrelevant  so  far  as  the  determination  of  the 
fixed-base  natural  frequencies  of  the  principal 
substructure  is  concerned  although  the  mobility 
elements  involved  in  the  square  mobility  sub¬ 
matrix  in  equation  (36)  will  be  different  [3], 
Therefore,  a  set  of  forces  applied  on  the  sup¬ 
port  substructure  is  considered  in  this  case 
without  losing  its  generality.  Equation  (38) 
becomes 
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Taking  the  determinant  of  both  sides  of  equa¬ 
tion  (39)  and  applying  LaPlace’s  expansion,  we 
have 


i  (a  I 


[ffl  I  =  I  IP]  |  •  !  [z8] 


(40) 


or 


£i  (  m  ;  o>)  - 

'  MU 


!(zp]|  •  ![z°][ 
Kzj| 


(41) 


where  |[n](  -  n(mM1,;  u  ) . 

Equation  (41)  shows  explicitly  that  the  mo¬ 
bility  function  does  contain  information  of  the 
fixed-base  natural  frequencies  of  the  principal 
substructure,  )[zp]|  =  0,  but  also  the  fixed- 
base  natural  frequencies  of  the  base  substruc¬ 
ture,  1  [z8]|  =  0,  and  the  natural  frequencies  of 
the  total  structure,  l[z]|  =  0.  In  order  to  iden¬ 
tify  the  fixed-base  natural  frequencies  of  the 
principal  substructure,  another  mobility  func¬ 
tion  is  constructed  to  eliminate  the  extraneous 
information  involved  in  the  mobility  function  in 
equation  (41).  Suppose  an  additional  shaking 
force  is  applied  at  one  location  on  the  principal 
substructure,  then  by  following  the  same  pro¬ 
cedure  of  deriving  equation  (41),  the  corre¬ 
sponding  mobility  function  is 
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Comparing  equation  (41)  and  (42),  the  only  dif¬ 
ference  found  is  the  impedance  determinant  of 
the  principal  substructure.  The  impedance 
determinate  |(Z®]|  and  |[z]|  remain  un¬ 
changed.  This  fact  suggests  a  way  to  exclude 
the  extraneous  informations  by  taking  the  ratio 
of  these  two  mobility  functions.  A  resonance 
function  is  defined  as 

=  n?S-^)  s  iwi  •  (43) 

Here  a  double  line  designates  absolute  value. 
The  absolute  values  are  chosen  so  that  the 
graphical  representation  of  the  resonance  func¬ 
tion  conforms  to  the  conventional  concept  of 
"resonance  peak."  For  a  real  structure,  [z'p] 
is  finite  for  a  finite  exciting  frequency,  thus, 
the  singularities  of  the  resonance  function 
(mM„  ;cj)  corresponding  to  |(zp)|  =  C  give  the 
identity  of  the  fixed-base  natural  frequencies 
of  the  principal  substructure. 

It  is  noted  that  the  resonance  function  is 
not  defined  when 

|(ZB)|  :  0  and  |(Z]|  =  0 

although  the  analytical  form  in  equation  (43) 
shows  that  the  resonance  function  is  independ¬ 
ent  of  the  impedance  determinants  |[ZB)|  and 
|(z)|.  The  reason  is  that  we  are  not  measuring 
the  impedance  elements  but  the  mobility  ele¬ 
ments  indirectly  through  force  and  response 
measurements  according  to  equation  (11).  It  is 
then  evident  from  equation  (43)  that  when 
|(z8)|  =  0  and  |[z)|  =  0,  the  resonance  func¬ 
tion  becomes  0/0  and  ®/®,  respec¬ 

tively.  Such  induced  ambiguities  can  be  elimi¬ 
nated  by  data  analysis  and  present  no  real 
probl  [4], 

By  .  xamining  the  special  functions  defined 
in  equation  (37),  (42),  and  (43),  the  fixed-base 


natural  frequencies  can  be  concluded  with  as¬ 
surance. 


Experimental  Results 

Experimental  results  of  vibrational  tests 
according  to  different  boundary  conditions  and 
the  test  setups  of  the  substructures  involved  in 
each  case  are  shown  in  Figure  1  through  7.  A 
simple  principal  substructure  was  chosen  for 
the  purpose  of  demonstration  of  the  resonance 
test  techniques  implied  by  the  theoretical  anal¬ 
ysis.  The  principal  substructure  used  consists 
of  a  four  feet  long,  two  inch  by  one  inch  in 
cross-section,  rectangular  steel  beam  with 
three  simple  supports  at  the  quarter  points 
along  its  length.  Test  for  case  1  was  not  per¬ 
formed  because  the  geometric  boundary  condi¬ 
tion  of  the  test  beam  does  not  belong  to  this 
case.  The  test  for  a  structure  truly  floating 
can  be  done  by  suspending  the  test  structure  at 
one  location  and  applying  force  at  the  same  lo¬ 
cation.  Figure  1  shows  the  test  result  of  case  2. 


EXCITING  FREQUENCY  Hz 


Fig.  1  -  Case  2:  Fixed  constraints  in  space. 
@  Controlled  force  level.  (5)  Monitored  re¬ 
sponse  signal  from  the  tip  o7  the  beam.  © 
Monitored  response  signal  from  the  mounting 
table.  6 
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AMPLITUDE 


Fig.  2  -  The  experimental  lay-out  of  the  resonance  test  of  the 
beam  with  fixed  constraints  in  space.  (Case  2) 


EXCITING  FREQUENCY  Hz 

Fig.  3  -  Case  3:  Rigid  body  motion  of  the  con¬ 
straints  as  a  whole.  ®  Monitored  response 
signal  from  the  tip  of  the  beam,  (b)  Monitored 
response  signal  from  the  shake  table,  ©  Con¬ 
trolled  shake  table  response  level. 


The  curves  ® ,  (§) ,  and  ©  were  monitored 
signals  from  the  corresponding  sensors  shown 
in  Figure  2.  These  three  sensors  are  the  mini¬ 
mum  requirement  for  the  identification  of  the 
resonance  peaks  at  the  fixed-base  natural  fre¬ 
quencies  of  the  test  beam.  Curve  (A)  is  the 
controlled  force  level.  Curve  ©  tells  that 
any  information  beyond  the  exciting  frequency 
about  400  Hz  is  not  reliable  because  of  the 
moving  of  the  base  substructure  itself.  Within 
the  frequency  range  10  ~  400  Hz,  curve  © 
shows  two  resonance  peaks.  One  is  at  the  fre¬ 
quency  of  78  Hz  and  the  other  130  Hz.  It  is 
evident  from  curve  ©  that  the  resonance  peak 
at  the  frequency  of  78  Hz  does  not  belong  to  the 
test  beam  with  fixed  constraint  boundary  condi¬ 
tion  but  belong  to  a  more  extensive  structure  in¬ 
cluding  the  test  beam.  Therefore,  within  the  ef¬ 
fective  frequency  range,  only  one  resonance  peak 
at  the  frequency  of  130  Hz  is  detected  despite  the 
fact  that  two  fixed-base  natural  frequencies  of 
the  beam  exist  inside  that  frequency  range. 
Figure  3  shows  the  test  result  of  case  3.  The 
curves  ®  ,  ®  ,  and  ©  were  monitored  sig¬ 
nals  from  the  corresponding  sensors  shown  in 
Figure  4.  Curve  ©  represents  the  controlled 
response  level  of  the  shake  table.  Curve  ® 
indicates  that  within  the  frequency  range 
10  ~  300  Hz,  the  shake  table  moves  like  a  rigid 
body.  Beyond  the  exciting  frequency  of  300  Hz, 
the  fixed  constraints  boundary  condition  of  the 
test  beam  is  no  longer  fulfilled.  Consequently, 
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Fig.  4  -  The  experimental  lay-out  of  the  resonance  test  of  the 
beam  with  it's  supports  moving  as  a  rigid  body.  (Case  3) 


the  information  revealed  in  curve  (B)  beyond 
that  frequency  are  not  reliable  to  conclude  the 
fixed-base  natural  frequencies  of  the  test  beam. 
Curve  (X) ,  within  the  effective  frequency  range, 
shows  one  peak  at  the  frequency  of  130  Hz  and 
an  ill-defined  shoulder  at  the  exciting  frequency 
around  140  Hz.  Figure  5  and  6  show  the  con¬ 
cluded  results  of  case  4  with  the  force  applica¬ 
tions  being  at  the  supports  as  shown  in  Fig¬ 
ure  7.  In  Figure  5,  the  resonance  function  is 
plotted  against  the  exciting  frequency.  Like  the 
results  obtained  from  other  techniques,  only 
one  resonance  peak  wa3  observed  at  the  excit¬ 
ing  frequency  of  125  Hz.  An  additional  peak 
appeared  at  140  Hz  in  the  absolute  value  of  the 
reciprocal  of  the  mobility  function  versus  ex¬ 
citing  frequency  plotting  in  Figure  6,  By 
method  of  deduction  [4],  we  were  able  to  con¬ 
clude  that  the  two  peaks  in  Figure  6  are  the 
fixed-base  natural  frequencies  of  the  test  beam 
within  the  frequency  range  of  100-200  Hz, 

The  experimental  results  as  well  as  the 
calculated  theoretical  values  of  the  fixed-base 
natural  frequencies  of  the  lowest  two  modes  of 
the  continuous  test  beam  are  summarized  in 
Table  I. 

Discussion 

Table  I  shows  that  there  are  discrepancies 
in  results  among  the  different  r.  3thods.  A 


TABLE  I 

SUMMARY  OF  RESULTS 

••••A  b*em  with  thn*  support!  »t  it*  quarter  point!  •••• 
(Taft  Frequency  Rang*  100-200  Hi  I 

Fixed-bas*  Natural  Frequencmi 
in  Hr 


h 

h 

Classical  Beam  Solution 

138 

148 

Can  1 

- 

Case  2 

130 

- 

Can  3 

130 

- 

Can  4  tol  OS  CO 

125 

D  ruT1  os  to 

125 

140 

discrepancy  of  less  than  five  percent  is  noticed 
among  the  results  from  the  experimental  tech¬ 
niques,  while  amounts  to  ten  to  fifteen  percent 
between  the  experimentally  measured  values 
and  the  calculated  theoretical  ones.  The  most 
probable  causes  of  these  discrepancies  are  be¬ 
lieved  to  be  of  two  main  reasons.  The  first  is 
the  induced  deficiency  inherited  in  the  test 
techniques  of  case  2  and  3  explained  in  the 
main  text.  The  second  is  the  difficulty  to  have 
an  exact  duplication,  or  simulation  of  the  dy¬ 
namic  boundary  condition  as  the  idealized  one 
for  all  different  test  setups.  Since  the  natural 
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Fig.  5  -  The  resonance  function-exciting 
frequency  plot  resulted  from  a  semi- 
analytical  resonance  test  on  the  beam 
elastically  coupled  with  it's  neighboring 
substructures.  (Case  4) 


frequencies  obtained  are  intimately  related  to 
the  dynamic  boundary  condition  imposed  on  the 
principal  substructure  under  test,  such  small 
shifts  in  frequency  are  expected  if  precise  dy¬ 
namic  boundary  condition  can  not  be  main¬ 
tained.  In  general,  the  results  are  considered 
in  very  good  agreement  except  those  missing 
information  listed  'n  Table  I  for  case  2  and  3. 
In  either  case,  one  of  the  two  frequencies  was 
not  detected.  Experimental  measurements 
show  little  evidence  that  this  missing  informa¬ 
tion  is  due  to  the  sweeping  speed  of  the  force 
input.  It  is  likely  because  of  the  inherited  am¬ 
biguity  of  the  test  methods.  The  advantage  of 
the  test  methods  used  in  the  case  2  and  3  are 
comparative  simplicity  and  directness.  Their 
drawback  is  the  possibility  of  revealing  incom¬ 
plete  information. 


Fig.  6  -  The  mobility  function-exciting 
frequency  plot  resulted  from  a  semi- 
analytical  resonance  test  on  the  beam 
elastically  coupled  with  it's  neighbor¬ 
ing  substructures.  (Case  4) 


The  test  method  of  case  4  is  of  special 
value  and  importance  because  it  is  the  only 
reliable  method  at  the  present  time  to  acquire 
the  fixed-base  natural  frequencies  of  a  princi¬ 
pal  substructure  in  situ  or  in  laboratory.  Es¬ 
pecially,  for  large  structures,  sweeping  vibra¬ 
tional  tests  described  in  case  2  and  3  are 
practically  impossible.  Although  the  semi- 
analytical  procedure  in  the  method  of  case  4 
requires  simple  data  analysis  to  draw  conclu¬ 
sion  from  the  test,  its  correct  answers  are 
certainly  worth  the  effort  even  for  a  small 
simple  structure. 
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Fig.  7  -  The  experimental  lay-out  of  the  aemianalytical 
resonance  test.  (Case  4) 
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Experiments  conducted  recently  in  the  USSR  have  shown  that 
granular  material  may  be  conveyed  vertically  by  a  suitable 
apparatus  vibrating  torsionally  and  axially  at  two  synchron¬ 
ized  frequencies.  This  paper  describes  mathematically  the 
conveying  action  of  this  type  of  vibrating  elevator  and  also 
presents  a  new  conception  of  a  vibrating  elevator  operated 
at  a  single  frequency. 


INTRODUCTION 

Conveying  material  by  vibration 
in  the  horizontal  direction  is  accom¬ 
plished  in  its  simplest  form  by  a 
trough  supported  by  springs  at  an 
angle  and  by  a  driving  mechanism  which 
produces  harmonic  motion.  A  mathe¬ 
matical  analysis  of  the  conveying 
action  is  given  by  Paz  [1] .  In  that 
paper  it  is  shown  that  the  frictional 
force  developed  between  the  material 
and  the  trough  gives  the  necessary 
impulses  to  produce  the  conveying 
action. 

This  basic  idea  has  also  been 
extended  to  vibrating  elevators  of  a 
type  having  a  spiral  trough  or  pipe 
mounted  on  snock  absorbers.  A  vibra¬ 
tory  drive  imparts  helical  oscillations 
to  the  trough,  causing  the  material  to 
move  up  the  spiral  trough  or  pipe. 

These  existing  vibratory  elevators 
have  a  disadvantage  in  that  they  do  not 
combine  high  capacity  with  adequate 
compactness.  The  effective  cross- 
sectional  area  is  limited  since  the 
spiral  pipe  cannot  be  set  at  an  angle 
exceeding  the  ^.ngle  of  friction  for 
materials  in  the  pipe.  The  ideal  solu¬ 
tion  for  the  problem  would  be  a  machine 
that  could  convey  material  by  vibra¬ 
tion  in  the  vertical  direction.  An 
ingenious  machine  of  this  type  has  been 
invented  in  the  USSR  and  patented  in 
England  by  Brumberg  [2].  The  invention 


consists  of  an  apparatus  having 
two  concentric  cylindrical  tubes  with 
a  number  of  radial  partitions.  The 
assembly  is  driven  axially  in  the  ver¬ 
tical  direction  at  the  same  time  that 
it  is  vibrated  torsionally.  The 
rectilinear  vibratory  motion  is 
synchronized  at  a  frequency  twice 
the  value  of  torsional  frequency  im¬ 
parted  to  the  system,  as  determined 
by  the  equations 

Y  =  A^  cos  (2wt+a)  (1) 

and 

♦  «  <)>  coswt  (2) 

o 

where  A  and  $  =  amplitudes  of 

"  °  oscillations 

w  =  torsional  frequency 

t  =  time 

a  =  phase  angle 

To  avoid  the  undesirable  require¬ 
ment  of  providing  the  vibrating  eleva¬ 
tor  described  with  two  oscillatory 
frequencies  and  means  for  their  correct 
synchronization,  an  arrangement  is  con¬ 
ceived  which  requires  a  single  fre¬ 
quency  for  elevating  materials  by 
vibration.  This  arrangement  can  be 
described  better  with  the  aid  of 
Fig.  1,  which  shows  a  diagram  of  the 


vertical  cross-section  of  the  elevator 
tube,  and  Fig.  2,  which  shows  a  trans¬ 
verse  cross-section  on  line  I  -  I  of 
Fig.  1.  The  vibrating  conveyor  consists 
of  two  cylindrical  shells  of  different 
diameters  assembled  together  so  that 
they  are  coaxial.  Channels  are  formed 
by  subdividing  the  annular  space  be¬ 
tween  the  shells  with  radial  partitions. 
This  assembly  is  mounted  on  a  system 
of  inclined  springs  and  stabilizing 
bars  to  allow  for  a  desired  helical 
motion  of  the  tube.  The  drive  mechanism 
could  consist  either  of  motor  driving 
eccentric  weights  or  of  a  direct  drive 
acting  through  an  eccentric  shaft. 

Either  of  these  drives  will  impart  to 
the  tube  the  desired  helical  harmonic 
motion.  The  annular  tube  has  a  number 
of  internal  rectilinear  channels  paral¬ 
lel  to  the  longitudinal  axis  of  the 
tube.  The  inner  opposite  walls  of  the 
radial  partition  are  finished  so  that 
the  surfaces  differ  from  each  other  in 
regard  to  their  frictional  properties. 
One  of  these  surfaces  is  lined  with  a 
rough,  highly  frictional  material, 
while  the  other  is  kept  as  smooth  as 
possible.  During  operation  the  tor¬ 
sional  component  of  the  motion  pushes 
the  material  alternately  against  the 
rough  and  smooth  surfaces  of  the  radial 
partitions.  At  the  same  time  during 
the  upward  motion  the  frictional  forces 
developed  between  the  rough  surfaces 
and  material  drag  the  material  verti¬ 
cally  producing  the  conveying  action. 
When  the  motion  is  reversed  downward, 
the  material  is  pressed  against  the 
smooth  surfaces  and,  ideally,  the  com¬ 
ponent  of  its  motion  in  the  vertical 
direction  is  not  affected. 

In  this  paper  an  analysis  of  the 
conveying  action  for  the  dual-frequency 
vibrating  elevator  is  presented.  The 
analysis  is  accomplished  by  describing 
mathematically  the  trajectory  of  the 
conveyed  material  during  one  cycle  of 
oscillation  of  the  elevator.  From  this 
study  several  operating  characteristics 
such  as  the  conveying  speed  may  be  de¬ 
termined.  Also  the  analysis  presented 
may  be  used  to  study  the  effect  of  the 
various  parameters  involved  in  the  con¬ 
veying  action  and  to  optimize  the 
design  of  these  vibrating  elevators. 

DUAL-FREQUENCY  SYNCHRONIZED  ELEVATOR 


Figure  I 

Vertical  cross-sectional 
view  of  the  vibrating 
eieva tor. 


Figure  2 

Transverse  cross-3ectional 
view  of  the  vibrating 
elevator. 


X  =  *o  R  coswt  (3) 

The  velocity  and  acceleration  components 
of  this  point  on  the  radial  partition 
are  given  respectively  by 


The  dual-frequency  sychronized 
elevator  is  given  simultaneously  an 
axial  and  a  torsional  vibratory  motion 
described  respectively  by  Eqs.  (1)  and 
(2).  Multiplication  of  Eq.  (2)  by  the 
radius  R  at  the  point  of  contact  of 
the  material  on  the  radial  partition 
gives  the  equation  for  the  transverse 
motion  of  this  point  as 


X  =  -$  R  u>  sinwt  (4) 

o 

Y  =  -2Ay  “  s^n  (2u)t  +  a)  (5) 

and 

X  =  -$  R  coswt  (6) 

Y  =  -4Ay  u>2  cos(2wt  +  a)  (7) 
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The  starting  point  of  the  analysis 
is  to  solve  the  equation  of  motion  for 
a  particle  of  material  in  the  condition 
of  impending  motion;  that  is,  the  con¬ 
dition  at  which  the  frictional  forces 
developed  at  the  interface  between 
material  and  the  radial  partition  has 
reached  the  maximum  value.  Fig.  3  shows 
the  free  body  diagram  of  a  particle  of 
material  at  this  condition. 


Fig.  3.  Free  Body  diagram  particle 
of  material. 


Application  of  Newton's  law  of 
motion  to  the  particle  in  Fig.  3  gives 


-N  *  mx 

(8) 

■mg  *  my 

(9) 

where  x  and  y  are  the  acceleration  com¬ 
ponents  of  the  particle,  F  and  N  the 
frictional  and  normal  forces  respective¬ 
ly,  and  m  the  mass  of  the  particle.  At 
impending  condition  the  frictional  force 
is  related  to  the  normal  force  by 

F  «  uN  (10) 

where  y  is  the  Coulomb  friction  co¬ 
efficient. 

At  this  condition  the  particle 
has  the  same  motion  as  the  point  of  con- 
tact.on  the  radial  partition;  that  is, 
x  =  X  and  y  =  Y.  Combining  Eqs.  (8), 

(9)  and  (10)  results  in  the  following 
equation : 

g-4Ayw2cos (2wt+a) -yi^Rw2 cosut  =  0  (11) 

The  smallest  positive  root  ti  of  Eq.(ll) 
gives  the  time  at  which  impending 
motion  takes  place.  After  time  t;  the 
material,  acted  upon  by  frictional  and 
normal  forces,  moves  attached  to  the 
radial  partition.  As  the  elevator  de¬ 
celerates  in  its  vertical  motion,  it 
reaches  a  point  at  which  the  frictional 
forces  developed  at  the  interface  are 
insufficient  to  give  the  material  the 
same  deceleration.  Consequently,  at 
this  point  the  material  starts  to  slide 
vertically  relative  to  the  motion  of 
the  radial  partition.  The  time  t2  cor¬ 
responding  to  this  point  of  the  cycle 


is  obtained  from  the  solution  of 
Eq.  (12)  which  is  the  same  as  Eq.  (11) , 
except  for  the  reversal  of  sign  of 
its  last  term  to  account  for  the 
reversal  in  the  direction  of  the 
frictional  force,  now  acting  downward 
on  the  particle. 

g-4AyU2  cos  (2ut+a)+y  cosut  *  0(12) 

The  material  remains  in  contact 
with  the  radial  partition  until  the 
torsional  acceleratj  ^n  of  the  elevator 
reverses  its  sign  (tu.  i  «  tt/2).  During 
this  interval,  from  Hme  t2  to  time  ts, 
the  material  slides  vertically  on  the 
surface  of  the  radial  partition.  Its 
vertical  motion  is  governed  by  the 
equation 

mj>  *  -mg-um4oR(D2cosut  (13) 

which  may  be  readily  integrated  for  the 
interval  t2-tj. 

After  time  tj  the  material  loses 
contact  with  the  radial  partition;  it 
is  acted  upon  only  by  gravitational 
forces,  and  consequently  the  horizontal 
component  of  its  velocity  remains  un¬ 
changed.  The  vertical  component  for 
the  motion  of  the  particle  during  the 
time  interval  between  separation  of  the 
radial  partition  and  recontact  with  the 
opposite  radial  partition  is  given  by 

y-y;  -  y>(t-t,)-jg(t-tj)2  (14) 

where  y2  is  the  vertical  displacement 
of  the  material  at  time  tj.  The 
material  strikes  the  opposite  radial 
partition  at  time  t4  which  is  obtained 
by  solving  the  equation 

Di+4oRcosut  «  X, (t„-t,)  (15) 

where  P2  is  the  mean  free  space  between 
radial  partitions.  For  design  purposes 
this  free  distance  between  partitions 
is  computed  from  Eq.  (15)  with  the 
condition 

COtk  »  it  (16) 

Under  the  assumption  of  perfectly 
plastic  impact,  the  material  will  re¬ 
main  in  contact  with  the  opposite 
radial  partition  after  time  t4,  al¬ 
though  sliding  along  the  vertical 
direction.  Finally,  the  action  of 
frictional  forces  in  the  interface 
material-radial  partition  will  equalize 
the  velocities  at  impending  condition. 
This  condition  is  given  by  F.q.  (17) 
which  is  similar  to  Eq.  (11)  except  for 
a  change  in  the  sign  of  (die  last  term 
due  to  the  reverse  direction  of  the 
norma'  force  now  developed  on  the  ma¬ 
teria  '■  /  the  action  of  opposite 


' 


I 


raai.l  partition. 

g-4A  w2  cos  (2wt+a) +p<})  Rw2cosiot  =  0 
y  °  (17) 

Solution  of  Eq.  (17)  in  terms  of  wt  is 
equal  to  the  solution  of  Eq.  (11)  plus 
it,  that  is, 


tots  =  (Otl  +  TT 


(18) 


The  conveying  speed  (Vg)  is  computed 
from  the  resulting  displacement  in  one 
cycle  of  Table  I  a?  follows: 

v  _  Total  Displacement  in  Cycle 
s  -  Period 


V.  = 


2X4 


_ 121  =  240  K2— 

0.04  sec 


This  description  completes  half  of 
the  cycle  in  the  motion  of  the  elevator 
The  other  half  of  the  cycle  is  sym¬ 
metric  for  the  dual-frequency  synchron¬ 
ized  elevator. 


EXAMPLE 

A  numerical  exa  iple  is  given  to 
illustrate  the  calculations  involved  in 
the  dynamic  c.ialysis  of  the  material 
lifted  by  vibration.  The  design 
parameters  used  for  the  example  are  as 
follows : 


Th’  conveying  speed  of  240  mm/sec 
determined  in  this  example  compares 
favorably  with  the  conveying  of  actual 
horizontal  vibratory  conveyors.  Never¬ 
theless,  experimental  results  obtained 
in  the  USSR  indicate  a  much  lower  value 
of  80  mm/sec  for  the  conveying  speed. 

In  the  comparison  of  these  results  it 
is  necessary  to  observe  that  all  the 
numerical  values  for  the  parameters 
used  in  the  example  are  the  same  as 
those  used  in  the  experiments,  except 
the  coefficient  of  friction  which  was 
not  indicate,  by  the  investigators  in 
Russia. 


Amplitude  torsional  oscillation: 
<f>o  =  0.8  degrees. 

Amplitude  axial  oscillation: 

A  =  1.5  mm. 

y 

Frequency  torsional  oscillation: 
u  =  25  c.p.s . 

Frequency  axial  oscillation: 

2w  =  50  c.p.s. 

Mean  radius  of  concentric 
cylinders:  R  =  375  mm. 

Mean  distance  between  radial 
partitions:  D  =  50.0  mm. 

Coulomb  friction  coefficient: 
p  =  0.5. 


CONCLUSIONS 

The  motion  of  material  elevated 
by  vibration  has  been  analyzed  and  de¬ 
termined  under  some  simplified  assump¬ 
tions.  The  most  important  assumptions 
are:  (a)  the  analysis  is  restricted 

to  a  single  particle  of  material; 

(b)  the  impact  between  material  and 
radial  partition  of  the  elevator  is 
considered  to  be  perfectly  plastic; and 

(c)  the  motion  of  the  vibrating  eleva¬ 
tor  is  assumed  to  be  unaffected  by  the 
material.  Further  study  of  the  dual¬ 
frequency  synchronized  elevator  as  well 
as  the  study  of  the  single  frequency 
elevator,  along  the  lines  presented, 
will  be  necessary  to  establish  practic 
design  criteria  for  these  elevators. 


>  Phase  angle:  a  =220°. 

Tab le  I .  Vertical  displacement  of  material  particle  during  one  cycle 
of  the  dual-frequency  synchronized  elevator  motion. 


Angle 

Time 

Coord,  point 

on  elevator 

Coord,  particle 

Displacement 

wt 

t 

X 

Y 

X 

y 

Ay 

(degree) 

(millisec) 

(mm) 

(mm) 

(mm) 

(mm) 

(mm) 

14.5 

1.60 

5.083 

-0.537 

5.083 

-0.537 

37.0 

4.10 

4.195 

+0.611 

4.195 

+0.611 

1.148 

90.0 

10.00 

0.000 

+1.130 

0.000 

+2.345 

1.734 

180.0 

20.00 

-8.250 

-1.150 

-8.250 

+3.945 

1.600 

194.5 

21.60 

-8.082 

-0.537 

-8.082 

+4.192 

0.247 

Displacement  in 

half  a  cycle 

= 

4.729 

M 
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NOMEMCLATURE 

Ay  *>  amplitude  axial  oscillation 

D  =  mean  distance  between  radial 
partitions 

F  -  frictional  force 

g  »  acceleration  of  gravity 

m  =  mass  of  material 

N  =  normal  force 

R  =  mean  radius  of  concentric 
cylinders 

t  =  time 

Vg  =  conveying  velocity 

X , Y  «  coordinates  point  of  elevator 

X , Y  ■  velocity  components  of  point  on 
elevator 

X,Y  =  acceleration  components  of  point 
on  elevator 

x,y  =  coordinates  of  material 
x,y  =  velocity  component  of  material 
x,y  =  acceleration  component  of  material 
a  =  phase  angle 

0^  =  amplitude  torsional  oscillation 
U  =  Coulomb  coefficient  of  friction 
id  =  torsional  frequency 
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Ground-based  vibration  tests  were  conducted  on  an  electrohydraulic  active 
vibration  isolation  system  developed  for  vertical  isolation  of  either  the  pilot's 
seat  or  the  entire  cabin  of  a  research  helicopter.  This  system  utilizes  two  narrow 
i requency-band  isolation  notches  which  can  be  tuned  electronically  to  desired  lift¬ 
ing  rotor  vibration  frequencies  and  thereby  provide  more  than  90  percent  vibration 
reduction  in  the  isolated  structure  at  these  frequencies.  Tests  verified  the  per¬ 
formance  of  the  system  although  low  fuselage  structural  stiffness  degraded  overall 
performance.  System  performance  was  also  affected  by  the  rate  of  input  frequency 
change. 


INTRODUCTION 

Among  modern-day  aircraft,  the  helicopter 
imposes  probably  the  most  severe  vil -ation  environ¬ 
ment  on  man  and  equipment.  In  addition  to  being 
subjected  to  random  low-frequency  turbulence,  the 
helicopter  and  its  passengers  also  encounter  higher 
frequency  inputs  not  usually  found  in  conventional 
aircraft.  As  each  blade  on  the  lifting  rotor 
traverses  a  full  circle,  it  undergoes  differential 
drag,  lift,  and  control  forces  resulting  in  high- 
force  vibratory  inputs  to  the  transmission  and 
fuselage  below.  These  inputs  occur  at  discrete 
•'requencies,  the  blade  passage  frequency  and  its 
harmonics,  and  generally  increase  in  magnitude  as 
airspeed  increases.  Their  frequencies,  usually 
ranging  from  about  10  to  50  Hz,  and  directions 
depend  on  many  factors  including  rotor  speed, 
number  of  blades,  blade  design,  and  hub/control 
system  design.  Also,  rotor  unbalance  can  produce 
an  additional  input  at  the  lifting  rotor  rotation 
frequency,  usually  about  5  to  8  Hz. 

Passive  isolation  of  these  inputs  is  difficult 
because  isolated  components  undergo  high  normal 
accelerations  in  maneuvers  of  the  helicopter  which 
cause  excessive  static  deflection  of  ordinary  spring 
isolators.  Several  advanced  isolation  techniques 
for  use  in  helicopters  are  being  evaluated  through¬ 
out  this  country  (e.g. ,  [1]  and  [2])  and  seme  are 
being  successfully  used  [}]  and  [!*].  However,  no 
universal  system  has  been  developed  as  yet  because 
of  the  wide  variety  of  helicopters,  rotor  systems, 
and  vibration  directions  and  frequencies. 

One  candidate,  isolation  system,  active  isola¬ 
tion,  has  the  potential  of  providing  considerable 
flexibility  in  isolation  performance,  with  no 
static  deflection,  at  the  expense  of  some  complex¬ 
ity,  cost,  and  power  penalties.  Active  isolation 
systems,  systems  which  use  feedback-controlled, 
powered  actuators  to  reduce  the  transfer  of  vibra¬ 
tion,  have  been  studied  analytically  for  a  variety 
of  applications  (e.g.,  [5],  [6],  and  [7])  including 
helicopters  [3J,  Laboratory  hardware  studies  have 
demonstrated  effectiveness  of  the.  technique  [9J, 


[10],  and  [11].  Although  some  sophisticated  hard¬ 
ware  systems  are  now  being  developed  (e.g.,  [12]), 
the  physical  implementation  and  evaluation  of 
active  systems  in  actual  vehicles  has  not  pro¬ 
gressed  rapidly. 

This  paper  will  present  results  from  vibration 
tests  on  an  electrohydraulic  active  isolation 
system  developed  for  the  NASA  Langley  Research 
Center  and  the  USAARMDL,  Langley  Directorate,  by 
Barry  Wright  Corporation.  The  system  was  designed 
to  isolate  either  the  cabin  or  the  pilot's  seat  of 
a  high-performance  hingeless  rotor  helicopter. 
Vibration  tests  on  the  system  installed  in  a 
helicopter  were  conducted  in  the  NASA  Langley 
Structural  Dynamics  Research  Laboratory  and  vehicle 
responses  compared  with  and  without  isolation.  The 
ultimate  objective  of  the  program  is  to  subjectively 
evaluate  pilot  reactions  during  flight  tests  to 
cabin  isolation  as  compared  with  the  less  expensive 
seat  isolation. 

RESEARCH  HELICOPTER 

The  test  vehicle  for  the  active  isolation 
program  is  the  XH-51N  helicopter  shown  in  Figure  1. 
The  XH-51N,  described  in  Reference  [15],  is  an 
experimental  helicopter  employing  a  three-bladed 
hingeless-rotor  system.  Early  flight  testing  of 
the  military  versions  of  the  aircraft  revealed 
a  severe  vibration  problem.  This  problem  was 
alleviated  by  incorporating  a  passive  vibration 
isolation  system  where  the  entire  cabin  of  the 
vehicle  was  separated  from  the  fuselage  and  mounted 
on  a  spring  having  a  natural  frequency  at  approxi¬ 
mately  5  Hz. 

During  NASA  flight  testing  the  nonisolated 
configuration  was  partially  duplicated  by  locking 
out  the  spring.  Cabin  vibrations  versus  airspeed 
measured  during  these  tests  are  shown  in  Figure  2. 
Levels  higher  than  Ig  at  18  Hz,  the  blade  passage 
frequency,  are  encountered  during  transition  from 
hover  to  forward  flight.  The  vibration  level 
decrease-  initially  following  transition  but  the 
continuous  increase  in  level  with  airspeed  resulted 
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in  a  limit  of  110  knots  at  O.Tg  although  the  design 
top  airspeed  of  the  vehicle  is  in  excess  of  150 
knots.  Improvement  was  substantial  in  level  flight 
with  the  isolated  cabin  operating.  This  improve¬ 
ment  is  indicated  by  data  in  Figure  3i  where  cabin 
levels  were  almost  negligible  at  13  Hz.  In  maneu¬ 
vers,  however,  the  passive  isolation  system  creates 
a  new  problem.  The  cabin  spring  has  a  spring  con¬ 
stant  of  approximately  2100  N/cm  (1200  lbf/ir..  )| 
this  spring  constant  combines  with  a  cabin  weight 
of  2100  N  to  give  a  resultant  deflection  rate  of 
2.51  cm  per  g  (1  in.  ,/g).  The  limits  of  travel  for 
the  spring  are  to.  51  cm  (±0.25  !r..  ).  As  indicated 
in  Figure  1,  the  cabin  spring  apparently  begins 
Impacting  on  the  stop  at  about  C.25g  resulting  in 
an  increased  vibration  level  over  level  flight. 

As  the  normal  acceleration  is  increased  further, 
the  cabin  spring  bottoms  solidly  and  the  cabin 
and  fuselage  act  as  if  rigidly  connected  with  iso¬ 
lation  returning  as  the  aircraft  returns  to  level 
flight.  In  addition,  a  second  problem  results 
from  coupling  of  the  3-Ht  spring  resonance  with 
pilot  control  motions  limiting  the  maximum  airspeed 
to  about  130  knots  because  of  a  tendency  toward 
pilot-induced  oscillations  above  this  speed  [14]. 

Upon  review  of  these  problems,  it  was  decided 
that  this  vehicle  provided  a  unique  opportunity 
for  applying  active  isolation  concepts  with  a 
potential  threefold  benefit.  First,  the  useful 
speed  range  of  the  vehicle  could  possibly  be 
increased  by  almost  20  percent j  second,  active 
isolation  for  helicopter  environments  could  be 
evaluated  in  a  full-scale  vehicle  system;  and 
third,  the  general  subjective  problem  of  whether 
pilot  isolation  alone,  as  compared  to  total  cabin 
isolation,  will  sufficiently  improve  a  pilot's 
performance  ar.d  subjective  reaction  to  a  vehicle 
could  be  studied. 

SYSTEM  DESIGN 

Desig.  concept  and  Requirements 

A  sketch  of  the  XH-51  helicopter  showing  the 
isolated  cabin  mount  configuration  is  shown  in 
Figure  5-  Basically,  the  cabin  is  supported  under 
its  center  of  gravity  by  a  single  vertical  isolator 
spring  which  is,  in  turn,  mounted  to  a  cantilevered 
structure  extending  forward  from  the  fuselage. 

Pitch  and  lateral  restraint  are  provided  by  hinged 
straps  at  the  back  and  bottom  of  the  cabin.  In 
this  study,  two  systems  were  developed;  a  cabin 
isolator  ar.d  a  pilot's  seat  isolator.  The  approach 
to  actively  isolating  the  cabin  was  simply  to 
replace  the  spring  with  a  hydraulic  servoactuator 
operated  by  a  hydraulic  power  supply  and  a  control 
electronics  package  mounted  inside  the  cabin.  For 
the  seat  isolation  system,  the  original  pilot  seat 
was  modified  to  be  supported  by  an  actuator  using 
the  same  hydraulic  and  control  circuitry  as  the 
cabin  isolator.  Both  systems  were  designed  so  as 
to  fit  in  available  space  with  minimum  vehicle 
modifications  -  a  rather  severe  constraint  but 
necessary  because  of  costs  of  vehicle  structural 
modifications. 

Design  and  fabrication  of  the  active  isolation 
systems  was  performed  by  Barry  Wright  Corporation. 
Complete  design  details  are  contained  in  the  con¬ 
tractor  report  [15].  As  an  sid  to  understanding 
system  operation,  a  brief  overview  of  the  design  is 
presented  in  the  following  sections.  The  system 
design  was  subject  to  the  following  specifications; 


1.  At  least  90  pereen.  reduction  of  isolated- 
mast  vertical  vibrations  at  the  blade  passage 
frequency  and  at  one  or  two  additional  frequencies 
as  necessary  and  feasible. 

2.  Insensitivity  to  rotor  speed  variation 
up  to  ±10  percent. 

3.  Maximum  vertical  dynamic  deflections 
±0.63  cm  (±1/4  in.). 

4.  Zero  static  deflection  during  maneuver 
accelerations  up  to  2-l/2g. 

5.  Fail-safe  and  flight-qualified  design. 

Loads  to  be  Isolated  were  600  Kg  (1320  lbm)  foi  the 
cabin  and  175  Kg  (385  lbm)  for  the  seat  out  of 
a  total  flight  weight  of  approximately  1910  Kg 
(4200  lbm). 

Servocontrol  System 

Servocontrol  system  design  concepts  were  devel¬ 
oped  and  checked  out  using  a  simple  lumped-mass 
analog  computer  model  shown  in  Figure  6.  One  pitch 
and  four  vertical  degrees  of  freedom  were  included. 
Masses  and  moment  arms  were  chosen  to  yield  approx¬ 
imate  dynamic  characteristics  of  the  real  vehicle. 
This  model  exhibited  cabin- vortical /fuselage-pitch 
coupled  resonance  at  about  14. 5  Hz  necessitating 
the  design  of  an  isolation  system  which  provided  a 
high  degree  of  isolation  at  rotor  input  frequencies 
but  which  remained  essentially  rigid  at  this  reso¬ 
nance.  Simultaneously,  the  system  had  to  provide 
isolation  over  a  bandwidth  equal  to  ±10  percent  of 
the  primary  input  frequencies  (e. g. ,  16.2  Hz  to 
19.8  Hz  for  the  18-Hz  input  to  compensate  for  rotor 
speed  variation).  The  use  of  a  notch  system  (one 
which  isolates  over  very  narrow  frequency  bands 
only)  was  decided  upon.  The  notches  would  track 
(i.e.,  automatically  change  their  nominal  center 
frequency)  in  order  to  compensate  for  rotor  speed 
variation.  Two  notches  were  used,  one  at  18  Hz  and 
one  additional  which  could  be  set  at  either  36  Hz 
or  6  Hz  by  making  a  minor  electronics  change. 

A  simplified  block  diagram  of  the  isolator 
control  system  developed  to  meet  the  design  require¬ 
ments  is  shown  in  Figure  7-  The  system  consists 
of  a  hydraulic  servoactuator  which  is,  in  turn, 
controlled  by  position  and  acceleration  feedback. 

The  position  loop  has  an  upper  frequency  cutoff  of 
3  Hz  which  enables  it  to  maintain  a  preset  static 
position  of  the  actuator  but  minimizes  interference 
with  the  acceleration  control  at  higher  frequencies. 
Thr  acceleration  loop  uses  quadratic  feedback  con¬ 
trol  [10]  which  has  very  high  gain  when  the  accel¬ 
erometer  input  frequency  equals  the  notch  frequency 
with  low  gain  at  other  frequencies. 

In  simplified  form,  the  notch  open-loop  trans¬ 
fer  function  for  a  single  notch  can  be  written  as 
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where  fy,  is  the  product  of  all  broad-band  gains, 
c%  is  the  notch  frequency,  and  o  is  the  input 
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frequency.  For  thie  system,  Kp  was  designed  to 
be  approximately  0. 5  and  the  total  closed-loop 
response  reduces  to  approximately 


l  +  0.3J  - 


At  frequencies  well  above  and  below  <%,  the  trans¬ 
fer  function  is  one.  Bandwidth  of  operation  Is 
controlled  by  both  Kp  and  damping  and  was  designed 
to  provide  90  percent  isolation  over  approximately 
1  percent  of  the  notch  center  frequency. 

Notch  Frequency  Control 

The  frequency  control  systems  shown  in  the 
block  diagram  of  Figure  7  contain  two  basic  control 
operations.  One  is  a  frequency  tracking  control 
which  varies  the  notch  center  frequency  as  the 
rotor  tachometer  frequency  varies  about  the  preset 
notch  frequency.  The  other  is  a  phase-lock  control 
which  compensates  for  tachometer  inaccuracy.  This 
system  senses  the  frequency  difference  by  comparing 
phase  between  the  incoming  accelerometer  signal  and 
the  notch  frequency  and  changes  the  notch  frequency 
as  needed.  The  phase- lock  system  was  designed  to 
be  operational  over  a  range  of  ±3  percent  of  the 
tachometer  signal. 

HARDWARE 

Actuator  Systems 

Figure  8  shows  the  cabin  actv  or  system.  The 
cabin  actuator  system  is  a  compact  152-nsn  (6-in.  ) 
long  package  containing  the  actuator,  servovalve, 
and  control  accelerometer.  It  fits  directly  in  the 
space  allocated  for  the  original  spring  with  only 
a  few  mounting  bracket  changes. 

The  seat  actuator  system,  shown  in  Figure  9, 
is  more  complex  than  that  of  the  cabin.  Since  the 
helicopter  contained  no  structure  or  space  for 
mounting  the  actuator  directly  under  the  seat /pilot 
center  of  gravity,  it  was  necessary  to  mount  it  at 
the  back  of  the  seat  (producing  an  undesirable  but 
unavoidable  moment  about  the  center  of  gravity). 

The  seat  is  mounted  on  four  bearings  which  move 
on  fixed  bearing  rods  attached  to  the  seat  support 
structure.  The  actuator  is  similar  to  the  cabin 
actuator.  It  is  mounted  at  the  lower  center  of  the 
seat  back  and  attached  to  the  seat  frame  on  one 
side  and  the  support  structure  on  the  other.  The 
control  accelerometer  is  mounted  to  the  seat  frame 
near  the  actuator.  The  actuator  and  accelerometer 
are  canted  at  a  1/6-rad  (10°  angle)  resulting  in 
a  small  loss  .-f  vertical  effectiveness. 

Both  actuators  use  unequal  piston  areas  on  the 
top  and  bott.m  of  the  piston  to  compensate  for  the 
static  load  bi  ing  supported.  The  actuators  are  the 
sole  supporti  g  link  in  the  vertical  direction. 

Hydraulic  Power  Supply 

The  hydraulic  system  used  to  supply  fluid  flow 
to  the  actuators  is  of  simple  basic  design.  An 
engine-driven  pump  supplies  up  to  190  ml/sec  (3g pm) 


flow  at  105  Kg/cm"1  (1500  psi)  frexn  a  reservoir 
directly  to  the  servoactuator  with  an  accumulator 
in  the  line.  From  the  actuator,  the  fluid  passes 
through  a  U.l*-Kw  (15  000  Btu^hr)  fan-cooled  heat 
exchanger  and  then  returns  to  the  reservoir. 
Appropriate  filters,  temperature  and  pressure 
sensors,  and  automatic  shutoff  valves  are  Included 
to  insure  fail-safe  operation.  A  separate  electri¬ 
cally  driven  pump  is  available  to  replace  the 
engine-driven  one  in  laboratory  tests. 

All  components  of  the  hydraulic  power  supply 
system,  with  the  exceptions  of  the  pumps  and  the 
heat  exchanger,  are  located  in  a  single  package 
behind  the  pilot's  seat,  as  shown  in  Figure  10. 

The  flight  pump  is  mounted  on  the  engine,  the 
ground- test  pump  is  separate  of  the  helicopter, 
and  the  heat  exchanger  is  located  in  the  trans¬ 
mission  compartment  door.  No  attempt  was  made  at 
making  the  cabin-mounted  hydraulics  package  com¬ 
pact;  and  hence,  it  could  be  reduced  in  size  if 
necessary.  Also,  integration  of  the  system  into 
the  helicopter  hydraulic  system  design  would 
further  reduce  space  requirements. 

Control  Electronics 

The  control  electronics  circuitry  consists 
of  seven  plug-in  circuit  boards  mounted  in  a 
commercially  available  box.  This  package  is 
mounted  or.  a  shelf  above  the  hydraulic  power 
supply  components  behind  the  pilot' s  seat,  as 
shown  in  Figure  10.  It  contains  adjustable  notch 
frequency  and  gain  controls  on  the  front  as  well 
as  the  actuator  static  position  ccntrol.  It  also 
contains  a  series  of  failure-mode  indicator  lights 
which  aid  the  operator  in  determining  the  cause 
for  any  system  failure.  As  in  the  hydraulic  sys¬ 
tem,  this  package  could  be  greatly  reduced  in  size 
if  necessary. 

Fall-Safe  Design 

In  addition  to  hydraulic  system  monitoring 
and  shutoff  devices  to  prevent  clogged  filters  a ir. 
pressure  and  temperature  overloads,  the  entire 
control  system  and  the  actuators  were  designed  to 
be  fail  safe.  The  actuators  contain  steel  bearings 
which  are  normally  held  free  of  the  actuator  piston 
by  hydraulic  pressure.  If  a  pressure  loss  occurs, 
they  are  pushed  by  springs  into  slots  in  the  piston 
to  catch  and  hold  it  mechanically.  A  series  of 
logic  circuits  shuts  down  the  system  if  preset 
acceleration,  velocity,  or  displacement  levels  are 
exceeded.  Finally,  a  remote  shutoff  switch  is 
provided  at  the  pilot's  station  for  emergency 
purposes.  All  components  were  designed  and  tested 
according  to  military  specifications  for  flight 
hardware. 

Weight  Considerations 

The  total  weight  of  the  hardware  Including 
hydraulic  fluid  adds  about  50  Kg  (110  lbm)  to  the 
flight  weight.  Much  of  this  weight  (16  Kg  (35 lbm)) 
is  in  the  seat  mount  modifications  and  could  be 
reduced  with  design  effort.  Also,  excess  weight 
could  be  trimmed  in  the  mounting  hardware  for  the 
hydraulics  and  control  packages.  If  incorporated 
in  the  Initial  design  of  a  vehicle  this  size,  it 
is  estimated  that  a  similar  active  Isolation  sys¬ 
tem  would  probably  add  no  more  than  ZJ  Kg  (60  lbm). 
These  weights  do  not  include  penalties  associated 


with  required  changes  in  structure  to  accomodate 
system  (such  as  separating  cabin  from  fuselage). 

GROUND  VIBRATION  TESTS 

Test  Setup 

In  order  to  tune  the  isolation  systems,  verify 
their  stability  for  flight  tests,  and  evaluate  any 
isolator/structural  interaction  problems,  a  series 
of  vibration  tests  were  conducted  in  the  laboratory. 
The  systems  were  mounted  in  a  stripped-down  XH-51 
fuselage,  nc  longer  used  for  flight.  Several 
structural  differences  in  this  fuselage,  as  com¬ 
pared  to  the  flight  vehicle,  prevented  exact  dupli¬ 
cation  of  the  flight  vehicle.  However,  it  is 
believed  that  this  series  of  tests  adequately 
provided  information  necessary  to  allow  safe  flight 
tests  to  be  conducted. 

The  helicopter  mounted  in  the  test  setup  is 
shown  in  Figure  11.  The  vehicle  was  elastically 
suspended  at  the  hub  with  a  1-Hz  natural  frequency 
support  system.  A  ±13-mm  (±1/2- in. )  stroke  hydrau¬ 
lic  shaker  was  attached  to  the  rotor  hub  and 
elasticallv  uspended  separately  from  the  helicop¬ 
ter  as  show  in  Figure  12.  Vertical  accelerations 
of  the  shaker  mass  were  maintained  to  provide  an 
approximate  constant  force  input.  Two  types  of 
sinusoidal  input  tests  were  conducted:  discrete- 
frequency  tests  in  which  the  input  frequency  was 
increased  manually  in  incremental  steps,  ana  con¬ 
tinuous  sweep  tests  in  which  a  constant  frequency- 
increase  rate  was  automatically  maintained.  Verti¬ 
cal  and  lateral  motions  of  the  vehicle  were  moni¬ 
tored  at  22  positions  on  the  vehicle  structure. 

Missing  components  of  the  vehicle  such  as  the 
engine  and  tail  rotor  were  replaced  with  ballast 
weights.  The  seats  were  loaded  with  18  Kg  (1(0  lbm) 
weights  mounted  on  foam  rubber  such  that  a  b-Hz 
natural  frequency,  0.3-damping  factor  system  was 
achieved.  Full  flight  weight  of  the  vehicle  was 
not  simulated,  however,  since  fuel  and  electronic 
equipment  weights  were  omitted. 

DISCUSSION  OF  RESULTS 

A  summary  of  test  configurations,  conditions, 
and  types  is  shown  in  Figure  13.  Two  types  of 
tests  were  conducted:  discrete  frequency  and  con¬ 
tinuous  sweep.  Also,  acceleration  data  were 
recorded  from  the  isolator  control  accelerometer 
and  from  accelerometers  mounted  on  the  vehicle 
struct  re.  The  entire  vehlcl"  response  when  an 
isolator  was  in  operation  differed  from  that  which 
occurred  with  no  isolstion.  In  order  to  include 
the  effects  of  vehicle  dynamics,  all  data  will  be 
presented  in  terms  of  ratios  of  output  acceleration 
to  shaker  mass  acceleration  (referred  to  as  trans¬ 
fer  functions)  and  in  terms  of  ratios  of  isolated 
to  nonisolated  transfer  functions  (referred  to  as 
isolator  performance). 

Cabin  Isolator  Tests 

System  Checkout  on  Analog  Computer.  Before 
mounting  the  cabin  isolation  system  on  the  helicop¬ 
ter,  performance  of  the  control  system  design  was 
checked  by  the  manufacturer  using  the  analog  com¬ 
puter  simulation  of  the  vehicle  (Fig.  6).  Results 
of  these  tests,  which  were  discrete  frequency  tests, 
are  shown  in  Figure  lb  for  the  lfi-Hz  isolation 


notch.  Isolator  performance  is  shown  as  a  funct.  on 
of  frequency  for  three  operational  modes:  (l)  the 
18-Hz  fixed  notch,  (2)  the  18-Kz  phase-locked 
notch,  and  (3)  the  lO-Hz  tracking  notch.  1116  con¬ 
trol  system  performed  well,  providing  better  thar. 

98  percent  isolation  in  all  modes  and  tracking 
±2  Hz  in  the  track  mode.  The  phase-locked  system 
effectively  widened  the  bandwidth  of  the  fixed 
notch,  increasing  it  by  about  a  factor  of  3  at. 
the  90- percent  level. 

Discrete-Frequency  Laboratory  Tests.  A  series 
of  evaluation  tests  were  conducted  on  the  cabin 
isolator  installed  in  the  vehicle  in  which  constant 
shaker-acceleration,  discrete- frequency  steps  were 
input  to  the  vehicle.  For  this  series  of  tests, 
three  fixed  notches  were  studied:  6,  18,  and  36  Hz. 
Figure  13  shows  i solator  performance  for  these 
tests  as  monitored  at  the  isolator  control  accel¬ 
erometer.  More  than  90  percent  Isolation  was 
obtained  at  all  notch  frequencies. 

Continuous-Hweep  Laboratory  Tests.  The 
majority  of  the  laboratory  test  data  was  obtained 
in  controlled,  continuous- sweep  tests  using  18  Hz 
and  36  Hz  notches  only.  Isolator  performance  was 
measured  on  the  cabin  floor  at  the  cabin  center 
of  gravity  rather  than  at  the  control  accelerometer 
in  order  to  obtain  more  realistic  performance 
information.  The  transfer  function  of  the  cabin 
is  compared  in  Figure  16  for  the  lO-Hz  and  36-Hz 
tracking  notch  modes  and  the  nonisolation  mode. 

With  no  isolation,  a  rather  1  ;c-  amplification 

occurs  at  18.6  Hz.  This  is  ...ught  to  be  due  to 
a  cabin/fuselage  relative  pitch  resonance  although 
instrumentation  was  insufficient  to  define  it 
exactly.  This  type  mode  was  net  included  in  the 
analytical  model.  With  the  isolator  in  operation, 
however,  a  significant  reduction  ir  vibration 
occurs  across  the  tracking  band  from  approximately 
17  to  19.3  Hz  and  the  amplification  peak  is  com¬ 
pletely  eliminated.  A  peak  occurs  at  each  end  of 
the  tracking  band  as  the  tracking  tachometer  signal 
is  manually  switched  in  and  out  of  operation.  This 
represents  an  abnormal  condition  since  in  a  heli¬ 
copter  the  frequency  varies  up  and  down  about  the 
nominal.  Although  tne  isolation  system  was 
switched  in  at  16  Hz,  it  did  not  start  operating 
until  17  Hz  were  reached j  and  It  continued  to  pro¬ 
vide  some  isolation  for  1  Hz  beyond  the  point  at 
which  it  was  switched  out.  The  frequency  sweep 
rate  was  a  nominal  l/b  decade  per  minute  or  about 
I  Hz  every  2  seconds  at  this  frequency. 

The  18-  Hz  tracking  notch  provided  about 
75  percent  vibration  reduction  at  18  Hz  in  this 
test  and  93  percent  at  the  18.6-Hz  peak.  The 
36-Hz  notch,  which  was  tracking  from  32  Hz  to  bO  Hz, 
provided  only  37  percent  reduction  at  best,  at 
about  3b  Hz  and  increased  the  vibration  by  a  factor 
of  3  ovv  r  the  urisolated  case  at  about  38  Hz.  This 
was  the  best  performance  provided  by  th=  56-Hz 
notch  in  the  continuous- sweep  tests.  The  fixed 
notch  resulted  in  the  same  vibration  as  the  non- 
isolatea  case  at  36  Hz  ar.d  the  phase-locked  notch 
could  not  be  stabilized. 

Isolator  performance  for  the  various  modes  of 
operation  in  the  sweep  tests  are  compared  for  the 
18-Hz  notch  in  rigure  17.  The  best  performance, 

93  percent  reduction,  is  obtained  with  the  tracking 
notch  whereas  the  phase-locked  and  fixed  notches 
provide  percent  and  72  percent  reduction, 
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respectively.  However,  peal;  reduction  in  all  cases 
occurs  at  18.6  Hz,  the  amplification  peak  of  Fig¬ 
ure  16.  At  lB  Hz,  the  system  is  just  beoc-  tng 
effective,  whereas  it  had  provided  over  ercent 
reduction  in  discrete- frequency  tests.  .  caper¬ 
ing  results  from  the  continuous- sweep  tests  with 
the  discrete- frequency  tests,  it  appears  that  if 
a  notch  type  active  isolation  system  must  work  at 
some  finite  sweep  rate,  as  it  may  in  a  helicopter, 
continuous-sweep  tests  must  be  conducted  to  evalu¬ 
ate  its  true  performance. 

Structural  Considerations.  In  the  laboratory 
tests,  some  effort  was  made  to  determine  the 
effects  of  isolation  of  the  cabin  on  the  responses 
of  the  rest  of  the  vehicle  structure.  Vehicle 
vertical  response  along  Its  length  is  shown  in 
Figure  lB  for  the  18-Hz  isolated  and  nonisolated 
conditions.  Hie  shaded  symbols  are  the  cabin 
center-of-gravlty  responses.  With  the  isolator 
operating,  response  differs  on  the  fuselage  directly 
under  the  cabin  from  that  inside  the  cabin  result¬ 
ing  in  two  data  points  at  the  same  location.  In 
this  test,  about  75  percent  reduction  in  cabin 
center-of- gravity  vibration  was  obtained.  A  penalty 
for  this  iso1ation  is  paid,  however,  in  that  else¬ 
where  vibration  amplification  increases  signifi¬ 
cantly,  particularly  in  the  nose  and  along  the  tail 
boom.  In  designing  future  active  isolation  systems 
for  flexible  vehicles,  care  must  be  taken  in  select¬ 
ing  location  and  control  points  to  prevent  the 
isolator  from  shifting  an  overall  vehicle  resonance 
to  a  hazardous  frequency. 

Figure  19  shows  cabin  floor  vibrations  when 
the  cabin  is  isolated  at  l8  and  36  Hz  in  fixed 
frequency  tests.  Accelerations  on  the  cabin  floor 
underneath  the  seats  are  compared  to  the  cabin 
center-of-gravity  accelerations.  These  data  and 
the  nose  vibration  data  of  Figure  18  indicate  that 
cabin  floor  flexibility  decreases  the  effective 
isolation  considerably.  Total  cabin  isolation 
could  possibly  be  improved  by  either  using  multiple 
actuators  or  using  an  averaging  system  with  multiple 
control  accelerometers  and  electronic  compensation 
for  cabin  flexibility. 

Seat  Isolator  Tests 

Discrete-Frequency  Tests.  Performance  of  the 
seat  isolation  system  in  the  helicopter  was  evalu¬ 
ated  for  three  fixed-notch  frequencies  -  6  Hz, 

18  Hz,  and  36  Hz  —  in  discrete-frequency  step  tests 
similar  to  those  conducted  on  the  cabin.  Results 
are  presented  in  Figure  20  where  isolator  perform¬ 
ance,  as  measured  by  the  control  accelerometer,  is 
shown  as  a  function  of  frequency.  Better  than 
93  percent  isolation  is  obtained  at  6  Hz  and  18  Hz 
and  almost  98  percent  was  obtained  at  36  Hz,  Slight 
amplification  occurs  before  and  after  each  notch. 

As  in  the  cabin  tests,  the  seat  was  not  com¬ 
pletely  free  of  all  vibration  because  of  lateral 
and  longitudinal  vibrations  caused  by  nonvertical 
inputs  at  the  floor.  Also,  the  offset  center  of 
gravity  of  the  isolated  mass  resulted  in  a  rocking 
motion  about  the  seat  attachment  points. 

Continuous-Sweep  Tests.  Continuous-sweep  tests 
were  conducted  on  the  seat  in  the  vehicle  to  evalu¬ 
ate  notch  frequency  tracking  controls.  Only  the 
isolation  notches  at  18  Hz  and  36  Hz  were  evaluated. 
The  acceleration  transfer  function  of  the  seat  at 


the  actuator  attachment  point  is  shown  ±n  Figure  ”1 
for  the  tracking  notch  isolation  and  nonisolation 
modes  of  operation.  In  the  18-Hz  tracking  (fror 
16  to  20  Hz)  isolation  mode,  the  amplification 
peak  is  reduced  by  about  84  percent,  not  as  much 
as  for  the  cabin.  Across  the  bandwidth,  averagp 
reduction  is  about  80  percent.  In  the  38- Hz  track¬ 
ing  notch  mode,  the  isolator  provided  better  than 
90  percent  isolation  over  most  of  the  32  to  40  Hz 
band. 

A  comparison  of  isolator  performance  for  the 
three  isolation  modes  at  18  Hz  is  shown  in  Fig¬ 
ure  22.  Unlike  the  cabin  data,  the  best  isolation 
at  18  Hz  is  exhibited  by  the  fixed  notch.  The 
phase-lock  and  tracking  notches  increase  the  band¬ 
width  at  the  expense  of  some  isolator  effectiveness. 
Although  no  data  are  shown,  the  fixed  notch  per¬ 
formed  well  at  36  Hz  providing  a  peak  isolation 
effectiveness  of  95  percent.  This  indicates  that 
the  seat  system  is  somewhat  less  sensitive  to 
tracking  rate  than  the  cabin  system,  possibly 
because  of  the  smaller  actuator  size.  As  in  the 
cabin  tests,  the  36-Hz  phase-lock  notch  could  not 
be  stabilized  with  the  seat  mounted  in  the 
helicopter. 

CONCLUSIONS  AND  RECOMMENDATIONS 

Narrow-band  active  isolation  systems  capable 
of  isolating  either  the  pilot's  seat  or  the  entire 
cabin  ol'  a  full-scale  helicopter  were  tested. 

These  tests  were  conducted  in  the  laboratory  on 
the  systems  mounted  in  the  helicopter.  The  follow¬ 
ing  conclusions  and  reconmendations  resulted: 

1.  Active  isolation  techniques  can  effectively 
reduce  helicopter  cabin  response  to  rotor  inputs 
even  near  resonances.  Narrow-band  isolation  sys- 
tans  which  track  input  frequency  provide  good 
isolation  for  a  varying  rotor  speed  environment. 

2.  Active  vibration  isolation  of  a  large 
portion  of  a  structure  can  significantly  change 
the  vibration  characteristics  of  the  unisolated 
portion.  Development  of  any  such  active  vibration 
Isolation  system  should  include  elastic  response 
studies  of  the  entire  vehicle. 

3.  Active  isolator  performance  can  be  seri¬ 
ously  degraded  by  isolated  structure  flexibility. 

The  use  of  multiple  actuators  or  multiple  control 
accelerometers  located  over  the  Isolated  structure 
with  electronic  compensation  for  the  structure 
should  be  investigated  to  overcome  this  difficulty. 

4.  Continuous- sweep  tests  must  be  used  to 
adequately  describe  the  performance  of  an  active 
isolation  system  which  must  operate  in  a  changing 
frequency  environment. 

REFERENCES 

[1]  Robert  J01.es,  "An  Analytical  and  Model  Test 
Research  Study  on  the  Kaman  Antiresonant 
Vibration  Isolator,"  USAAVLABS  Technical 
Report  60-42,  Nov.  1968. 

[2]  James  D.  Cronkhite,  "Helicopter  Fuselage 
Vibration  Response  Analysis  Using  the  Hybrid 
Computer,"  Chock  and  Vibrations  Bulletin 

No.  4l,  Part  7,  1971- 


71 


s 


[’]  D.  L.  Kidd,  8.  W.  Balke,  W.  F.  Wilson,  and 
R.  K.  Wernicke,  "Recent  Advances  in  Helicop¬ 
ter  Vibration  Control,"  Proceedings  of  the 
2bth  Annual  Form  of  the  American  Helicopter 
Society,  June  1970. 

[1]  D.  P.  Shipman,  J.  A.  White,  and  J.  D. 

Cronkhite,  "Fuselage  Nodalization, "  Proceed¬ 
ings  of  the  28th  Annual  Forum  of  the  American 
Helicopter  Society,  Kay  1972. 

[h]  Peter  C.  Calcaterra,  Richard  D.  Cavanaugh, 

and  Dale  W.  Schubert,  "Study  of  Active  Vibra¬ 
tion  Isolation  for  Severe  Ground  Transporta¬ 
tion  Environments,"  HAS A  CR-1454,  Nov.  1969. 

[6]  Igor  L.  Paul,  and  Erich  K.  Bender,  "Active 
Vibration  Isolator  and  Active  Vehicle 
Suspension,"  Report  PB  173-648  (Dept,  of 
Transportation  Contract  No.  C-85-65},  KID, 

Nov.  1966. 

[7]  J.  D.  Leathervood,  "Analog  Analysis  of  the 
Heave  Response  and  Control  of  1  Plenum-Type 
Air-Cushion  Vehicle,”  NASA  TN  D-6237,  April 
1971. 

[61  Peter  C.  Calcat-  a,  and  Dale  W.  Schubert, 
"Isolation  of  Helicopter  Rotor-Induced 
Vibrations  Using  Active  Elements,"  Shock  and 
Vibrations  Bulletin  No.  37,  Part  6,  Jan.  1966, 

[9]  Jack  D.  Leathervood,  and  Grayson  V.  Dixon, 
"Active  Vibration  Isolation  for  Flexible 
Payloads, "  Proceedings  of  the  Institute  of 


Environmental  Sciences  lUth  Annual  Technical 
Meeting  and  Equipment  Exposition,  St.  Louis, 
Missouri,  April  29-May  1,  1968. 

[10]  Jerome  E.  Ruiicka,  and  Dale  W.  Schubert, 
"Recent  Advances  in  Electrohydraullc  Vibra¬ 
tion  Isolation,"  Shock  and  Vibrations 
Bulletin  No.  3,  Part  4,  April  1969- 

[11]  Peter  C.  Calcaterra,  "Active  Vibration  Isola¬ 
tion  for  Aircraft  Seating,"  Sound  and  Vibra¬ 
tion,  pp.  18-23,  March  1972. 

[12]  L.  Pulgrano,  "Tracked  Air  Cushion  Research 
Vehicle/Guidevay  Dynamic  Analysis,"  DOT 
Contract  No.  FR-00005,  March  1971- 

[133  William  J.  Snyder,  "A  Suamary  of  Rotor  Hub 
Bending  Moments  Encountered  by  a  High  Per¬ 
formance  Hingeless-Rotor  Helicopter  During 
Rap-of-the-Earth  Maneuvers,"  NASA  TN  D-4574, 
May  1968. 

[14]  Sherman  A.  Clevenson.  William  J.  Snydar,  and 
John  J.  Catherines,  ’’Preliminary  Study  of 
Effect  of  Vibration  on  Aircraft  Ride 
Quality,"  NASA  SP-270,  pp.  335-345,  May  1971. 

[15]  Rush  E.  Allen,  and  Peter  C.  Calcaterra, 
"Design,  Fabrication,  and  Testing  of  Two 
Electrohydraullc  Vibration  Isolation  Systems 
for  Helicopter  Environments,"  NASA  CR-112052, 
April  1972- 


2r 


INDICATED  A I RS  PEED,  knoll 


1Z0 


J 

f 


Figure  2.  XH-51N  18  Hz  vertical  vibrations  at 
pilot's  station  in  flight  with  unlsolated 
cabin. 


Figure  1.  XH-51N  hingeless-rotor  research 
helicopter. 
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Figure  7.  Block  diagram  of  active  isolator  system. 


Figure  J.  XH-51N  18  Hz  vertical  vibrations  in 
flight  with  spring  mounted  cabin.  (Measurement 
points  approximately  above  and  below  spring. ) 
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Figur:  I*.  XH-51N  vertical  vibrations  in  tight  turn 
maneuver  with  spring  moui  ted  cabin.  (Measured 
approximately  above  and  below  Bpring. ) 

Figure  9.  Servoactuator  for  helicopter  cabin 
isolation  system. 


Figure  5.  Sketch  showing  helicopter  cabin  isola¬ 
tion  and  seat  Isolation  configurations. 
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Figure  6.  Model  used  in  analog  computer  simulation 
for  cabin  Isolator  design. 


Figure  9-  Actively  isolated  pilot  seat  hardware. 
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Figure  TCa  Comparison  of  Isolate.}  and  unisolatod 
cabin  transfer  functions  for  1‘-  V.z  and  S6  (|- 
tracking  notches,  in  continuous- sweep  tests. 
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Figure  17.  Cabin  isolator  performance  for  three 
different  operational  modes  in  continuous- sweep 
tests. 
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Figare  18.  Comparison  of  vehicle  response  at  18  Hz 
with  and  without  active  cabin  isolation. 


■n 


ISOLATOR 
PERFORMANCE. 

ISOLATED  2  f 
UMSOLATED 


.)  1 


'  -v-  - 


LEFT  .EAT 
BAjE 


CABIN  C.C. 
STATION 


RIGHT  SEAT 
BASE 


Figure  19.  Effect  of  cabin  fu  -  floxHiiity  .r 
isolator  oerformar.ee. 
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Figure  20.  Comparison  of  isolated  and  unisolated 
seat  transfer  functions  for  13  lie  and  ;6  Hr. 
tracking  notches  in  continuous  Fweer  test.", 
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Figure  21.  Seat  isolator  performance  for  fixed- 
notch  operational  node  in  discrete-frequency 
tests. 
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Figure  22.  Seat  laoletor  perfomanee  for  thro* 
different  operational  model  in  oontlnuoui- 
■weep  teeta. 


DISCUSSION 


Mr.  Dicfceraon  motorola):  Whet  conclueione. 
If  any,  did  you  draw  concerning  the  ability  of  the 
pilot  to  function  with  relative  notion  between 
hla  torao  end  heed  at  hla  control  atlck  end  hla 
lnetnmente? 

Mr.  Hanka:  Theee  were  only  the  reaulta  of 
ground  teatl.  Flight  teata  have  not  been  conduct¬ 
ed  yet.  The  leoletlon  ayatem  la  being  lnatelled 
In  the  flight  vehicle  now  and  we  hope  by  the 
flrat  of  the  year  to  be  able  to  run  theae  aub- 
J active  teata  with  pllota. 

Mr.  Snowdon  (Fannaylvinla  State  Ualymltrii 
Whet  amount  of  additional  man  ere  you  Introducing 
to  control  either  the  vibration  of  the  cabin  or 
the  whole  craft?  Can  you  quote  e  percentage? 


l*ri  fou  Man  the  weight  of  the  laola- 

tlon  ay a tea  ltaelf? 

Mr.  Jnowdon:  Tea,  how  do  the  additional 
component!  compere  ea  e  percentage  of  the  nail  of 
the  cabin,  for  example. 

Mr.  Hanka;  With  reapect  to  the  mail  of  the 
cabin  It  la  about  ten  percent.  Aa  I  mentioned 
earlier,  thla  la  not  naceaiery,  Perhepa  the 
weight  could  be  cut  fifty  percent  over  whet  we 
did,  not  to  mention  volume.  If  It  waa  Included  In 
the  initial  dealgn  of  a  helicopter  ao  you  could 
take  advantage  of  hydraulic  ayatama  on  the 
helicopter,  It  could  be  cut  down  even  further. 

One  thing  that  la  not  Included  in  that  eatlmate  la 
the  effect  of  cutting  apart  the  cabin  to  begin  with, 
which  edda  weight.  In  thla  particular  cue  the 
cabin  wee  already  cut  apart  ao  we  didn’t  add 
weight  from  that,  but  It  wea  different  from  whet 
would  ba  in  a  normal  helicopter. 
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A  FULL-SCALE  EXPERIMENTAL  S’nJDY  OF  HELICOPTER  ROTOR  ISOLATION* 
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Robert  Jones 

Kerner,  Aerospace  Corporation 
Bloomfield,  Connecticut 


The  full-scale  experiments  were  performed  on  a  Kaman 

UH-2  helicopter  fuselage  isolated  from  a  simulated  * 

rotor  and  transmission  utilising  the  Dynamic  Antiresonant  | 

Vibration  Isolator  (DAVI).  Results  of  this  experimental  i 

study  on  a  6500-pound  helicopter  show  that  rotor  iso-  j 

lation  is  feasible.  Excellent  reduction  of  vibration  ) 

throughout  the  fuselage  was  obtained  at  the  predominant  i 

excitation  frequency  (n-per-rev) .  This  was  accomplished 
with  low  static  deflection,  minimum  weight  penalty,  and 
small  relative  vibratory  deflections  between  the  rotor 
and  fuselage. 
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INTRODUCTION 

Through  company  and  government 
sponsored  research,  great  advancements 
have  been  made  in  rotary-wing  analysis 
and  design.  Even  so,  major  vibration 
problems  still  exist  in  present-day 
helicopters.  These  vibration  problems 
not  only  increased  the  development  time 
of  rotary-wing  aircraft  and  are  a  source 
of  pilot  fatigue,  but  in  all  probability 
are  the  cause  of  lower  rotary-wing 
availability  due  to  higher  maintenance 
and  lower  reliability. 

The  major  source  of  these  vibration 
problems  is  the  rotor  induced  shears  and 
moments.  The  nature  of  these  shears  and 
moments  is  such  as  to  produce  an  input 
at  the  hub  at  a  frequency  that  is  an 
integral  multiple  of  the  number  of 
blades  in  the  rotor  system.  The  pre¬ 
dominant  frequency  of  excitation  is  the 
"nth"  harmonic  of  an  n-bladed  rotorj 
i.e.,  for  a  two-bladed  helicopter,  the 
predominant  frequency  is  two-per-rev. 
These  rotor-induced  shears  and  moments 
produce  high-level,  low  frequency  vi- 
brati  n  in  the  fuselage. 


One  approach  to  reduce  rotary-wing  1 

vibration  levels  is  rotor  isolation  or 
the  isolation  of  the  fuselage  from  the 
rotor-induced  shears  and  moments.  Rotor 
isolation  is  not  new.  Conventional 
passive  isolation  is  used  in  some 
present-day  helicopters  to  isolate  the 
in-plane  shears.  However,  these  soft 
isolation  systems  cannot  be  used  for 
vertical  isolation  because  of  the  large 
static  deflection  and  the  excessive  de¬ 
flection  encountered  during  maneuvers. 

Research  in  rotor  isolation  has  con¬ 
tinued  for  many  years.  In  the  earlier 
published  research  studies  (Refs.  1,  2, 
and  3)  active  systems  were  studied  and 
recommended  for  vertical  isolation. 

More  recently,  due  to  the  increased 
knowledge  in  the  state  of  the  art  of 
both  active  and  passive  vibration 
systems,  Eustis  Directorate,  Fort  Eustis, 
Virginia,  sponsored  research  to  deter¬ 
mine  the  analytical  feasibility  of  rotor 
isolation.  The  results  of  this  research 
are  reported  in  Refs.  4  and  5.  In  Ref. 

5,  passive  rotor  isolation  was  shown  to 
be  analytically  feasible  utilizing  the 
Kaman  Dynamic  Antiresonant  Vibration 
Isolator  (DAVI). 


This  Research  Program  was  conducted  under  Contract  DAAJ02-68-C-0094 ,  Eustis 
Directorate,  U.  S.  Army  Air  Mobility  Research  and  Development  Laboratory,  Fort 
Eustis,  Virginia,  and  is  reported  in  USAAVLABS  Technical  Report  71-17. 


The  DAVI  is  a  passive  isolator 
that  provides  a  high  degree  of  isola¬ 
tion  at  low  frequency  with  very  low 
static  deflection.  At  the  antiresonance 
of  the  DAVI,  inertia  forces  cancel 
spring  forces ,  producing  nearly  zero 
transmissibility  across  the  DAVI.  The 
antiresonant  frequency  is  independent 
of  the  isolated  mass. 

This  paper  discusses  the  results 
obtained  on  an  experimental  feasibility 
proqram  of  rotor  isolation  conducted  on 
a  full-scale  helicopter.  This  program 
was  conducted  on  a  Kaman  UH-2  helicopter 
in  which  the  fuselage  was  isolated  from 
the  ■'•otor  by  a  DAVI  isolation  system. 

The  rotor  and  transmission  were  simula¬ 
ted  by  an  upper  body  with  proper  weight 
and  inertial  characteristics. 


DAVI  BACKGROUND 

The  Dynamic  Antiresonant  Vibration 
Isolator  (DAVI)  is  a  passive  isolator 
and  is  based  on  inertia  coupling  at  the 
tuned  or  antirescnant  frequency  of  the 
DAVI.  Figure  la  shows  a  schematic  of  a 
unidirectional  DAVI.  It  is  seen  from 
this  schematic  that  a  spring  is  attached 
between  the  isolated  weight  and  the  base 
as  in  a  conventional  isolator.  The 
inertia  bar  is  attached  to  the  isolated 
weight  by  a  pivot  and  attached  to  the 
base  by  the  non-isolated  pivot.  At  the 
antiresonant  frequency,  the  inertia 
force  at  the  isolated  pivot  from  the 
inertia  bar  cancels  forces  from  the 
spring  and  produces  nearly  100  percent 
isolation . 


PIVOT 

(a)  Unidirectional 


Figure  lb  shows  a  schematic  of  a 
three-dimensional  DAVI.  The  3D  DAVI  has 
two  inertia  bars.  The  unidirectional 
inertia  bar  works  in  the  vertical  di¬ 
rection  to  provide  vertical  isolation. 

The  two-dimensional  inertia  bar  works  in 
both  the  lonqitudinal  and  lateral  di¬ 
rections  and  provides  isolation  in  the 
.-plane  directions  of  the  sorinqs. 

Thus,  DAVI  isolation  is  obtained  in  all 
three  directions. 

Because  of  inertial  couplinq,  the 
DAVI  has  several  unique  features  that 
cannot  be  achieved  by  conventiona1 
passive  isolaticn.  These  features  are: 

(1)  Nearly  100  percent  isolation 
at  the  tuned  frequency; 

(2)  Isolation  at  its  tuned  fre¬ 
quency  is  independent  of  the 
isolated  mass;  and 

(3)  Low  frequency  isolation  with 
lew  static  deflection. 

The  feasibility  of  the  DAVI  has 
been  proven  throuqh  several  years  of 
company  and  Eustis  Directorate,  U.S. 

Army  Air  Mobility  Research  and  Develop¬ 
ment  Laboratory  sponsorship.  Refs.  6, 

7,  and  8  show  the  results  of  this  re¬ 
search.  This  research  included  analysis, 
laboratory  testinq  and  fliqht  testinq  of 
a  DAVI  isolated  platform. 


(b)  Three-Dimensional 


Figure  1.  Schematic  of  the  DAVI 
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Fiqure  2  shows  typical  DAVI  trans- 
missibility  curves  as  compared  to  a 
conventional  isolator.  These  results 
show  that  the  isolated  mass  did  not 
affect  the  antiresonant  frequency  of  the 
DAVI  at  10  Hertz  and  that  excellent  iso¬ 
lation  is  obtained.  Furthermore,  when 
comparing  the  150-pound  conventional 
isolatio  i  system  with  the  150-pound  DAVI 
isolation  system,  the  conventional 
system  is  essentially  in  resonance  at 
the  antitasonant  frequency  of  the  DAVI. 
The  spring  rates  of  both  systems  are 
identical.  The  natural  frequency  of  the 
150-pound  DAVI  system  is  much  lower  than 
the  conventional  system  natural  fre¬ 
quency  because  the  effective  mass  of  the 
inertia  bar  (much  greater  than  its 
actual  mass)  adds  to  the  isolated  mass 
and  reduces  the  natural  frequencv  of 
the  system 

Sine  he  helicopter  is  an  essen¬ 
tially  con/  .ant  frequency  vehicle,  the 
DAVI,  because  of  its  low  static  deflec¬ 
tion  and  antiresonant  characteristics 
is  an  ideal  isolator  for  rotor  isola¬ 
tion.  Therefore,  a  full  scale  experi¬ 
mental  proqram  to  determine  the 
feasibility  of  rotor  isolation  using 
the  DAVI  was  initiated. 


!■"'  L  SCALE  EXPERIMENTAL  ROTOR  ISOLATION 
Design 

A  full-scale  experimental  rotor 
isolation  program  was  conducted  on  a 
Uu-2  helicopter  at  a  gross  weight  of 
6500  pounds,  modified  to  incorporate  a 
four  point  three-dimensional  DAVI  iso¬ 
lation  system.  The  rotor  and  trans¬ 
mission  were  simulated  by  appropriate 
weight  and  inertial  characteristics. 

Figure  ?  shows  a  three-view 
drawing  of  the  three-dimensional  DAVI. 
The  unidirectional  inertia  bar  couples 
with  motion  along  the  vertical  axis  of 
the  pre.loaded  vertical  springs  and 
utilizes  rod  end  bear.irgs  as  the  hinge 
for  the  rotor  or  input  pivot.  The 
fuselage  or  isolated  pivot  of  the  uni¬ 
directional  inertia  jar  Is  a  spherical 
bearing.  For  motions  of  this  uni¬ 
directional  inertia  bar,  the  weight  of 
the  two-dimens  onal  inertia  bar  adds  to 
the  isolated  'eight  cr  fuselage. 

The  two-dimensional  inertia  bar 
ccuples  with  the  in-plane  motions  of 
the  spring  and  utilizes  spherical 
bearings  for  both  the  fuselage  or  iso¬ 
lated  and  rotor  or  input  pivots.  The 
rotor  or  input  pivot,  of  the  two- 
dimensional  inertia  bar  and  the  fuselage 
or  isolated  pivot  oc  uhe  unidirectional 
inertia  bar  is  a  common  pivot.  For 


Fiqure  2.  Tvpical  DAVI 

Transmissibility 

Curve 


motions  of  the  two-dimensional  inertia 
bar,  the  weiqht  of  the  unidirectional 
bar  adds  to  the  rotor  weight. 

To  reduce  internal  coupling  in  the 
DAVI,  the  fuselaqe  or  isolated  oivot  of 
the  unidirectional  inertia  bar  is  on  the 
vertical  elastic  axis  of  the  spring 
system  and  the  isolated  pivot  of  t.ie 
two-dimensional  inertia  bar  is  on  the 
in-plane  elastic  axis  of  the  spring 
system. 

Table  I  gi\es  the  physical  par«m- 
etr.rc  of  the  individual  DAVIs  used  in 
this  program. 

Two  different  weights  of  tne  in- 
planc  inertia  bar  are  required,  since  the 
DAVIs  were  decrqned  for  a  range  of  anti¬ 
resonance  frequencies  from  9  to  22  Hertz. 


I 


Figure  3.  Three-View  of  the  Three-Dimensional  DAVI 


TABLE  I.  PHYSICAL  PARAMETERS  OF  DAVI 


To  determine  the  proper  position  and  pound  helicopter.  Figure  5  shows  a 

weight  for  the  movable  weight  of  the  plan  and  profile  view  of  the  simulated 

inertia  bars  for  the  full-scale  testing,  rotor  and  transmission.  Included  as 
the  DAVIs  were  individually  tested  to  part  of  the  upper  body  was  the  electro- 

determine  the  antiresonance  frequency  magnetic  shaker  used  for  the  excitation, 

from  9  to  22.  Hertz.  Figure  4  gives  the  The  two  reasons  for  including  the 

results  of  this  testing.  It  is  seen  shaker  in  the  upper  body  were  that  the 

from  these  results  that  one  DAVI  in-  shaker  weighed  760  pounds  and  was  a 

ertia  bar  weight  of  17.5  pounds  can  be  major  part  of  the  weight  of  the  upper 

use,  for  the  unidirectional  inertia  bar.  body  and  it  was  not  necessary  to  con- 

Depending  upon  the  antiresonance  fre-  struct  a  large  test  structure  to  support 

quency  desired,  either  17.5  pounds  or  the  shaker.  Because  of  the  weiqht  of  the 

14.0  pounds  must  be  used  on  the  two-  shaker  and  the  fact  that  the  shaker  must 

dimensional  inertia  bar.  be  rotated  to  obtain  the  proper  direc¬ 

tion  of  excitation,  a  simple  design  was 
The  upper  body  of  the  test  vehicle  incorporated  in  the  upper  body  to  float 

was  a  simulation  of  the  rotor  and  trans-  the  760  pound  shaker  on  a  cushion  of  air 

mission  weight  and  inertia  of  a  6500-  for  in-plane  rotation.  This  design 

s 

i  80 

1 

* 

f 

£ 


ANTIRESONANT  FREQUENCY  -  HERTZ 


allowed  one  man  to  rotate  the  shaker  90 
degrees  with  no  major  disassembly  re¬ 
quired. 


INERTIA  BAR  WEIGHT  CG  INERTIA  BAR  WEIGHT  CG 

DISTANCE  FROM  NON  OISTANCE  FROM  NON 

ISOLATEO  PIVOT  -  IN.  ISOLATED  PIVOT  -  IN 

(a)  Vetlical  (b)  In-Plane 


The  fuselaqe  was  then  suspended 
from  the  simulated  rotor  and  trans¬ 
mission  by  the  three-dimensional  DAVI 
isolation  system  as  shown  in  Figure  6. 
Figure  6  also  shows  the  location  of  the 
instrumentation.  The  test  vehicle  was 
instrumented  with  ten  accelerometers , 
three  of  which  were  located  at  approxi¬ 
mately  the  center  of  gravity  of  the 
helicopter  to  pick  up  the  vertical, 
lateral  and  longitudinal  accelerations. 
Three  accelerometers  were  located  at 
station  400  to  pick  up  the  vertical, 
lateral  and  longitudinal  accelerations. 
Three  accelerometers  were  located  at 
station  50  to  pick  up  the  vertical, 
lateral  and  longitudinal  accelerations. 
One  accelerometer  was  located  at 
approximately  the  hub  waterline  and 
station  to  record  the  upper  body 
acceleration  in  the  direction  of  ex¬ 
citation. 


Figure  4.  Variation  in  Antiresonant 
Frequency  With  Position  of 
Inertia  Bar  Weight 


PLAN  VIEW 


PIOFill  VIEW 

Figure  5.  Simulated  Rotor  and  Tran -mission 


Figure  6.  Accelerometer  Locations 


Twelve  linear  potentiometers  were 
located  across  the  three-dimensional 
DAVI  mounts.  Three  potentiometers  were 
used  at  each  mount  to  measure  relative 
deflection  between  the  upper  body  (rotor 
and  transmission)  and  the  fuselage  in 
the  vertical,  lateral  and  longitudinal 
directions.  A  force  transducer  was  in¬ 
stalled  between  the  shaker  armature  and 
the  reaction  beam  to  measure  the  force 
output  of  the  electromagnetic  shaker. 

Test  Set-Up  and  Procedure 

The  Kaman  static  test  bay  was  used 
as  the  facility  to  conduct  the  full- 
scale  experimental  tests  for  rotor 
isolation.  To  simulate  free-flight 
conditions,  the  simulated  rotor  and 
ti-..  ..mission  was  suspended  from  a  10- 
ton  hoist  by  a  soft  bungee  chord  system. 
The  natural  frequencies  were  low  as  com¬ 
pared  to  the  excitation  frequencies  of 
interest,  and  therefore,  the  DAVI  iso¬ 
lated  aircraft  simulated  free  flight. 
Figure  7  is  a  schematic  of  the  suspen¬ 
sion  system. 

Since  the  electromagnetic  shaker  is 
part  of  the  upper  body  weight,  a  system 
was  designed  to  react  all  of  the  shaker 


excitation  forces  throuqh  tension  in 
standard  straps-  This  system  is  also 
shown  schematically  in  Figure  7.  The 
straps  run  from  load  reaction  beams  on 
the  static  test  frame  to  smaller  re¬ 
action  beams  to  which  the  shaker  arma¬ 
ture  attaches.  The  reaction  straps  are 
tensioned  by  commercial  turnbuckles,  and 
the  straps  are  never  allowed  to  be  in 
compression. 

The  weight  of  the  small  reaction 
beams  is  relieved  by  cable  suspension 
from  the  frame  overhead  structure.  For 
vertical  excitation,  the  shaker  armature 
is  connected  to  the  vertical  reaction 
beam;  for  lateral  excitation,  the  shaker 
is  pivoted  about  its  lateral  axis  and 
connected  to  the  lateral  reaction  beam; 
for  fore  and  aft  excitation,  the  shaker 
is  rotated  90  degrees  using  the  air  sus¬ 
pension  system  and  is  connected  to  the 
fore  and  aft  reaction  beam. 

Figure  8  shows  the  test  vehicle  in 
the  static  test  bay  area. 


Tests  were  conducted  for  three 
directions  of  vibratory  input  at  the 
hub  on  the  non-isolated  vehicle  and  then 
for  the  isolated  vehicle.  Tests  on  the 
isolated  helicopter  were  conducted  tor 
two-bladed,  three-bladed,  and  four- 
bladed  rotor  configurations.  These 
rotor  configurations  were  simulated  by 
proper  tuning  of  the  DAVI  isolation 
system  to  the  predominant  excitation 
frequency  of  the  rotor  system. 

The  tests  were  first  conducted  on 
the  non-isolated  vehicle  to  obtain  a 
base  for  comparison  of  results  on  the 
isolated  vehicle  and  also  to  determine 
a  force  level  in  at  least  one  direction 
of  excitation  sufficient  to  produce  a 
minimum  of  +0.2  g  level  of  acceleration 
at  either  tRe  nose  (station  5?)  or  the 
c.g.  (station  170)  of  the  helicopter. 

It  was  determined  that  a  longitudinal 
excitation  force  level  of  +250  pounds 
was  sufficient  to  produce  the  desired 
acceleration  levels  at  14.7  Hertz  (n/rev 
of  the  three-bladed  configuration  and  at 
19.8  Hertz  (n/rev  of  the  four-bladed 
configuration).  However,  at  10.8  Hertz 
(n/rev  of  the  two-bladed  configuration) , 
an  excitation  force  of  +500  pounds  was 
required  to  produce  the  desired  accel¬ 
eration  levels;  therefore,  two  series 
of  non-isolated  tests  were  run:  one 
series  up  to  45  Hertz  at  +250  pounds  for 
the  three-  and  four-blade?  configura¬ 
tions  and  one  series  up  to  25  Hertz  at 
+500  pounds  for  the  two-bladed  configu¬ 
ration  . 

Using  the  excitation  force  level  of 
+250  pounds,  a  frequency  survey  was  made 
on  the  non-isolated  vehicle  from  5  Hertz 
to  45  Hertz  in  approximately  1-Hertz  in¬ 
crements.  At  the  predominant  excitation 
frequencies  of  1/rev,  n/rev,  and  2n/rev 
and  natural  frequencies,  data  at  smaller 
increments  were  taken.  The  force  level 
was  reduced  at  frequencies  where  ex¬ 
cessive  vibration  occurred  such  as  at 
the  natural  frequencies.  However,  for 
plottincr  purposes,  the  data  were  cor¬ 
rected  to  a  +2 50-pound  excitation  force 
assuming  a  linear  structure  and  re¬ 
sponse.  This  procedure  was  followed  for 
the  +500-pound  excitation  force  except 
that  the  vibration  survey  was  made  from 
5  Hertz  to  25  Hertz. 


Test  Results 

Figures  9,  10  and  11  show  typical 
time  histories  of  the  responses  obtained 
in  these  tests  at  the  tuned  frequency  of 
the  DAVI.  These  figures  are  the  resuLts 
for  the  tests  made  for  the  simulated 
three-bladed  rotor  in  which  the  DAVIs 
were  tuned  to  14.7  Hertz. 

Figures  9  and  10  show  the  results 
for  the  vertical  and  longitudinal  di¬ 
rections  of  excitation  at  the  hub.  ”n 
comparing  the  results  obtained  for  the 
non-isolated  vehicle  to  the  DAVI  isola¬ 
ted  vehicle,  excellent  reduction  in 
vibration  is  obtained.  It  is  seen  that 
the  vibration  levels  throughout  the  DAVI 
isolated  fuselage  have  been  reduced.  It 
should  be  further  noted  that  in  Figure 
10,  a  greater  magnitude  of  longitudinal 
force  was  used  in  the  DAVI  isolation 
test  than  in  the  non-isolated  test,  so 
that  a  Greater  reduction  in  vibration 
level  was  achieved  than  is  indicated  by 
these  responses.  It  is  also  seen  in 
these  figures  that  the  hub  response, 
although  not  isolated,  is  less  for  the 
DAVI  isolated  system  than  for  the  non¬ 
isolated  system. 
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For  the  isolated  vehicle,  the  DAVI 
was  tuned  to  the  appropriate  n/rev  fre¬ 
quency,  and  a  vibration  survey  was  made 
with  the  same  force  level.  For  the 
four-bladed  configuration,  the  survey 
was  made  from  5  Hertz  to  45  Hertz;  for 
the  three-bladed  configuration,  the 
survey  was  rnadt  from  5  Hertz  to  35  Hertz; 
and  for  the  two-bladed  configuration, 
the  survey  was  made  from  5  Hertz  to  25 
Hertz. 
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Figure  9.  Time  History  for  Vertical 
Excitation  at  Timed  Fre¬ 
quency  of  the  DAVI 
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Figure  10. 


Time  History  for  FSA 
Excitation  at  Tuned 
Frequency  of  the  DAVI 


Figure  11  shows  the  responses 
obtained  for  the  lateral  direction  of 
excitation.  The  reduction  in  vibration 
in  this  direction  for  the  DAVI  isolated 
system  was  not  as  great  as  in  the  other 
directions  of  excitation.  However,  in 
this  direction,  vibration  levels  were 
low  for  both  the  non-isolated  and  the 
isolated  helicopters.  Even  at  these 
low  vibration  levels,  isolation  was 
achieved  at  most  locations  of  the 
fuselage. 

Figure  12  shows  the  bandwidth  ob¬ 
tained  over  a  frequency  range  from  14 
Hertz  to  16  Hertz.  The  solid  lines  and 
dashed  lines  show  the  response  of  the 
non-isolated  and  DAVI  isolated  configu¬ 
ration,  respectively.  These  results 
are  for  the  same  magnitude  of  excitation 
force  at  the  hub  and  show  the  vertical 
response  for  a  vertical  excitation,  the 
lateral  response  for  a  lateral  excita¬ 
tion  and  the  fore  and  aft  response  for 
a  fore  and  aft  excitation.  Excellent 
vibration  mitigation  was  obtained 
throughout  the  fuselage  and  over  the 
entire  frequency  bandwidth. 

Table  II  shows  the  average  re¬ 
sponses  of  the  non-isolated  and  isolated 
vehicle  at  the  predominant  N/rev  of  all 
configurations  tested  for  the  nine 
transducer  locations  on  the  fuselage. 

The  average  responses  were  obtained  for 
three  levels  of  vibration  on  the  non¬ 
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Figure  11.  Time  History  for  Lateral 
Excitation  at  Tuned 
Frequency  of  the  DAVI 


isolated  helicopter;  less  than  +0.05g, 
between  +0.05q  and  +0.10g,  and  greater 
than  +0.r0g.  It  is  seen  from  this  table 
that  For  all  levels  of  vibration,  a  re¬ 
duction  of  vibration  occurred  for  tne 
isolated  cases.  The  isolation  system 
was  the  most  effective  at  the  highest 
response  range  for  which  the  lowest 
transmissibility  was  obtained.  In  com¬ 
paring  the  average  results  of  the  high 
response  range  of  the  non-isolated  heli¬ 
copter  to  the  isolated  helicopter  for 
all  directions  of  excitation,  it  is  seen 
that  for  the  three-  and  four-b laded  con¬ 
figurations,  essentially  80  percent 
isolation  was  obtained.  For  the  two- 
bladed  rotor  configuration,  over  50 
percent  isolation  was  obtained. 

The  DAVI  system  was  designed  very 
stiff  and  the  static  deflection  was  less 
than  0.10  inch.  The  natural  frequencies 
of  the  system  were  all  between  one-per- 
rev  of  the  rotor  and  n-per-rev  of  the 
configuration  being  tested.  Therefore 
little  or  no  amplification  occurred  at 
the  one-per-rev  excitation.  Also, 
because  the  DAVI  system  was  stiff,  the 
relative  deflection  between  the  upper 
body  and  lower  body  was  small . 

Table  III  shows  the  relative  de¬ 
flection  obtained  in  the  isolation 
system  for  the  three  rotor  configurations 
tested.  The  largest  relative  deflection 
for  the  vertical  and  longitudinal 
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TABLE  II.  RANGE  OP  RESPON! 


Response 

Range 

(k) _ 


4-Bladed  Rotor 
Avg  Response 
(+g) 

Non- 

N*  Iso  Iso 


Vertical  Excitation 


3-Bladed  Rotor 


2-Bladed  Rotor 

Avg  Response 

(£g> 

Non- 

N*  Iso  Iso 

T* 

<.05  0 
.05-. 10  3 
>.10  6 


.0773  .016 

.253  .022 


Longitudinal  Excitation 


Lateral  Excitation 


_ _ All  Directions  of  Excitation 

>.10  |13  .2191  .0344 

*N  -  Number  of  recordings  of  nonisolated  response  in  each  response  range  listed 
in  column  one.  (Total  number  of  recording  cannot  exceed  nine.) 

<(>T  -  Transmissibility ;  ratio  isolated/nonisolated  response . 


TABLE  III. 


VERTICAL  RELATIVE  DEFLECTION  IN  THE  DA 
ISOLATION  SYSTEM  FOR  THE  PREDOMINANT 
EXCITATION  FREQUENCY 


DAVI  Location 

Left  Fwd 
Right  Fwd 
Right  Aft 
Left  Aft 


Left  Fwd 
Right  Fwd 
Right  Aft 
Left  Aft 


Vertical  Excitation 


Relative  Deflection  (-in. 


-Bladed  Rotor  3-Bladed  Rotor  2-Bladed  Roto 


Longitudinal  Excitation 


Lateral  Excitation 
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directions  of  excitation  were  +.0212 
inch  and  +.0320  inch,  respectively. 

These  deflections  are  well  within  the 
design  limits  of  present-day  couplings. 

Weight 

The  objective  of  this  program  was 
to  demonstrate  the  feasibility  of  rotor 
isolation  usinq  the  DAVI  concept.  For 
this  test  program,  a  three-dimensional 
DAVI  isolation  system  incorporating  four 
DAVIs  of  a  single  si-.e  suitable  for  in¬ 
stallation  in  either  a  6500-pound  or 
10,000-pound  helicopter  was  designed. 
Isolator  parameters  were  not  optimized 
for  either  gross  weight  or  any  one  rotor 
configuration.  Consequently,  optimiza¬ 
tion  for  performance  or  minimum  weight 
was  not  attempted. 

The  four  DAVIs  used  in  this  program 
neglecting  the  weight  of  the  movable 
weights  on  the  inertia  bar  rods,  weighed 
a  total  of  136  pounds  or  1.36  percent  of 
the  gross  weight  of  a  10,000-pound  heli¬ 
copter.  For  the  four-bladed  configura¬ 
tion  tested,  the  weight  of  the  movable 
weights  on  the  inertia  bar  rods  of  each 
DAVI  was  a  total  of  17.5  pounds.  Thus, 
the  total  system  weighed  2.06  percent  of 
the  gross  weight  of  a  10,000-pound  heli¬ 
copter.  Therefore,  for  a  10,000-pound 
helicopter  with  design  refinements  can 
be  designed  for  less  than  2  percent  Of 
the  gross  weight. 


CONCLUSIONS 

This  full-scale  experimental  study 
has  demonstrated  that  rotor  isolation 
is  feasible  using  the  passive  DAVI 
isolation  system. 

1.  Rotor  isolation  with  the  Kaman 
DAVI  is  feasible. 

2.  Vibration  levels  at  the  n-per- 
rev  excitation  frequency  cam  be  reduced 
to  one-fifth  to  one-tenth  the  present 
values  encountered. 


stiffness  desiqn. 

7.  The  natural  frequencies  of  the 
system  can  be  designed  to  be  above  one- 
per-rev,  and  therefore  the  possibility 
of  mechanical  instability  occurring  in 
flight  is  eliminated. 

8.  The  vibratory  relative  deflec¬ 
tion  within  the  isolation  system  is 
small  and  within  the  conventional  coup¬ 
ling  and  shaft  design  limitations  now 
in  use. 

9.  Rotor  isolation  will  not 
necessarily  increase  the  vibratory 
levels  on  the  upper  body  or  rotor. 
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3.  Rotor  isolation  is  feasible 
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versely  affecting  the  one-per-rev 
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DISCUSSION 


Mr.  Allen  (Lord  Klnsmcdcs);  Do  you  h«v«  eny 
feeling  ••  to  whether  Che  energy  In  che  hub  le 
going  Co  lncreese?  Is  lc  going  co  be  effected 
by  che  isoledon  sysCem? 

Mr.  Jones:  Ics  going  Co  be  effecCed.  Whether 
it  s  going  Co  be  edversely  or  beneflclelly 
effecced  is  dlfflculc  Co  enswer.  If  I  do  e 
rigid  body  enelysls  on  che  syscem,  Chere  Is  no 
doubc  chec  1  will  gee  lncreesed  hub  motions 
over  e  non-isoleced  vehicle.  However,  If  we 
involve  scruccurel  dynemics  of  the  system, 
end  chec  is  whet  we  hed  here,  we  gee  less  hub 
motion  in  some  cress  end  greeter  mode  In 
others.  1  personally  don't  chink  thel  t's 
going  to  be  e  detriments!  effect  beceu  t  meny 
helicopters  todey  use  rotor  isoledon.  Bell 
Helicopter,  for  exempts,  elwsys  lsolete  theirs 
for  ln-plene,  so  they  heve  e  lot  of  hub  motion. 
We  can't  sey  thet  their  helicopters  ere  poor 
from  the  eepect  of  hevlng  rotor  Isoledon  end 
low  hub  impedence  In  the  ln-plene  direction. 


Mr.  Henks  (NASA  Langley  Reseerch  Center): 

Whet  wes  the  resonent  frequency  of  the  reecdon 
beams  thet  you  drove  your  sheker  egelnst? 

Mr.  Jones;  I  reelly  cen't  enswer  thet.  They 
didn't  seem  to  effect  the  results.  1  will  sey 
thet  meny  times  the  building  seemed  to  be 
sheklng  quite  e  bit,  If  you  went  to  look  et 
thet  aspect. 

Mr.  Henks:  I  wss  Just  wondering  If  they  might 
be  considered  something  like  e  rotor  mess  also. 

Mr.  Jones:  Of  course,  we  were  maesurlng  the 
force  between  the  reecdon  system  end  whet  wes 
being  Introduced  to  the  system  end  we  were 
correcting  from  thwC  force.  Hsvlng  measured 
the  force,  1  think  we  should  be  getting  the 
correct  impedence. 
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DECOUPLING  THE  "HREE  TRANSLATIONAL  MODES  FROM  THE  THREE  ROTATIONAL  MODES  OF  A 
RIGID  BODY  SUPPORTED  BY  FOUR  CORNER-LOCATED  ISOLATORS 


Thomas  F.  Derby 

Barry  division 

Barry  Wright  Corporation 
Watertown,  Massachusetts 


This  paper  presents  the  condition  for  decoupling  translation 
from  rotation  for  a  configuration  in  which  the  isolators  are 
located  at  the  comers  of  e  rectangle  in  a  horizontal  plane. 
The  center  of  gravity  of  the  equipment  is  located  arbitrarily 
with  respect  to  the  center  of  the  rectangular  pattern  of  the 
Isolators.  A  computer  program  is  r  rented  that  obtains 
the  orientation  of  the  laolators  necessary  for  decoupling  as 
well  as  the  decoupled  natural  frequencies.  For  the  special 
case  where  the  C.G.  is  above  the  center  of  the  isolator's 
rectangular  pattern,  the  same  results  are  presented  graphi¬ 
cally  by  a  wide  range  of  parameter  values. 


NOMENCLATURE 

Scalers 


A  =  a/c 

a  =  distance  (See  Figure  1) 


f.(l  =  1  to  3)  =  natural  frequency  In 
Xj  direction 


f„  =  *4k/m  /2ir  =  fictitious  natural 

a  a 

frequency  of  the  mass  on  four 
isolators  In  the  axial  direction 


B  =  b/c 


k  =  axial  stiffness  of  an  Isolator 

a 


b  =  distance  (See  Figure  1) 


kf  =  radial  stiffness  of  an  Isolator 


C  ,  Ca  ,  G,,  =  Cosine  of  cj3, ,  0. .  and  y . 

o,  y  j  ii  i 

respectively 

c  =  distance  (See  Figure  1) 

D  =  d/c 

d  =  distance  (See  Figure  1) 

E  =  e/c 

e  =  distance  (See  Figure  1) 


m  =  mass  of  rigid  body 

p  =  c  istant  of  proportionality  between 
damping  and  stiffness  matrices 

s.  (1  =  1  to  16)  =  summations  (See  Eqs.  5?  to 
1  (67) 

V  V  Syi  =  Sineof  *1*  9i' and  Yi' 

respectively 

Ty ,  =  tangent  of  0  and  y,  respectively 

yl  (i  =  1  to  4)  =  angles  (bee  Figure  1) 


Pack  BUlK-tfOf  niiBD 
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y  ■  y 4 (1  ■  1  to  4)  when  all  angle*  are 

equal 

(1  ■  1  to  4)  -  angles  (See  Figure  3) 

6^1  -  1  to  4)  ■  angles  (See  Figure  1) 


tKjj  ■  Inertial  frame  axis  stiffness  matrix 

for  1th  isolator 

Ckjj  ■  principle  axis  stiffness  matrix  for 
1th  Isolator 

Cm]  *  mass  matr'x 


I 


v 


0  *-  6 A(1  ■  1  to  4)  when  all  angles  are 

equal 

«  - 

q  -  kaAr 

wn  “  natural  frequency  (rad/sec) 

“  2rrf  (rad/sec) 

a  a 

Vectors  and  Matrices 
[  ]  ■  3x1  column  vector 

C  ]  ■■  3x3  matrix 

C  3 ,  *  me  Srlx  pertaining  to  1th  isolator 


■  partitioned  matrix  having  3x3 
submatrlces 


[]T 

- 

transpose  of  matrix 

[]-1 

Inverse  of  matrix 

Co] 

= 

null  matrix  (all  the  elements  are  zero) 

Ca] 

= 

l/4k  [k]  (See  Eq.  74) 

C0]1 

Inertial  frame  axis  damping  matrix 
for  1th  Isolator 

Cell 

= 

principal  axis  damping  matrix  for  1^ 
Isolator 

If) 

= 

externally  applied  force 

Ci] 

mass  moment  of  inertia  matrix 

Ck] 

= 

SCKlj 

CP] 

■ 

c  cr:1co:1 

CqC 

■ 

L  CRJjCkCj 

[Q'l 

■ 

c(kfl  -  CQj 

CRjx 

■ 

skew  symmetric  matrix  corresponding 
to  Cr}1 

tr}i 

■ 

position  vector  of  the  1th  isolator 

Ct) 

■ 

externally  applied  torques 

Cu] 

■ 

unit  matrix 

Cv] 

m 

£[R]1[C]1CR]J‘ 

Cw] 

m 

scr:a  ck]4  [R]jT 

lx] 

m 

Inertial  frame  coordinates;  displace¬ 
ment  vector  of  C.G.  of  the  mass 

Cy) 

■ 

displacement  vector  of  supporting 
structure 

Ca] 

■ 

rotation  vector  for  small  motions 
about  the  C.G.  of  the  mass 

{$} 

■ 

rotation  vector  for  small  motions  of 
the  supporting  structure 

Cflli 

■ 

displacement  vector  of  the  l**1 
Isolator 

««i 

- 

principle  axis  coordinates  for  the  1th 
Isolator 

Cx]i 

as 

transformation  matrix  of  the  1th 
Isolator 

INTRODUCTION  AND  SUMMARY 

Inclined  Isolators  have  been  used  for 
many  years  to  decouple  translational  from  rota¬ 
tional  motions  of  a  piece  of  equipment  supported 
by  Isolators.  However,  there  are  only  two 
configurations  adequately  presented  In  the 
literature.  In  one  configuration,  decoupling  Is 
accomplished  In  a  plane  where  the  isolators  are 
symmetrically  located  on  each  side  of  the  center 
of  gravity.  In  this  situation  only  two  of  the 
translational  motions  are  decoupled.  In  the 
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other  configuration,  the  isolators  are  located 
symmetrically  about  a  ring  and  the  center  of 
gravity  of  the  equipment  is  assumed  to  be  above 
the  center  of  the  ring.  For  these  two  configura¬ 
tions ,  the  conditions  necessary  for  decoupling 
as  well  as  the  decoupled  natural  frequencies  are 
given  in  Reference  1.  This  paper  presents  the 
conditions  for  decoupling  translation  from  rota¬ 
tion  for  a  configuration  in  which  the  isolators 
are  located  at  the  comers  of  a  rectangle  in  a 
horizontal  plane.  The  center  of  gravity  of  the 
equipment  is  located  arbitrarily  with  respect  to 
the  center  of  the  rectangular  pattern  of  the 
isolators  (See  Figure  1) . 


Figure  1:  Schematic  diagram  showing  lsolatoi 
configuration 


In  the  first  part  of  the  paper,  the  matrix  formu¬ 
lation  of  the  equations  of  motion  are  derived. 

By  Inspection  of  the  matrix  equations,  it  is 
quite  apparent  what  the  conditions  for  decou¬ 
pling  are.  In  order  to  simplify  the  decoupling 
conditions,  it  is  assumed  that  the  damping 
matrix  is  p^oorti^t.al  to  the  stiffness  matrix. 
This  is  a  fa-  ly  common  method  used  to  repre¬ 
sent  damping,  however,  it  is  pointed  out  that 
it  is  probably  not  a  very  realistic  representation 
of  damping  for  elastomeric  isolators.  From  the 
matrix  formulation,  a  set  of  eight  simultaneous 
scaler  equations  are  derived  as  the  conditions 
for  decoupling  translation  from  rotation.  These 
equations,  written  in  terms  of  each  isolator's 
location  with  respect  to  the  C.G.  and  l*s  three 
principal  stiffnesses,  are  general  and  apply  to 


any  number  of  different  isolators  in  any  arbitra¬ 
ry  configuration. 

The  eight  equations  to  be  satisfied  for 
decoupling  are  written  for  the  particular  configu¬ 
ration  shown  in  Figure  1.  For  this  situation  it 
is  also  assumed  that  each  cf  the  four  Isolators 
has  identical  stiffness  properties  ana  that  the 
two  radial  stiffnesses  of  an  Isolator  ore  equal 
(i.e. ,  when  the  isolator  is  not  inclined  its  two 
horizontal  stiffnesses  a,e  both  equal  to  the 
radial  stiffness  kr  and  its  vertical  stiffness  is 
equal  to  the  axial  stiffness  ka) .  The  equations 
for  the  decoupling  condition  are  written  in  terms 
of  the  parameters  a/b,  c/b,  d/a,  e/b, 

kflAr.  Vi .  y* ,  y» ,  y* ,  @i .  e* ,  e3 ,  e*. 

The  assumption  of  having  identical  Isolators  is 

based  on  the  fact  that  it  is  easier  to  obtain 

identical  Isolators  of  given  properties  than  it  is 

to  specify  precisely  what  the  properties  of  each 

isolator  must  be.  The  assumption  of  equal 

radial  stiffnesses  was  made  for  two  reasons: 

(1)  to  reduce  the  number  of  parameters  in  the 

study,  and  (2)  It  is  quite  common  in  practice. 

For  a  given  geometry  (i.e.  a/b,  c/b,  d/a, 

and  e/b)  and  a  given  stiffness  ratio  k-/k„,  the 

o  r 

eight  equations  are  solved  for  the  eight  angles 
(i.e.  y  and  9  for  each  Isolator) .  The  angles 
y  and  8  are  essentially  the  Euler  angles  rep¬ 
resenting  the  orientation  of  the  Isolator.  The 
third  Euler  angle  is  not  nece3sary  due  to  the 
assumption  of  having  equal  radial  stiffnesses. 
S’.nce  the  equations  to  be  solved  are  a  set  of 
eigh*  simultaneous  transcendental  equations, 
they  _re  solved  by  digital  computer  using  the 
Newton-Raphson  method. 

The  computer  program  written  in  FORTRAN 
IV  for  General  Electric  Time  Sharing  Service,  is 
presented  along  with  a  description  of  how  to  use 
it.  Some  results  obtained  from  this  program  are 
presented  in  tabular  form.  Due  to  'he  large 
numbers  of  parameters,  a  complete  graphical 
presentation  covering  reasonable  ranges  of  ali 
the  parameters  was  beyond  the  scope  of  this 
paper.  Besides  determining  the  eight  angles, 
the  program  also  computes  the  three  translation¬ 
al  natural  frequencies  and  their  mode  shapes. 

It  is  pointed  out  that  the  translational  modes  are 
decoupled  from  the  rotational  but  not  frcm  each 
other. 


Finally,  it  is  assumed  that  the  C.G.  is 
located  above  the  center  of  the  rectangular 
pattern  of  the  isolators  (i.e.  d  *  e  *  0).  For 
this  configuration  the  assumption  that  all  the 
y's  are  equal  and  all  the  8's  are  equal,  results 
in  reducing  the  eight  equations  to  two  equations 
and  the  number  of  parameters  is  reduced  to  five 
(i.e.  a/b,  c/b,  ka/kr,  y,  and  0).  A 
complete  graphical  presentation  is  made  for  this 
situation  including  the  three  translational 
natural  frequencies  which  are  decoupled  from 
each  other  as  well  as  from  the  rotational 
frequencies. 
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MATRIX  FORMULATION  OF  EQUATIONS  OF 
MOTION 


This  section  derives  the  equation  of 
motion  for  a  rigid  body  supported  by  isolators. 
The  geometrical  relationship  of  a  single  isolator 
to  the  center  of  mass  of  the  rigid  body  is  shown 
in  Figure  2.  The  isolator  is  shown  as  a  cylinder 
and  it  is  assumed  that  the  top  surface  is 
attached  to  the  rigid  body  and  the  bottom  to  a 
supporting  structure.  It  is  assumed  that  the 
isolator  is  represented  by  three  mutually  per¬ 
pendicular  sets  of  a  linear  spring  and  visous 
damper  in  parallel  so  that  a  stiffness  and  camp¬ 
ing  matrix  in  relation  to  the  isolator's  coordi¬ 
nates  can  be  written  as 


Ck]t 


ki  0  0  1 

0  ks  C 
0  0  ksj 


(1) 


Cc] 


i 


rci 

0 


0  0  ■ 
c«  0 


0  0  CjJi 


(2) 


The  subscript  i  stands  for  the  i1*1  Isolator. 
In  order  to  represent  the  isolator  stiffness  and 
damping  matrices  in  the  inertial  frame  coordi¬ 
nates,  these  matrices  are  transformed  using 
the  transformation  matrix  relating  the  two  co¬ 
ordinate  systems  (Ref.  2) 


Ulj  = 


Xi  i 
Xai 
LXar 


Xi  a  Ai 3 
Xaa  Xa  a 
Xa  a  Xa  ajj 


(3) 


where  an  element  X..  is  the  cosine  of  the 
angle  between  x.  arid  £..  The  transformed 
stiffness  and  damping  matrices  are 


[Klj  =  CX31  [X]*  (4) 

CC]1  =  [X]j  Cclj  [X]*  (5) 

The  position  vector  of  the  i1^  Isolator's  center 
of  elasticity  is  given  in  terms  of  inertial  frame 
coordinates  as 


Figure  2:  Relation  of  isolator  to  the 
inertial  frame  coordinates 


rnd  has  a  corresponding  skew  symmetric  matrix 
atf.'ned  as 


[Rlj  = 


0  a  r9‘ 

rs  0  -is 
l-ra  is  OJ 


(7) 


The  Isolator  deflection  for  small  motions  is 
related  to  the  rigid  body  motion  and  supporting 
structure  motion  according  to 


rs 


£6}a  =  £x?  -£y}  -[R^cO-W)  (8) 


{r'i 


ra 


Where  t x}  and  [  y}  are  vectors  representing 
translation  of  the  rigid  body  and  supporting 
structure,  respectively,  and  {a}  and  r $  are 
vectors  representing  small  rotations  or  the 


94 


rigid  body  and  supporting  structure,  respective¬ 
ly. 


Letting  { F]  and  {T}  represent  an 
externally  applied  force  and  torque,  respective¬ 
ly  ,  the  rigid  body  equations  of  t, lotion  can  be 
written  as 


[m](x}=  Z 
1=1 


-[Klj  («)t  +  {F] 


(9) 


cmai  -  s  [R^j-fcyavecy^J  +  CT} 


(10) 


A  dot  over  a  variable  indicates  the  first  deriva¬ 
tive  with  respect  to  time  and  two  dots  indicate 
the  second  derivative.  The  mass  matrix  is 
defined  as 


[K]  &  L  [K],  (17) 

1=1  1 

A  n 

Cr]  »  z  CrLCc],  (is) 

i=i  1  1 

n 

[Ql  *  CRl1CKl1  (19) 

CV]  ^  Z  [RLCCLCr]*  (20) 

i=l  1  11 

iw]  £  £  lr],  [k],  Cr]?  (2i) 

i=i  1  1  1 


the  equations  of  motion  (Fqs.  (9)  and  (10)  can 
be  written  in  partitioned  matrix  form  as  follows 


Cm]  = 


m  0  0 
0  m  0 
0  0m 


(11) 


where  m  is  the  mass  of  the  rigid  body  and  the 
Inertia  matrix  is  defined  as 


I 


It  i  Ii  a  It  a 
lit  las  1q  3 


(12) 


JlKjJlQ]' 


JtKii  lay 

[q]  :  cwi 


IN* 

‘isj. 

]  Iw  I 

.[p] 

niixjL 

[cl 

3  ll(«}| 

Up] 

IN* 

Lei 

1  l»}| 

It] 

[V] 


[V] 


L*1 

LyJ  I 

{6)1 


(22) 


I  si  Isa  I33 


where  Ij,  are  the  moments  and  products  of 
inertia  of  the  rigid  body.  The  summation  is 
taken  over  all  the  Isolators  where  the  total 
number  of  isolators  is  n. 

Since  the  vector  { 6)  depends  on  both 
(x)  and  {a}  ,  Eqs.  (9)  and  (10)  are  coupled. 
These  two  equations  can  be  written  in  par¬ 
titioned  matrix  form.  Noting  that 


Eq.  (22)  is  a  general  equation  of  motion  for  a 
rigid  body  supported  by  linear  Isolators  and 
subjected  to  supporting  structure  motion  and 
externally  applied  forces  and  moments. 


CONDITIONS  FOR  DECOUPLING  TRANSLATION 
FROM  ROTATION 

Referring  to  Eq.  (22),  if  the  matrices 

[P]=[Ql*[0]  (23) 


[c]Tt  = 

[C]j 

(13) 

CkI*  = 

[K]j 

(14) 

M]  » 

-CRlj 

(15) 

and  using  the  following  definitions 

[Cl  £  L  [C],  (16) 

1=1  1 


then  all  of  the  off-diagonal  matrices  of  the 
partitioned  matrices  are  null  matrices.  In 
this  case,  Eq.  (22)  can  be  written  as  two 
independent  matrix  equations  as  follows 

[m]  [x]  +[C]{x)  +[K]{x)  =  C  C]  {y)  +  [K  ]  { y)  +  { F] 

(24) 

Cl]{6}  +  [V]{8}+[W](6}  =  +[W]  {/)}+{ T] 

(25) 
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A  translation  of  the  supporting  structure,  [yl  , 
or  a  force  acting  through  the  center  of  mass, 

If},  causes  translation,  {x},  but  no  rotation 
Ift) ,  of  the  rigid  bcdv.  A  rotation  of  the  sup¬ 
porting  structure,  or  a  torque  acting  on 
the  rigid  body,  [T],  causes  rotation  but  no 
transition  of  the  rigid  body.  Also,  during  free 
vibra.lor. ,  the  translational  motions  Xj  ,  , 

and  x  occur  Independently  of  the  rotational 
motions  ,  a*  ,  and  ot3  , 

If,  for  each  isolator,  the  damping  matrix 
can  be  expressed  as 

[c]1=p[k'J1  (26) 


where  p  is  a  given  constant  for  all  the 
isolators,  then 


[c]  -p[K] 

(27) 

[P]«p[Q] 

(28) 

In  any  case.  If  Eq.  (28)  Is  satisfied,  the  condi¬ 
tion  for  decoupling  translation  from  rotation  is 


[Q]«E  [Rl.OO.-CO]  (29) 

1-1  1  1 


Performing  the  matrix  multiplication  results  In 


Hi  Kj  l  -  rs  Ks  i 


n 


E  Cj  Kxi  -  it  Kai 
i=l 

It  K*  i  -  ra  Ki  i 


ft  Ka  a  -  ft  Ka  a 
ft  Kia  -it  Kaa 
it  K»a  “  ra  Ki  a 


ra  Ka  a  -  ft  Ka  a 
a  Ki  a  -  it  Kaa 
it  Kaa  -ftKiaJ 


[0] 


i 

(30) 


Note  that  Qn  +  Qia  +  Qaa  -  0  since 
=  Kjj.  Therefore,  there  are  only  eight  Indepen¬ 
dent  equations  to  be  satisfied.  Eq.  (30)  was 
derived  as  the  condition  for  decoupling  under 
the  assumption  that  the  damping  matrix  is 
proportional  to  the  stiffness  matrix.  In  general, 
a  set  of  second  order  differential  equations  can 
be  written  as 


[M]  {Z}  +  [C][Z)  +[K]  (Z}  *{f]  (31) 


Assuming  Eq.  (27)  applies,  this  set  of  equations 
can  be  decoupled  and  written  as  a  set  of  In¬ 
dependent  equations  In  terms  of  normal  coordi¬ 
nates.  The  form  of  each  of  the  equations  Is 


where  the  subscript  n  stands  for  the  n1*1 
normal  mode.  The  undamped  natural  frequency 
and  fraction  of  critical  damping  associated  with 
this  equation  are 


In  this  case,  the  fraction  of  critical  damping  is 
higher  for  the  higher  natural  mode  frequencies. 
However,  this  Is  at  variance  with  what  Is 
commonly  observed  for  elastomeric  isolators 
Although  in  practice,  It  may  not  be  precise  to 
assume  damping  proportional  to  stiffness,  this 
assumption  Is  made  here  and  Eq.  (30)  Is  taken 
as  the  condition  for  decoupling.  (See  Refs.  3 
through  6  for  a  discussion  of  damping  assump¬ 
tions)  . 


In  order  to  obtain  specific  results, 
further  assumptions  are  necessary.  First  It  is 
assumed  that  each  Isolator  has  its  ki  and  k* 
stiffness  equal 


[k], 


r 

0  k 


(35) 


With  this  assumption,  the  transformation 
matrix  [A]j  can  be  written  In  terms  of  the 


Euler  Angles  o  and  8  as  shown  In  Figure  2 
(Ref.  2).  The  third  Euler  angle  is  not  necessary 
due  to  the  symmetry  assumed  about  the  axis 
according  to  Eq.  (35).  Using  the  notation 
C  »  cosh) ,  S. 


°0 


sin  (8) 


[A], 


-  sin  Ip) , 

Cg  -  cos  (6), 

and 

“V* 

Ve  ‘ 

COC0 

-Ve 

(36) 

Ji 


Combining  Eqs.  (4),  (35),  and  (36),  the  trans¬ 
formed  stiffness  matrix  for  the  1th  isolator  Is 


M  Q  +  pk  0-  +  K  Q„  “  Fn 

nn  n  n  n  n  n 


(32) 
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i 


It 

'i 


t 


[KJ. 


kr  +  S«S9  <ka‘kP 

-Wl  <VkP 

S<eC6  S0  (ka'kP 


-CoSoSe  (ka  -  kP  seceVka-kP 

kr  +  CcCS9(ka-kP  'CoC0S0  (ka  '  kP 
*CoC0S9(ka  "  kP  kr  +  C6(ka-kP 


(37) 


For  the  particular  case  depicted  In  Figure  1,  the  position  vectors  for  each  of  the  four  Isolators  are 
given  In  Table  I  below. 


TABLE  I 


Isolator 

(1) 

(2) 

(3) 

(4) 

h 

a-d 

-a-d 

-ad 

a-d 

r» 

b-e 

b-e 

-b-e 

-b-e 

r* 

-c 

-c 

-c 

-c 

The  angles  y ^  shown  In  Fig  ire  1  are  related  to  the  Euler  angles  cj  as  shown  In  Figure  3. 


AXIS  0F  ISOLATOR 


sv 


Vi 


£ 


Figure  3:  Relationship  between  y  and  o 


The  angles  y  are  more  convenient  to  use, 
since  for  the  particular  case  where  the  center 
of  mass  of  the  rigid  body  Is  centered  above  the 
mount  pattern  (l.e.  d  ■  e  ■  0),  setting  all  of 


ka/kr 


the  y.'s  equal  results  In  a  symmetrical  arrange¬ 
ment.  The  two  angles  determining  the  orienta¬ 


tion  of  each  of  the  four  Isolators  comprise 
eight  unknowns  to  be  solved  for,  Setting  <  \ch 
element  of  the  Q  matrix,  except  QJS  ,  eq.al 
to  zero  comprises  eight  equations  to  be  solved. 


A  ”  a/c 
B  -  b/c 


It  Is  further  assumed  that  each  Isolator 
Is  identical,  except  for  Its  orientation,  so  that 
k  and  k  are  the  same  for  each  Isolator.  In 
tlfts  case, ‘the  Q(j  *  0  equations  can  be  non- 
dlmenslonallzcd  by  defining 


d/c 

e/c 


(39) 

(40) 

(41) 

(42) 

(43) 


The  eight  equations  obtained  from  Eq.  (30)  using 
Eq,  (37),  Table  I,  and  Figure  3  are  given  as 


Ql'j 


1L 


(38) 


Qix  -BSi  -  ES,  -  Sj  -  0 


(44) 
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? 


= 

BS4-ES5-S6-^=  0 

(4  5) 

0 

Co 

II 

BS-,  -  ES0  -Sc  =  0 

!  O  3  <J-  i 

(46) 

0 

to  - 
►— 

II 

ASg  DS2  S10  (J_1  0 

(47) 

°22 

AS11_DS5_S3  =  0 

(48) 

O 

to  - 
Co 

II 

4n 

AS12  DS8  S2  a  -  1  “  0 

(49) 

°31 

BS13-ES10-AS14+DS3-7^-l 

-=  0 

(50) 

Q  32  AS16'DS6_BS15+ES3"^T  =  0 

(51) 

where  the  summations  Sj  are  given  as 


S13 

=  2  C3 

34  y 

.s», 

(64) 

c/> 

=  £  c 

34  7i 

V», 

(65) 

s:.5 

=  £  c 

.  23  M 

(66) 

S16 

=  £  S3  ! 

23  yi 

(67) 

The  summations  are  taken  over  the  four 

isolators  and  the  notation  E  indicates  that 

1) 

terms  1  and  j  are  negative  (e.g.  E  q 

23  1 

=  £?1  *  £J2  ‘  ^3  +  Eqs.  (44)  through  (51)  are 

solved  by  the  Newton-Raphson  method  uslnq  a 
digital  computer.  The  computer  program  is 
described  In  the  next  section. 


S1 

-  c  CS  S0 

24  y:  Hi  yi 

(52) 

S2 

= 

£  c  ce  s 

23  yi  i  si 

(53) 

S3 

= 

f.'VAS 

(54) 

S4 

(55) 

S5 

= 

(56) 

S6 

= 

ESV», 

(5’) 

S7 

= 

I  c“ 

34  ai 

(58) 

S8 

= 

ZC\ 

(59) 

s9 

= 

£CyiC0iS®l 

(60) 

S10 

= 

(61) 

G11 

= 

£  s  c9  s 

24  yi  1  H1 

(62) 

S12 

= 

E  C3 

23  91 

(63) 

The  translational  undamped  natural 
frequencies,  u)n,  are  determined  from  Eq.  (24) 
with  the  right  hand  side  and  the  C  matrix  set 
to  zero 

[  m]  {x}  +  iKl  {x}  =0  (68) 

The  K  matrix  is  obtained  by  summing  Eq.  (37) 
for  the  four  Isolators.  Using  the  definitions  of 
the  summations  given  by  Eqs.  (52)  through  (67) 
the  K  matrix  can  be  written  as 


■4+S10(o-l)  S  3  (cr— 1)  -S2(o-l)' 

[K]=kr  S3  (o-l)  4+S6(o-1)  -  S  5  (cr  - 1) 

,-S2(cr-l)  -Ss(<7-1)  4  +Sq(ct-1)  . 

(69) 

The  m  matrix  is  just  the  mass  m  times  the 
identity  matrix.  During  free  vibration  of  the  nth 
.node,  the  acceleration  is  related  to  the  dis¬ 
placement  according  to 


x  =  -  w®  x  (70) 

where  u)n  is  the  natural  frequency  in  radians/ 
second.  In  order  to  nondlmensionallze  equa- 
‘■'">n  (68) ,  define 


(71) 


as  the  fictitious  circular  natural  frequency.  Thus 
3,2 


and  divide  the  equation  bv  a-3  .  The  frequen¬ 
cies  are  obtained  by  solving  the  eigenvalue 


problem  given  by 

([A]  -v  [U]j{x}  *  0  (73) 
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f 


w  -  i 


'4  +S  10  (IT  -  1) 


S3  (a  -  1) 
.  -S  2  (a  -  1) 


S3  fa  -  1) 


-S2  (a  -  1) 


4  +S6  fa  -  1  -S5  (a  -  1) 

-S5  (a  -  1)  4  +  Sg  fa  -  1). 


The  three  frequency  ratios  f,/f  ,  f„/f  ,  and 

16  /  3 

f,/f  as  well  as  their  corre  ponding  mode 

J  d 

shapes  are  obtained  as  part  of  the  computer 
output. 


COMPUTER  PROGRAM 

The  set  of  simultaneous  equations  (Eqs. 

(44)  throjgh  (51)),  are  solved  using  a  computer 
program  written  lr  FORTRAN  IV  for  General 
Electric  Time  Sharing  Service.  A  listing  of  the 
program  is  given  in  the  Appendix.  The  input 
i0  the  program  consists  of  eight  numbers  which 
are  the  values  of  a/b,  c/b,  d/a,  e/b, 
k  /k  ,  A  ,  N,  and  (.  The  last  three  numbers 
are  used  for  the  numerical  solution  of  the 
equations. 

The  Newton-Raphson  method  for  solving  a 
set  of  simultaneous  equations  (Ref.  7)  requires 
the  partial  derivatives  of  each  of  the  functions 
(l.e.  the  left  side  of  Eqs.  (44)  through  (51)  ) 
with  respect  to  each  of  the  variables  (l.e.  yx  , 
ya  .  ys  ,  y* ,  0i  ,  0a ,  Q>  .  and  6t) .  In  general  if 
fj  stands  for  one  of  the  functions  and  x^ 

stands  for  one  of  the  variables,  then  the  partial 
derivative  of  ^  with  respect  to  x.  is  approxi¬ 
mated  by  ‘ 


less  than  c  indicating  that  the  solution  has 
been  found  within  the  desired  accuracy  of  c  . 
However,  if  the  solution  is  not  found  within  N 
iterations,  the  program  prints  out  "No  Solution". 

If  a  solution  is  obtained,  the  program 
then  determines  the  frequency  ratios  and  mode 
shapes  by  solving  the  eigenvalue  problem  of 
Eq.  (73).  An  example  obtained  from  running  the 
program  is  given  below. 

ANG  I3I47EST  03/29/73 
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fi  =  fi  <xl'  v  —  x,  —  x8>  (76) 

A 

f^  +  A)  =*  fj  (Xj,  x2,  ---  x}  +  A  — x8) 


FREQUENCY  RATIOS  AND  MJuE  SHAPES 


FI/FA 

F2/FA 

F3/FA 

0. 3299 

0*6233 

0*8383 

X<  1  > 

0*9546 

-0*2616 

0* 1428 

X  (  2  > 

0*2546 

0*9648 
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X<  3> 

-0* 1550 

-0*0266 

0*9876 

SJLUTIJN  2 


NJ  SJLUTIJN 


itir-m, 

-V 

J 

■  .  •  ’«  "  < 


and  A  is  a  small  increment  in  the  value  of  x. 


In  order  to  start  the  solution  an  initial 
guess  must  be  made  for  the  values  of  the  eight 
variables.  These  are  obtained  from  the  solu¬ 
tion  to  the  problem  assuming  that  the  center  of 
mass  is  located  above  the  center  of  the  mount 
pattern  (i.e.  d  =  e  =  o) .  The  solution  for 
this  problem  is  given  in  the  next  section. 

The  program  then  makes  a  revised  estimate  of 
the  variables  using  the  matrix  of  partial  deriva¬ 
tives.  This  process  is  repeated  until  all  of 
the  functions  in  Eqs.  (44)  through  (51)  are 


For  this  case,  a/b  =  1.5,  c/b  =  1 ,  d/a  =  0,1, 
e/b  =  0.1,  k  A  =  10,  A  =  0.001,  N  =  20, 

.□a  ^ 

and  c  =  10  .  For  these  parameter  values  there 

are  two  solutions  for  the  C.G.  above  the  center 
of  the  mount  pattern.  However,  only  the  first 
solution  led  to  a  solution  for  the  C.G.  offset. 
Note  that  the  value  of  y  for  isolator  1  is 
greater  than  9 <f  so  that  this  isolator  is  pointed 
away  from  the  isolated  mass.  Also  the  mode 
shapes  indicate  that  there  is  coupling  between 
the  x^,  x2,  and  coordinates.  In  the  solu¬ 
tion  for  the  C.G.  above  the  center  of  the  mount 
pattern,  the  natural  frequencies  fj^ ,  f£ ,  and  f3 


have  mode  shapes  confined  to  the  Xj ,  Xg,  and 

x,  directions,  respectively.  However,  the 
coupling  is  not  great  and  the  three  natural  fre¬ 
quencies  are  quite  close  to  those  for  the  C.G. 
above  the  center  of  the  mount  pattern. 

It  may  be  possible  to  obtain  a  solution 
corresponding  to  the  second  solution  for  the 
C.G.  above  the  center  of  mount  pattern.  For 
example,  a  solution  could  first  be  obtained 
for  d/a  »  0.05  and  e/b*0.05  and  then  use 
this  solution  as  Initial  values  for  the  case 
where  d/a  «  0.1  and  e/b“0.1.  However, 
at  the  time  of  writing,  this  refinement  has  not 
been  added  to  the  program. 


Te  -  (A-BT^/l+T^  /(1-Tp  (85) 

These  two  equations  are  used  to  obtain  the 
Initial  values  for  the  variables  yt  and  6^  in 

the  computer  program.  The  natural  frequencies 
are  obtained  from  Eqs.  (72),  (73)  and  (74) 
noting  that  the  summations  Sj  “  Sj  -  Sj  ■  0. 

In  this  case  the  translational  modes  are  de¬ 
coupled  from  each  other  and  the  three  natural 
frequencies  are  given  by 


f^f*  -  S|  (o  -  1)  +l)/(j  (86) 


I 

i 
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Vfa 


J 


(SjS»9(c 


1)  +  l)/ff 


(87) 


For  the  special  case  where  the  center 
of  mass  of  the  rigid  body  is  above  the  center 
of  the  mount  pattern  (i.e.  d  ■  e  ■  0),  a  sym¬ 
metrical  arrangement  of  the  isolators  is  as¬ 
sumed  so  that 


W  s3 


y4  ■  y 

(78) 

8  -e 

4 

(79) 

In  this  case,  every  summation  with  subscripts 
r 

(i.e.  jj  )  in  Eqs.  (52)  through  (67)  is  zero. 

The  set  of  eight  simultaneous  equations  given 
by  Eqs.  (44)  through  (51)  are  reduced  to  the 
following  two  equations 


k 

^2"BSy  ce  V^e-rh-"0 

(80) 

*- 

921  “  ACy  c8  V  Cy  ^  "Fnr  “  0 

(81) 

By  defining 

Ty  -  tan  (y) 

(82) 

A 

Tg  ■  tan  (6) 

(83) 

Eqs.  (80)  and  (81)  can  be  written  as 


(Ba  +  1)  Tj  -  ABfa  +  1)  T* 

♦  C(A*  +  Ba)  a  -  2] 

-  AB  fa  +  1)  ^  +  A*  +  1  -  0  (84) 


f3/fa  -VcJ  fa  -  1)  +  l)/ff  (88) 


Given  the  values  of  a/b,  c/b,  and 
kaAr,  (84)  through  (88)  are  solved  for 

the  values  of  y,  9,  fj/fa,  f 2/f a »  and  fj/fa. 

In  presenting  the  results  graphically  it  is  more 
convenient  to  plot  ka/kf,  8,  fj/fa,  Vfa'  and 

f3/fa  versus  y  for  given  values  of  a/b  and 

c/b.  These  results  are  presented  in  Figures  4 
through  8.  The  parameter  a/b  takes  on 
values  of  1,  1.25,  1.5,  2,  2.5,  and  3  and  the 
parameter  c/b  has  values  of  0.1,  0.2,  0.5, 

1 ,  1.5,  and  2.  Other  than  the  case  where 
a/b  ■  1  (i.e.  a  square  mount  pattern)  there  is 
a  range  of  values  of  y  for  which  no  solutions 
exist.  This  range  is  centered  about  y  ■  4?  . 
This  situation  can  be  more  easily  observed  by 
solving  Eq.  (84)  for  the  stiffness  ratio  a  as 
follows 

(Ba  +■  1)1^  -  ABT^  -  2T,  -  ABTy,  +  A*  ♦  1 
ABl£  -  (A*  +Ba)l£  ♦  ABT^ 

(89) 


Other  than  the  case  where  A  ■  B  (I.e.  a/b  ■  1), 
a  -  -  fory  «  (f  ,  90°  ,  tan"1  (a/b),  and  tan"1  fb/a). 
If  the  isolators  are  directed  toward  the  C.G.  in 
the  plan  view  of  Figure  1 ,  then  the  angle  y 
-  tan  (b/a).  Since  the  stiffness  ratio  a  is 
infinite  for  this  value  of  y ,  the  isolators 
should  not  be  directed  toward  the  C.G.  For 
values  of  y  bracketed  by 
tan"  (b/a)  <  y  <  tan"1  (a/b),  the  stiffness  ratio 
a  is  negative  and  therefore  unrealizable  for 
positive  stiffness  springs. 


C.G.  CENTERED  ABOVE  SQUARE  MOUNT 
PATTERN 

For  the  case  where  A  ■  B,  it  is  seen 
from  Eqs.  (80)  and  (81)  that  for  y  ■  4?  ,  the 


4 

j 


l 


i 


l- 


100 


II  tvauiuanguianl 

W!!!E2!!!SifI 

SB*  •  ■—  —  —  — J  —  <  •— 

y  ^  ‘■■I 

MM.^MMMMMMMMMMMMm.MM 

|£§B^is?«nS52#iMS 


«■§■■■■■  IMMI  BM  MMM  MM'/  I 

1 1  "■■■■■'  ISJSj  mmmmuwJi , 

LW1HH,  Sffi  1UMKf/ll 

Effiagg 


n.iH’/i 

I  ■■■■■■  BiiZStl  l.lKWril 


JO  49  •• 

•AMU  (0IMI9) 


•  19  JO  49  «0  79  90 

•AMU  COt MCCt) 


1RSSSS  ££2ft;i 

I  WIlir.  IPBSBI  i'I 

IMtSSlilHIM! 

mmm 


■  ■■■km.  ivuvria 

lid 

m 


i  '■■■»  imanniinr 
■  vmr;  sssbsxmi  mmmmi 
1»SK  J---BHM2  >«■■•// 

I^^SSSKIi!  UHST/i 

mbSSbSk’SSSSbSb  tiKva  S 

E».'ryp>HM«  aiiw/ 

!■»£■■>  mmm’/d 
■Mtiiir/ii 
■  ii  ii <■ 


•Anw  (OUWUf) 

QAMA  *9EMEE9) 

1/Mt.l 

Is  mm>'  ri 

■  ifl 

|i  ss 

ikksssa 


nsw  ■■■! 

iSBBi  ligv 

SiSlijffiQ 

iiism 


BSS!  wim 


I  ■■■■■■  ■■■■■•!■  I  BB'/BI 

imiiimiiiwii 

IllllllllllllkSlil 


■  ==  £==s^"-25S55i  :3==l 

|b  V.EE==52^35bb!  !■!>■  ; 

■■■■ 

ft  «»,  *  a  m^-mt  s  « I 
mm  %Ma7Jf  el 
inw  ft  wa-  a  9 

■mbi  h^hbI 

■■■■■■vi  mvm 


•ANNA  COEMEES) 


Figure  4:  Stiffness  Ratio,  k  Vk  versus  y 
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stiffness  ratio  a  and  the  angle  0  are  related 
according  to 

a  =  - ? -  +  1  (90) 

'Tac0  se  "se 

On  the  graphs,  the  values  that  a  and  0 
approach  as  y  -  4?  are  determined  from 
Eqs.  (89)  and  (85)  as 


cr  »  3  +  4/A3  (91) 


0  =  tan-1  (A/2)  (92) 


These  results  are  just  a  special  case  of  the 
relation  given  by  Eq.  (90).  However,  if  the 
values  of  cr  and  0  are  chosen  to  satisfy 
Eq.  (90)  but  not  Eqs.  (91)  and  (92),  then  there 
can  be  a  large  difference  between  these  values 
and  the  proper  values  of  a  and  0  to  achieve 
decoupling  for  a  value  of  y  slightly  different 
from  4S5.  This  is  the  situation  that  arises  when 
all  three  natural  frequencies  are  set  equal. 

When  the  three  frequencies  are  set  equal 
in  Eqs.  (86)  through  (88),  the  angles  y  and  0 
can  be  solved  for  resulting  in  y  =  4  if  and 
0  =  54°  44'  (i.e.  Tfl-^  ).  Since  y  =  4?  ,  this 
is  applicable  only  for  the  case  where  a/b  =  1. 
With  6  =  54°  44'  Eq.  (90)  is  satisfied  for 

a  =  ATl  (93) 
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so  that  for  any  value  of  A  greater  than  1,  a 
value  of  ct  can  be  determined  that  will  decouple 
the  equations  resulting  in  all  three  frequencies 
being  equal  and  given  by 


Vfa  =  ^  +  2  (1=1,  2,  3)  (94) 


If  the  further  requirement  is  made  that  Eqs.  (91) 
and  (92)  be  satisfied  then  A  =  a/c  =  b/c  *  2, 
a  =  4  ,  and  f./f  =  .707. 
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APPENDIX 

COMPUTER  PROGRAM 


IOO 


oi men y i on  ct  *).zrt  4).n  !4>.*!8.4>.ttb  . )  >»cg!4>»ft6.  i ) 

>10  4  .PDTII.B).  •*  1*1.  SUM!  J>»  523!  4),  S24l  41  *  S34<  4).  JS!  4) 

>20  «  •  LA BEL IS  >  •  A'1  <  6)  >  P**(  3*  3>  •  Tf  HM  )  T  3)  »  Tl  HP2  <  3) 

130  DATA  Si*  J/l  ..«>. »«| . . >./.  «?4/|  |.  I  ./ 

140  DATA  5 .’4/ I  .  *•  ,-l./ 

I  4*0  READ  PARAMETER  .Alo^S 

ISO  101  1  "PUT*  ASB.OSB.  OSA.t.SB.SI  GMA 


160 

>6*0  SET  CONSTANTS 


•  DCL.M TtR.ERfi 


170 
IDO 
>*U 
200 
210 
P20 
230 
2  40 
2*0 
260 
270 
28C 
2*0 
300 
JIO 


A*A5B/CSb 

I’-t/CSe 

U*  OS  A*  A 
E*ESb*B 
in*  * 

CI*R4*2» I . 

L2*  4*P 

C3* A**2*B**2 
L4* A**  2*  |  • 

Z>2./( SIGMA- 1.1 
Of  I )*£*C4 
0<2)*-2.*T I « •£ )*C2 
C!3>*!?.*Z)*C3-2.6? 
C<  4>*C!2> 

C!*I*Z4C> 


3!*C  COMPUTE  GAMMi.  »JA  CG  ABIVE  MlUNT  PATTERN 

J20  CALL  UJGNHf 0. N . ? R. Z 1  I 

32  *0  DETERMINE  NUMBER  if  3J0UTIJN5 

330  NJSJL.O 

340  I  500*0 

3*0  PRINT  I 

360  UJ  10  J'1.4 

3 TO  IFTZITJI  .NL.  U.  >  b  J  TJ  20 

J(10  IFIZRTJI  •LE*  0.1  GO  TJ  20 

3*0  I  S  JO  •  1 SJE ♦  I 

400  USTJ1-ISJL 

4|0  TA»Z  RI  J  ) 

420  TH»S0*TT  1.*TA**2)*!A-b*TA>/T |..T&»»KI 

42*0  GAMMA* AL  ♦  THCTAshC 


430 

440 

4*0 

460 

470 

4B0 

4*0 


•  AT An (  TA> 

BE  •  A  T  AN ! Tb> 
0A2*03S(AL  >  •  •  8 
SA2>MN(AL>**2 
Cb2*C3SIfeE>**2 
SB2*  SI n! BE  I • • 2 
SMI-SIGMA- 


4**0  COMPUTE  FREQUENCY  RATI  IS 


*00 

*10 

*20 


FX  •  SG  HIT  (  |  . 
FY«SORTT!  1  . 
FZ-SGRT!  <  |. 


*CA2*Sfc2*SM| )/SlGMA> 
5A2* SH2*  SM| )/ SI GMA) 
•CB2*SM|  )  /  3 1  GMA  > 


*2*0  PRINT  RESULTS  F3R  OG  AblVE  M  JUN  T  PATTERN 


*30  PRINT  2»*E4*7.3»t'E**7.3»F*»FY»F/ 

*3*0  SET  INITIAL  VALUES  OF  VARIABLES  «  -'R  EACH  SJLUTIJN 

*40  UJ  .10  !»l»4 

**0  XT  I »  J  )  •  AE 

*60  30  ST  I  *  4. J ) ■ BE 

*70  GO  10  10 

*HU  20  N J.XJE*N JSJC* I 

**0  JSTJ1.0 

600  10  OINTlNUE 

6 1 U  IFTN05JL  « EG*  4>  GO  TJ  *0 

620  1  FT O  • E9«  0.  .ANU-  E  .EG*  U-l  GJ  TJ  100 

62*0  L3JP  THRU  4  PJSSIbOE  SJLUIIJnS 
630  Ul  6U  J* I • 4 

640  1  TE  h  *  0 

6*0  1FIJSTJI  • EG*  01  GJ  TJ  60 

6**0  PRIM  SJLUTIJN  NJMtEB 
660  PRINT  7*  J  ST  J 1 

670  L>0 

680  ICO 

60 *0  SET  SUMMATIONS  TJ  ZEN J 
6*0  200  UJ  40  I  •  1  »  I  6 
700  40  ST  I )«0. 

710  UO  *0  I • 1 . 4 

CA-CJSTXM.J)) 

SA*SlN!X( I  *  J ) I 
CB*C J5I X  T l*4.J>l 
Sb-SINTX  T I *4. Jl > 

CA2*CA6 • 2 
SA2* ?A*  #2 
CB2*CB6 • 2 
B2>SB**2 


720 
7  30 
7*0 
7  SO 

7  60 
770 
7B0 
7*0 

7**1  C3MP0TE  SUMMATIONS  •  ESS*  T  *2  >  THRU  T67> 
BOO  ST  1 >*S1 I )*S24T l)*OA*OB*SB 

BIO  ST2>«ST2>*S23T I >*OA*OB*Sb 

020  St3l*S(3l*S24T I >*CA*SA*Sb2 

B  30  SI  41  *  ST  4> ♦ SA*0fc6 SB 

8  40  ST*I«ST*I*S3  4T1I4SA*0B*SI' 

0*0  5!6>»S!6>*SA2»Sb2 

860  ST7>«ST71*S34TI >#CB2 

870  STB>>STB>*0B2 

880  ST9)*S!*»*CA*Cb*Sb 

B90  ST I0>  *  ST  I 0>*CA2*  SB2 

900  ST  I  I > -ST  I  I >*S24T I >• SA*  ;H*Sb 

910  ST  121 *5T 12>  *S23C I I* CBS 

920  ST |3>  «ST I 3>*  S34T I l*CA2*SB2 

910  S! |4)*S! 1 4>*S3*T 1 >*CA*SA*SB2 

9  40  ST  I *)>5T 1 *> ♦ S23< 1 >*CA«SA«SB2 

9*0  *0  ST  161  *S!  161*823!  I  )«S<-2«Sb2 

960  F|*2.*Z 

*70  F8«E*FI 


*B  0  F  3*  U*  F I 

*8*0  COMPUTE  G  PRIME  VALUES  *  EG  S.  1441  THRJ  T*|l 
*90  EOT | >»B*ST ) >-C*S»2>-Sf 31 

1000  EOT* >«b* ST  4) -E* ST  SI -ST  6  I *F| 

1010  EGT3>>E.*ST7>-E»STB1-ST*I-F2 

1020  EG! 4)*A*S!*)-U*S!2>-S! >0>-F1 

IUJU  EOt*>»A*ST  |  |  I  *  l>*  5!  *  I  -  ST3) 

1040  E0!6>*A*S!  |f»l -0*S!A>-5!2>-F3 

10*0  EOT  7|*B«ST I3I-E6SI |0>-A*ST | 4l*0*5T31-F2 

'060  E0!BI*A6ST |6I -U*ST6>-b*S(  ISl*E«ST31-» 3 

1070  1  FT L  >NE.  0>  GO  TJ  201 

I OBO  03  202  A* I »8 

1090  2U2  FTN» I ) • E G  T M  I 

) >00  Gi  TJ  T  203.207). lo 

I *0*0  SET  VARIABLE  BAC*  13  }R| GlNAL  VALUE 

1110  201  XIL»J>*XTL» Jl -DEE 

I  DSC  COMPUTE  PARTIAL  UERIVATIVES 

I  120  U3  204  N* 1.8 

l>30  204  PUIK.L>*!CQTA>-FTn» | 1 1/UEL 

I >  *0  203  L*L*I 

I  1*0  IFIL  .GT.  0>  GJ  TJ  20* 

11**0  SET  VARIABLE  AHEAU  BY  DELTA 
l>60  RtL. J)»X!C» J)*U)L 
1170  G3  T3  200 

117*0  COMPUTE  INVERSE  OF  PARTIAL  OERlVATIVE  M4 T Al X 
1180  20*  CALL  MTI9VTPU.B.B.B. LABEL) 

118*0  MULTIPLY  VECTOR  OF  G  PRIME  VALUES  by  INVERSE 
11860  3F  PARTIAL  UERIVATIVt  MATRIX*  *11  RESULT  In  T  VEOTJR 
11*0  CALL  MTMPYTO.PU.F. Y.B.E* I .H.0 1 
I  1**0  COMPUTE  NCR  VALUES  3F  VARIABLES 


1200 
1210  206  XT 
1230 
I  240 
12*0 


UJ  206  *■ 

J)>XIN» Jl -TTR 


10. 

1-3  T  )  200 


I26U  2U7  I  1 tH« I >ER* I 


1270 


I  FT  I  TER  .LF.  NIIERI  GJ  Tl  208 


>27*0  IF  ITERATIONS  EXOEEuS  N I  T t R .  PRIM  'NO  SOOUTI.V. 
I2R0  PRINT  4 

12*0  GJ  TO  60 
12**0  ACOEPI  SOLUTION  |F  ALE 
1300  20R  UJ  20*  IO 
1310  I  FT  APST  EOT 

I  J20  '0*  CONTINUE 

132*0  PR. NT  GAMMA  *NCi  INETA  FOR  EAi'M 


PRIME  VALUES  A At  LESS  THAN  ERR 


• GT .  ERR)  GJ  Tl  203 


I  JJU 


PRINT  3. TXT  I . Jl« 


I  J J*L  OJMPUTE  ELEMENTS 


I  340 
13*0 
1360 


AMT | 1*  4. *  ST 10>4SF 1 

AM(2I*ST3I4SM| 

Am(3)>-$T2)4SM> 


*7 
MATRI 


»  8  > 


1  370  AM  T4>*4.*ST6)4SM| 

1380  AMISI*-$I*)4SM| 

13*0  AM T  6  >  »  4 .  »  S T  8  >  *  SM  | 

1400  DJ  210  1*1.6 

14)0  2)0  AMT  1 )*AMT I12T4.4SI GMA  > 

141*0  SOOVE  EIGENVALUE  PROBLEM  •  EQ.  T73> 

1*20  OALL  EIGIIAM.bM.  3.0..TE  I  'I.TEMP2,  |.  J 

1430  DO  21)  I*). 3 

)  440  211  AM  II  )*  SORT!  AM  ID) 

144SC  PRINT  FREQUENCY  RATIOS  ANO  MODE  SHAPES 


14*0 

I  460 
I  470 


ISOO 

1*10 


I  *40 
lS*w 
1*60 
1*70 

tseo 

I  *90 
1  600 
1610 
I  62G 
1630 
1640 
16*0 


»! BMT l.AI .6* I. 3). I* I. 3) 


PRINT  6. T AMT  11.1*1.31. 

60  CONTINUE 

GJ  TJ  100 
1  460  *C  PR>NT  4 

148*0  G3  T 3  THE  NEXT  CASE  3R  END 
14*0  100  PRINT  * 

iNruT.IOlM 

GJ  TO  T 101. lOBI.lDlR 
1*20  102  STOP 

1*30  I  FORMAT!///"  SOLUTIONS  FOR  C.G.  ABJVE  CENTER" 

6  "  3F  MOUNT  PATTERN"//3X» "GAMMA". 3X. "THETA" 

6  #3X. "FI/FA'  *  3X » "F8/FA". 3X."F3/FA") 

2  FORMAT! *F8. 3) 

3  FORMATS///"  I SJLATJR"# 7X»">"»*X» "2".*X. "3"»*X."4" 

4  /"  GAMMA". »X. 4F 10.3/"  THET A"» 4X * 4F | 0* 3 > 

4  F3RMATT /*'  N3  SOLUTION") 

5  FORMAT.///"  AN1THER  CASE! l*YEi. 2*N0>") 

6  F£)RMAT!///2X»"FREeDFNCY  RATIOS  AND  MOUE  SHAPES"// 

6  *X»"F|/FA"»  SX» "FJ/FA"# * i » "f 3/FA "/SX »  3F )0 . 4// 

6  3!"  X  T  "»  I  1 »  ")  ",  3F 1 0  *  4/ I  I 

7  FORMAT!///"  S3LUTI ON", I  2/ I  X. 10! "- "1 1 
END 


107 


DISCUSSION 


Mr.  Dickerson  (Motorola) ;  From  your  Mr.  Dickerson:  Do  you  get  "the"  answer 

curves  It  looks  like  you  get  a  tremendous  number  or  "an"  answer? 

of  possible  aolutlonr  for  sny  given  set  of 

assumptions.  How  does  your  computer  program  Mr,  Derby:  "An"  answer, 

decide  which  one  to  print  out  for  you? 

Mr.  Dickerson:  Do  you  have  any  confidence 

Mr.  Derby:  The  Initial  guess  would  be  the  It  Is  an  answer  you  could  go  to  press  with  and 

answer  I  know  is  correct  for  the  CG  centered  build  equipment? 

above  the  mount  pattern  and  I  Just  keep  inter- 

sting,  using  that  as  an  Initial  estimate,  to  Mr,  Derby:  I  think  It  Is  a  correct 

get  the  answer,  theoretical  answer.  How  good  this  Is  going 

to  be  for  actually  decoupling  I  don't  know, 
because  there  are  considerations  such  as  damping, 
nonlinearl t les ,  and  so  forth. 


SHOCK  MITIGATION  SYSTEM  SUBJECTED  TO  THIRTEEN  FEET  OF 
VERTICAL  GROUND  MOTION  -  CANNIKIN  EVENT* 


f 


Eugene  C.  Jackson 

University  of  California,  Lawrence  Livermore  Laboratory 
Livermore,  California  94550 


Shock  isolation  of  fragile  equipment  from  severe  three-dimensional 
ground  motion  induced  by  underground  nuclear  detonations  at  the 
Nevada  Test  Site  requires  special  techniques  for  inexpensive,  reliable 
performance.  A  much  larger  detonation,  the  Cannikin  Event  with  a 
yield  of  less  than  5  Mt,  was  detonated  November  6,  1971  at  Amchitka 
Island,  Alaska.  For  this  event  a  new  system  was  designed  to  protect 
the  diagnostic  equipment  from  15  feet  of  vertical  ground  motion. 

Nine  trailers  were  shock  mounted  on  this  system.  Actual  ground  up¬ 
heaval  was  13  feet.  All  data  was  recovered  and  all  systems  operated 
as  planned.  There  was  no  damage  to  the  shock  mounted  equipment  or 
structures.  The  design,  set-up,  motion  measurement  program,  and 
performance  of  this  system  are  discussed. 


INTRODUCTION 

The  Cannikin  Event  was  a  nuclear  explosion 
of  nominal  yield  less  than  5  Mt  detonated 
November  6,  1971,  in  an  excavated  chamber 
5875  ft  beneath  the  surface  of  Amchitka  Island, 
Alaska,  The  primary  purpose  of  this  test  was 
to  confirm  the  new  warhead  design  for  the 
Spartan  antiballistic  missile. 

Experimental  data  that  indicated  the  perfor¬ 
mance  of  the  warhead  were  recorded  by  fragile 
electronic  equipment.  To  minimize  signal 
degradation  caused  by  extremely  long  signal 
cables  and  to  reduce  cable  costs,  the  equipment 
was  housed  in  trailers  close  to  ground  zero. 
Because  the  dynamic  environment  for  Cannikin 
was  predicted  to  be  much  more  severe  than  any 
we  had  experienced  during  underground  deto¬ 
nations  at  the  Nevada  Test  Site  (NTS),  a  new 
shock  mitigation  system  was  developed.  This 
new  system  allowed  us  to  locate  the  recording 
trailers  2000  ft  from  surface  ground  zero  and 
resulted  in  a  net  savings  of  $550,000. 


ENVIRONMENT 

Ground  motion  induced  by  an  underground 
nuclear  detonation  varies  considerably,  de¬ 
pending  on  the  yield  of  the  device,  geology,  and 
location  of  interest  [1] .  Practically  all  existing 
surface  motion  data  have  been  recorded  at  NTS. 
Because  the  geologies  of  NTS  and  Amchitka  are 
different,  the  surface  ground  motion  estimates 
for  the  Cannikin  Event  were  based  on  measure¬ 
ments  from  two  smaller  detonations  at 
Amchitka:  the  Longshot  and  Milrow  Events. 


For  Cannikin,  the  spall  zone  was  predicted  to 
extend  33,000  ft  from  surface  ground  zero. 

Within  the  spall  zone  the  vertical  surface 
motion  is  more  severe  than  the  horizontal 
motion.  The  vertical  motion  is  characterized 
by  an  initial  upward  acceleration  pulse  followed 
by  a  -1  g  ballistic  period  and  then  an  upward 
impact  acceleration  when  the  spall  gap  closes. 
Horizontal  acceleration  pulses  are  usually  less 
severe  but,  in  a  few  cases,  have  equalled  the 
vertical  values  on  impact.  Peak  horizontal  dis¬ 
placements  occur  after  impact,  which  is  well 
after  the  vertical  peak  displacements  have  been 
reached. 

The  capacity  of  an  absorption  type  of  shock 
isolation  system  in  the  vertical  direction  is 
primarily  defined  by  the  kinetic  energy  of  the 
peak  negative  ground  velocity  (free-fall  height). 
For  Cannikin  the  estimated  nominal  peak  verti¬ 
cal  velocity  and  kinetic  energy  versus  distance 
from  surface  ground  zero  is  shown  in  Fig.  1 
[2) .  The  shock  isolation  system  that  we 
developed  for  large  events  at  NTS  is  applicable 
for  estimated  ground  motions  not  exceeding 
18  fps  nominal  and  24  fps  maximumt  [3]  .  For 
the  Cannikin  Event  this  system  would  have  re¬ 
quired  a  location  5500  ft  from  surface  ground 
zero. 

*Work  performed  under  the  auspices  of 
the  U.S.  Atomic  Energy  Commission. 

^For  design  purposes,  nominal  values  (best 
estimate)  are  used  with  a  safety  factor:  maximum 
values  are  used  to  check  that  the  system  has 
adequate  reliability  based  on  maximum  credible 
energy. 
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DISTANCE  FROM  SURFACE  GROUND  ZERO  (ft) 

Fig.  1  -  Estimated  peak  vertical  surface  ground 
velocity  and  kinetic  energy  for 
Cannikin  Event 


On  the  other  hand,  the  possibility  of  a  sub¬ 
sidence  crater  limits  close-in  positioning  of 
recording  systems.  The  severe  slope  at  the 
edge  of  the  crater  prohibits  the  use  of  reliable 
systems  in  this  area.  The  estimated  maximum 
crater  radius  for  Cannikin  was  1500  ft.  A  sub¬ 
sidence  slump  radius  of  3000  ft  was  estimated. 
This  value  was  scaled  from  observations  of  the 
Milrow  Event.  The  possibility  of  a  gentle 
slump  did  not  pose  a  limiting  condition. 

To  be  safely  outside  a  possible  subsidence 
crater,  a  location  2000  ft  from  surface  ground 
zero  was  chosen  for  the  critical  Cannikin  re¬ 
cording  systems.  The  nominal  peak  vertical 
ground  motion  values  at  this  location  were 
estimated  to  be  27  g  initial  acceleration  with 
impact  equal  to  or  less  than  35  g,  28  fps  veloc¬ 
ity,  and  15  ft  displacement  [2] .  The  estimated 
maximum  peak  velocity  was  31  fps.  Since  this 
location  was  near  ground  zero,  peak  horizontal 
displacements  could  be  relatively  low  even 
though  peak  horizontal  accelerations  could 
equal  the  vertical  values.  This  ground  motion 
environment  required  that  a  new  shock  isolation 
system  be  developed. 


PERFORMANCE  REQUREMENTS 

The  purpose  of  the  new  shock  isolation  sys¬ 
tem  was  to  circumvent  any  failures  due  to  the 
shock  environment  and  to  recover  all  experi¬ 
mental  data.  Damage  would  be  acceptable  as 
loiig  as  it  did  not  degrade  the  integrity  of  an 
experiment.  All  diagnostic  systems  required 
post- event  checks.  Therefore,  all  electronic 
equipment  was  required  to  operate  after  or 
through  shock  arrival  time. 

For  maximum  utility  and  mobility  the  re¬ 
cording  systems  were  housed  in  nine  truck- 
trailer  vans.  There  were  five  50-ft-long 
instrumentation  trailers.  One  trailer  contained 
oscilliscopes  and  tape  recorders  while  the  other 
four  contained  250  oscilliscopes  with  '-antile- 
vered  cameras  (Fig.  2).  There  were  two  30-ft- 
and  one  50-ft-long  instrumen.  power  trailers 
and  a  20 -ft  mobile  timing  traler.  Previous 
experience  and  proof  tests  indicated  that  the 
fragility  level  for  the  timing,  instrumentation, 
and  power  systems  was  7  g  minimum.  At 
slightly  higher  accelerations  various  structural 
and  operating  failures  begin  to  occur. 


CONCEPTUAL  DESIGN 

For  the  Cannikin  Event  there  were  no  critical 
post-event  position  or  alignment  requirements 
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for  the  trailers.  This  allowed  us  to  design 
around  the  3-dimensional  ground  motion  environ¬ 
ment  by  decoupling  the  horizontal  shock  compo¬ 
nents.  The  vertical  isolation  system  could  then 
be  treated  as  a  single -degree-of-freedom  system 
Constant  force  versus  displacement  energy 
absorbers  are  desirable  for  maximum  efficiency. 
Energy  absorber  deceleration  set  values  are 
based  on  equipment  fragility  levels  and  a  struc¬ 
tural  amplification  factor  of  1.75.  This  factor 
accounts  for  the  elasticity  of  the  shock  mount 
structures,  equipment  mounting  brackets,  and 
the  trailer  structures. 

The  stroke  requirements  for  the  energy 
absorber  are  calculated  by  analyzing  the  con¬ 
stant  force  absorber  characteristics  and  the 
time  history  profile  of  the  ground  motion. 

Figure  3  shows  the  idealized  vertical  ground 
motion  and  energy  absorber  response  for  nom¬ 
inal  design  conditions.  The  absorber  stroke  is 
best  illustrated  in  the  velocity  curve.  The  area 
bounded  by  curves  a,  b,  and  d  define  the  initial 
stroke.  System  rebound  after  initial  stroke  is 
shown  by  the  offset  of  curve  e  from  curve  b. 

Final  stroke  (curve  f)  is  determined  by  absorb¬ 
ing  all  of  the  kinetic  energy  at  impact.  The 
effect  of  the  ground  impact  spike  (curve  c)  is 
negligible.  For  the  Cannikin  design  the  total 
energy  absorption  stroke  was  calculated  to  be 
67  in.  for  nominal  and  82  in.  for  maximum 
conditions. 

Variations  in  some  parameters  have  large 
effects  on  absorber  stroke  and  overall  relia¬ 
bility.  A  10%  increase  in  peak  initial  accelera¬ 
tion  has  a  small  effect  on  the  slope  of  curve  a 
(Fig.  3)  and  the  absorber  stroke.  On  the  other 
hand,  a  10%  variation  in  the  peak  velocity 
(offset  of  curve  b)  or  absorber  deceleration 
(slope  of  curve  d)  have  large  effects  on  the  ab¬ 
sorber  stroke  and,  therefore,  on  system 
reliability. 

One  of  the  most  important  aspects  of  a  shock 
mitigation  system  is  the  control  and  support  of 
lateral  forces.  This  is  especially  critical  with 
a  multidirection  nonsymmetrical  large  displace¬ 
ment  environment.  Generally,  the  size  of 
system  structures  is  affected  by  the  amount  of 
isolator  stroke.  A  nonsymmetrical  system  will 
have  coupled  modes  of  motion  and  therefore  will 
require  longer  isolator  strokes  than  an  uncoupled 
system  with  the  same  degree  of  isolation.  In  an 
uncoupled  system  the  resultant  of  the  isolator 
forces  must  be  directed  through  the  center  cf 
mass  of  the  body.  For  this  use  the  trailers 
were  mounted  above  the  ground  surface  with 
provision  for  at  ltaot  a  7-ft-vertical  stroke. 
Under  these  conditions  a  continuously  active 
symmetrical  lateral  shock  isolator  can  be  very 
complex.  We  have  decoupled  the  lateral  effects 
by  making  the  continuously  active  forces  very 
low  and  the  relatively  high  forces  inactive  during 
the  time  of  critical  vertical  motion. 

The  basic  design  characteristics  are  shown 
in  Fig.  4.  Several  cross  beams  are  solidly 
attached  to  the  trailer.  Each  end  of  a  beam  con¬ 


tains  a  guide  in  which  a  column  is  inserted.  The 
column  rests  on  a  low-friction  surface  pad.  The 
vertical- shock  isolator  is  fully  guided  and  can  be 
either  an  extension  (A)  or  a  contraction  type  (B). 
Lateral  constraint  is  provided  by  friction  at  the 
bottom  of  the  column  and  by  lateral  tethers  (T). 


0.4  0.8  1.2  1.6  2.0 

5  TIME  (SEC) 

Fig.  3  -  Idealized  vertical  ground  motion  and 
energy  absorber  response 
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The  initial  acceleration  pulse  through  the 
ground  approaches  the  trailer  at  angle  0  (be¬ 
tween  15  and  45  deg  from  vertical).  When  the 
imposed  acceleration  level  overcomes  the  energy 
absorber's  set  deceleration  level,  the  energy 
absorber  displaces  and  the  lateral  tethers 
loosen.  At  this  time  all  lateral  forces  into  the 
main  body  are  limited  by  the  low- friction  pads. 
The  coefficient  of  friction  for  this  pad  is  0.06, 
which  limits  the  effective  input  force  to  an  angle 
of  about  4  deg  from  vertical.  At  the  end  of  the 
initial  absorption  stroke  (curve  d  Fig.  3)  the 
shock  isolation  system  rebounds  from  the  ground 
and  goes  into  a  ballistic  path  completely  de¬ 
coupled  from  the  ground  (curve  e).  The  shock 
isolation  system  impacts  the  ground  shortly 
after  the  ground  surface  above  the  spall  gap 
impacts  (curve  c).  During  the  impact  absorption 
stroke  (curve  f)  the  system  remains  on  the  low- 
friction  pads  and  all  tethers  remain  loose.  This 
is  followed  by  peak  horizontal  ground  displace¬ 
ments;  excessive  trailer  motion  is  limited  by 
the  '.ethers  and  high- friction  pads. 

Lateral  loads  frcm  the  friction  pads  are 
transferred  to  the  bottom  of  the  columns  and 
tend  to  bend  them.  The  resulting  moments 
tend  to  bend  the  beam  in  the  axial  direction  (Ma) 
and  to  twist  it  in  the  longitudinal  direction.  In 
most  cases  the  twisting  moment  is  transferred 
into  the  trailer  structure  by  the  box  beam.  In 
these  cases  the  trailer  structure  is  the  primary 
longitudinal  support. 

Thus  far  the  description  applies  both  to  our 
NTS  universal  guided  column  (UGC)  system 
[1,  3]  and  to  the  system  developed  for  the 
Cannikin  Event.  The  NTS-UGC  system  uses  a 
compressive  type  of  crush  material  for  vertical 
energy  absorption  (Fig.  4  item  B).  When  crush 
materials  are  used,  the  energy  absorber  stroke 
must  be  limited  to  about  657«  of  the  total 
height  [1] .  For  the  anticipated  severe  Cannikin 
environment  a  full- stroke  energy-absorption 
system  was  desired;  this  would  reduce  the  total 
height  by  one  third,  thereby  reducing  the  column 
moment  arm  and  most  structures  accordingly. 

The  full-stroke  guided-column  (FSGC)  sys¬ 
tem  developed  for  Cannikin  uses  an  extension 
type  energy  absorber  (Fig.  5).  A  constant-force 
columnar  energy  absorber  (TOR-SHOK’1')  is  used 
in  the  extension  mode.  A  single  stage  of  this 
device  consists  of  two  concentric  tubes  with  a 
coil  of  ductile  wire  forced  between  them.  The 
interference  fit  between  the  wire  and  the  tubes 
is  sufficient  to  prevent  sliding  and  to  force  the 
wires  to  rotate.  Rotation  of  the  wires  is  similar 
to  rotating  the  ring  of  a  torus  inside  out.  The 
resulting  tensile  and  compressive  strains  are 
in  the  plastic  range.  Contracting  or  extending 
the  tubes  apart  axially  forces  the  wires  to  rotate 
many  times.  The  repeated  cyclic  plastic  Strain- 


Reference  to  a  company  or  product  name 
does  not  imply  approval  or  recommendation  of 
the  product  by  the  University  of  California  or  the 
U.S.  Atomic  Energy  Commission  to  the  ex¬ 
clusion  of  others  that  may  be  suitable. 


ing  results  in  almost  constant  energy  absorption 
per  cycle  of  rotation  (or  inch  of  linear  stroke) 
until  eventual  fatigue  failure. 

We  tested  individual  absorbers  statically 
and  dynamically  in  both  the  extension  and  con¬ 
traction  directions  before  incorporating  them 
into  a  shock  isolation  system.  The  tests 
indicated  that  the  stroke  and  average  decelera¬ 
tion  v  .lues  were  uniform  but  that  some  vibration 
was  present,  especially  in  the  contraction  mode. 
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To  use  the  full-stroke  capability  of  the 
guided-column  system,  we  attached  the  energy 
absorber  between  the  top  of  the  column  and  the 
beam  (Fig.  5).  Rubber  isolators  were  used  to 
isolate  some  of  the  200-  to  300-Hz  vibration 
and  to  ensure  that  no  bending  moments  were 
transferred  into  the  energy  absorber. 

Before  the  system  design  was  completed,  a 
series  of  full-scale  drop  tests  was  conducted 
using  a  30,000-lb  trailer.  Various  load 
ratings  and  cluste-  arrays  of  energy  absorbers 
were  tested.  At  some  locations  the  clusters 
were  arranged  to  impart  very  high  eccentric 
loadings  into  the  columns.  Drop  heights  were 
varied  from  1  to  15  ft  (Fig.  6).  Through  these 
tests  we  identified  some  component  weaknesses 
and  verified  that  the  system  would  be  reliable 
for  the  Cannikin  Event  Details  of  the  test 
program  are  discussed  in  Ref.  3. 


SYSTEM  SETUP  FOR  CANNIKIN 

A  typical  FSGC  shock  isolation  system  for 
a  30- ft  trailer  is  shown  in  Fig.  7.  Because  of 
the  extreme  height  it  is  desirable  to  keep  the 
center  of  mass  as  low  as  possible.  Most 
trailers  have  road  gear,  fuel  tanks,  or  other 


items  that  extend  below  the  structural  frame  so 
that  the  minimum  clearance  to  the  ground  is 
not  controlled  by  the  straight  box  beams  of  the 
shock  isolation  system. 

Nylon  webbing  or  rope  tethers  were 
arranged  as  shown  in  Fig.  7  to  allow  control  of 
a  pair  of  tethers  failed  completely.  Earth 
anchors  were  conventional  power  installed 
screw  anchors;  torque  readout  during  installa¬ 
tion  verified  their  holding  capacity. 

At  the  bottom  of  each  column  was  a  rigid 
polystyrene  foam  energy  absorber  and  low- 
friction  pad.  A  metal  disk  formed  the  main 
structural  member  of  the  low-friction  pad 
(Fig.  5).  The  disk  was  attached  to  the  bottom 
of  the  column  by  a  simple  pivot  joint.  About 
30%  of  the  disk  bottom  was  covered  with  10-mil- 
thick  Teflon  adhesive  tape.  The  Teflon  is 
loaded  high  enough  to  overcome  its  high  friction 
properties  at  low  load.  An  acrylic  sheet  under 
the  disk  is  the  low-friction  rubbing  surface  and  t 

electrically  isolates  the  trailer  from  the 
ground.  During  rebound  and  ballistic  motion 
the  acrylic  sheet  is  centered  to  the  disk  by 
rubber  straps.  Laboratory-  and  full-size 
field  tests  consistently  indicated  a  0.06  coef¬ 
ficient  of  friction  for  this  pad  when  it  is  clean. 

A  slight  amount  of  dirt  can  raise  the  coefficient 
to  about  0.3.  Therefore,  the  pad  was  c  jmpletely  I 

enveloped  in  one  polyethelene  film  and  a  second  j 
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film  was  draped  over  a  larger  area.  Plywood 
sheeting  formed  a  level  base  for  the  acrylic 
sheets  and  provided  an  intermediate  friction 
surface  (coefficient  of  friction  about  0.3)  for 
motion  beyond  the  limits  of  the  acrylic.  During 
very  severe  horizontal  displacement  the  disk 
slides  off  the  plywood  onto  compacted  soil 
where  the  coefficient  of  friction  is  about  0.5. 

The  TOR-SHOK  energy  absorbers  are 
•  hree-stage  units  with  a  minimum  compressed 
length  of  58.5  in.  and  an  8 -ft  minimum  stroke. 
As  installed  for  Cannikin  their  length  was 
70  in.  Basic  load  ratings  (third  stage)  varied 
from  6000  to  12,000  lb  in  increments  of  1000  lb. 
Load  ratings  for  the  second  and  third  stages 
were  95.5  and  91%  respectively.  Load  toler¬ 
ance  was  ±10%  of  the  rated  load.  Each  column 
could  accommodate  up  to  four  energy  absorbers 
with  a  total  deceleration  load  capacity  of  48,000  lb. 


For  a  system  to  perform  in  a  single  degree 
of  freedom  manner,  the  center  of  isolator 
resistance  must  coincide  with  the  system 
center  of  mass.  The  load  ratings  and  appro¬ 
priate  distribution  of  the  196  energy  absorbers 
(Fig.  8)  required  accurate  weight  and  center 
of  gravity  measurement  of  the  trailers  with 
their  shock  isolation  structures.  The  three 
power  trailers  had  nonsymmetrical  fuel  tanks 
with  capacities  equal  to  about  8%  of  their  gross 
weight.  Estimated  fuel  capacities  at  the  time 
of  detonation  were  based  on  running  time  since 
the  Iasi  refueling. 

Part  of  our  quality  assurance  program  was 
to  subject  each  energy  absorber  to  a  1-in. 
stroke  static  compression  and  tension  test  on 
arrival  at  Amchitka.  First- stage  loads  for 
each  group  averaged  from  3  to  9%  below  the 
nominal  first- stage  ratings.  The  energy 
absorbers  were  then  selectively  redistributed 
to  minimize  the  nonsymmetrical  load  distribu¬ 
tion  effects.  The  net  results  decreased  the 
average  deceleration  levels  by  10%  in  five 
trailers  and  between  3  and  8%  in  the  remaining 
four  trailers.  Installation  of  additional  foam 
pads  required  to  regain  the  10%  degradation  in 
absorption  capacity  was  prevented  by  a  severe 
storm.  Two  examples  of  the  FSGC  configura¬ 
tion  prior  to  the  event  are  shown  in  Figs.  9  end  10. 


MEASUREMENT  PROGRAMS 

The  Cannikin  Event  was  the  first 
application  of  the  new  shock  isolation  system. 
The  environment  was  estimated  to  be  three 
times  more  severe  than  previously 
experienced.  Actual  surface  ground  motion  at 
the  recording  trailers  and  the  performance  of 
the  new  shock  isolation  system  were  measured 
with  accelerometers,  velocity  gages,  and 
motion  pictures.  The  dynamic  data  were 
recorded  on  our  portable  data  system  (4 j .  This 
is  a  suitcase  size,  shock  resistant,  battery 
powered,  tape  recorder  system,  which  was  in¬ 
stalled  in  one  of  the  recording  trailers. 
Instrumentation  included  a  ground  canister 
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Fig.  8  -  Energy  absorber  load  rating  distribu¬ 
tion  for  three  trailers 


with  a  triaxial  array  of  accelerometers  and 
velocity  gages  buried  4  ft  in  native  soil,  a 
vertical  accelerometer  on  each  trailer,  and  an 
additional  vertical  or  horizontal  accelerometer 
on  three  trailers. 

Instrumentation  movie  coverage  is  an  im¬ 
portant  tool  for  analyzing  multidirectional 
motion.  Because  of  the  severe  environment  the 
cameras  must  be  located  close  up  or  at  a  great 
distance  with  resulting  loss  of  resolution. 
Cameras  in  closeup  locations  must  be  shock 
resistant  and  will  record  only  relative  motions. 
We  had  four  camera  stations  convering  6  fields 
of  view  at  the  Cannikin  recording  trailer  park 
(Fig.  11).  Seven  16  mm  cameras  with  speeds 
between  64  and  250  fps  were  used.  Camera 
station  1  was  in  a  transportainer  solidly 
mounted  to  the  ground.  Power  for  this  station 
came  from  shock-mounted  wet  cell  batteries. 

A  special  solid-state  shock- resistant  camera 
controller  was  used  at  this  station.  Cameras 
at  stations  2,  3,  and  4  were  mounted  on  shock 
isolation  structures;  power  was  supplied  by  one 
of  the  shock  mounted  instrumentation  power 
trailers.  For  displacement  verses  time  analy¬ 
sis,  the  guide  columns  appearing  in  the  closeup 
views  were  painted  with  3-in.  -wide  color  coded 
rings. 


RESULTS 

The  overall  condition  of  the  recording 
trailer  park  is  shown  in  Fig.  12.  Conveniently, 
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Two  instrumentation  trailers  mounted  on  the  FSGC  system,  view  looking  toward  ground  zero 
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Fig.  10  -  Typical  setup  of  FSGC  system  for 
Cannikin  Event 


Fig.  11  -  Camera  stations  and  fields  of  view  for 
recording  trailer  park 


the  instrumentation  trailers  had  moved  from 
the  collapsed  raised  boardwalk  allowing  easy 
safe  entry  into  the  trailers.  All  systems  had 
operated  as  planned  and  we  recovered  100%  of 
the  data. 


One  broken  light  fixture  was  the  total 
damage  in  the  nine  shock  mounted  trailers. 
Nonoperational  equipment,  such  as  the  four 
office  trailers  in  the  center  of  Fig.  12,  were 


damaged  beyond  repair.  Only  one  surface 
ground  crack  extended  under  a  shock  mounted 
trailer. 

The  condition  of  a  typical  trailer  is  shown 
in  Fig.  13.  The  mobile  timing  trailer,  number 
134,  was  tilted  as  shown  in  Fig.  14.  Both 
measurement  programs  were  completely  suc¬ 
cessful.  Acceleration  data  for  all  trailers, 
including  134,  were  in  good  agreement;  the  data 
averaged  about  12%  less  than  design  conditions. 
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Fig.  12  -  Recording  trailer  park  after  Cannikin 
detonation 


The  measured  vertical  motion  of  the  ground 
and  a  typical  trailer  is  shown  in  Fig.  15.  The 
trailer  accelerated  at  2,5  g  while  the  ground 
accelerated  at  21  g  peak.  The  trailer  departed 
from  the  ground  at  about  300  msec  after  shock 
arrival  while  the  ground  was  dece'.eratlng  at 
-1.8  g.  The  ground  was  in  a  relative  ballistic 
path  for  about  1.3  sec,  but  about  0.  2  sec  of  this 
was  at  -1.8  g  and  the  remainder  was  at  -1  g. 
The  trailer,  on  the  other  hand,  was  in  a 
ballistic  path  at  -1  g  for  rbout  1.4  sec.  Impact 
in  the  ground  was  relatively  low  (llg  peak)  and 
the  trailer  deceleration  averaged  3  g. 

Energy  absorption  strokes  and  final  hori¬ 
zontal  displacements  of  the  trailers  are 
summarized  in  Table  l.  Except  for  trailer  134, 
the  tilt  in  the  longitudinal  direction  was 
negligible  and  the  average  tilt  in  the  lateral 


direction  was  2%;  one  trailer  tilted  8%  The 
average  absorption  stroke  for  each  trailer  was 
within  4%  of  the  average  for  all  trailers. 

The  vertical  motion  for  trailer  134  was 
different.  This  trailer  was  very  short  (20  ft) 
and  the  most  likely  to  tilt.  Its  motion  was  re¬ 
corded  by  movie  cameras.  For  the  first 
200  msec  of  the  initial  energy  absorption  stroke 
the  trailer  came  straight  down  indicating  that 
the  center  of  gravity  and  shock  isolator  force 
coincided.  The  columns  on  the  end  of  tile 
trailer  away  from  ground  zero  then  froze.  The 
remaining  initial  absorption  stroke  occurred  at 
the  four  columns  toward  ground  zero  which  in¬ 
duced  a  rolling  motion  into  the  trailer.  This 
rolling  motion  continued  wi'lle  the  trailer  was 
in  its  ballistic  path.  The  et  d  of  the  trailer 
toward  ground  zero  impacted  first  and  all  im¬ 
pact  absorption  occurred  at  the  four  columns 
toward  ground  zero.  This  trailer  came  to  rest 
in  a  severe  tilt,  but  the  shock  isolators  did  not 
bottom  out.  Average  deceleration  was  2.7  g  and, 
except  for  one  broken  light  fixture,  there  was 
no  damage  or  operational  loss.  After  dis¬ 
assembly  each  energy  absorber  on  this  trailer 
was  tested  statically.  Two  had  load  increase 
•pikes  of  25  and  5j%  in  their  stroke.  These  ab¬ 
sorbers  were  located  on  opposite  sides  of  the 
end  of  trailer  134  that  froze  up.  Two  absorbers 
were  mounted  at  each  column  on  this  trailer  so 
the  effective  load  spikes  would  be  much  less. 

During  the  vertical  motion  there  was  no 
relative  horizontal  motion  between  the  trailer 
and  the  ground.  After  vertical  impact,  the 
trailers  moved  several  feet  from  ground  zero 
and  then  toward  ground  zero,  finally  coming  to 
rest  in  the  positions  indicated  in  Table  1.  None 


Fig,  14  -  Post-shot  condition  of  trailer  134 
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TABLE  1 

CANNIKIN  RTP  Shock  Isolation  Displacements 


Trailer 

- — - 

Vertical  Absorption  Stroke  at  Column  (in.) 

Final  Horizontal  Displacement  (in.) 

Left  Side* 

Right  Side* 

Average 

Toward  SGZ 

Toward  Right* 

12 

54.4 

72.6 

63.5 

30 

7 

81 

69.5 

61.9 

65.7 

54 

32 

97 

67.4 

71.0 

69.2 

27 

22 

106 

60.8 

67.5 

64.1 

30 

18 

107 

56.9 

72.7 

64.8 

30 

15 

108 

68.9 

68.9 

68.9 

45 

12 

109 

67.4 

66.6 

67.0 

24 

6 

110 

64.5 

67.0 

65.7 

29 

12 

134 

54.0 

64.3 

59.2 

_ 

15 

_ 

12 

Average  of  all  trailers  except  134  =  66.1  in. 


Facing  surface  ground  zero  (SGZ) 


I 


of  the  anchors  or  nylon  tethers  failed.  All 
horizontal  motion  occurred  while  the  disks  were 
on  the  low-friction  pads,  except  at  two  places 
where  the  disks  were  half  on  the  acrylic  and 
half  on  the  plywood  pads. 

There  was  good  agreement  between  the  actual 
absorption  stroke  values  and  the  design. 

Trailer  decelerations  were  low,  as  expected 


from  pre- event  testing.  Large  absorption 
strokes  were  avoided  because  the  peak 
negative  ground  velocity  was  much  less 
than  the  peak  positive  velocity.  This 
effect  was  expected  to  occur  but  for  con¬ 
servatism  it  was  ignored  in  the  design 
analysis  [2).  The  accuracy  of  the 
ground  motion  predictions  were  verified  by 
the  dynamic  motion  data. 
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Fig.  15  -  Measured  vertical  motion  at  recording  trailer  park  during  Cannikin  Event. 


I 

i 

i 
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Motion  pictures  showed  many  loose  items 
flying  into  the  air.  Actually  it  was  relative 
motion  to  the  ground.  This  effect  was  primarily 
caused  by  the  -1.8  g  pulse  during  the  first 
portion  of  the  ground  ballistic  path. 

Thirty-seven  hours  after  detonation  a  sub¬ 
sidence  slump  occurred  in  the  Cannikin  area. 
This  slump  had  a  radius  of  3000  ft  but  did  not 
affect  the  recording  trailers  2000  ft  from  ground 
zero. 
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A  new  concept  in  shock  and  vibration  isolation  called  the  active 
damper  is  presented.  The  active  damper  is  an  externally  control¬ 
lable  force  generator,  where  the  fores  is  developed  by  tho  rela¬ 
tive  velocity  of  its  attachment  points.  It  provides  isolation 
system  performance  which  exceeds  that  of  passive  systems  and 
approaches  that  of  fully  active  systems,  without  significant  ex¬ 
ternal  power  required.  Computer  simulation  results  demonstrate 
the  performance  of  the  active  damper,  compared  to  passive  and  fully 
active  systems.  Discrete  sine  wave  and  random  disturbances  were 
investigated  for  one  and  two  degree  of  freedom  systems.  An  elec- 
trohydraulic  hardware  implementation  of  the  concept  is  described. 
Potential  applications  are  discussed. 


INTRODUCTION 


In  numerous  applications,  a  mass  is 
isolated  from  shock  and  vibration  by 
interposing  spring  and  damper  elements 
between  it  and  the  disturbance.  In 
such  cases  the  mass,  spring  and  damper 
elements  act  as  a  mechanical  filter 
which  attenuates  the  shock  and  vibra¬ 
tion  energy  reaching  the  mas.?.  Typical 
systems  of  this  type  are  vehicle  sus¬ 
pensions,  wherein  springs  and  shock 
absorbers  isolate  the  body  of  the  vehi¬ 
cle  from  roadway  disturbances.  The  use 
of  rubber  mounts,  which  are  springs 
with  inherent  damping,  to  support  sen¬ 
sitive  equipment  also  utilizes  this 
approach. 

In  the  case  of  rigid  bodies  and 
linear  springs  and  dampers,  the  solu¬ 
tions  to  the  differential  equations  of 
■notion  are  well  known  and  isolation 
system  design  is  straight  forward. 

The  design  involves  compromise  between 
resonant  amplification,  high  frequency 
attenuation,  static  and  dynamic  deflec¬ 
tion,  and  stability.  Since  the  mass 
is  usually  predetermined,  only  the  spring 
rates  and  deunping  coefficients  can  be 
specified  in  the  design. 

By  utilizing  nonlinear  springs 


and  dampers,  the  forces  they  produce 
are  functions  of  the  relative  displace¬ 
ment  and  velocity  of  their  attachment 
points.  This  characteristic  tends  to 
limit  their  performance  in  many  appli¬ 
cations  . 

To  achieve  greater  system  design 
flexibility  and  performance,  active 
elements  have  been  applied  in  isola¬ 
tion  systems.  In  idealized  form,  an 
active  suspension  element  is  a  control¬ 
lable  force  generator  powered  from  an 
external  energy  source.  Such  devices 
can  be  programmed  to  produce  forces 
which  are  functions  of  any  desired 
system  variable.  By  sensing  system 
variables,  such  as  absolute  or  rela¬ 
tive  accelerations,  velocities,  or 
displacements  and  appropriately  com¬ 
bining  them,  a  command  signal  is  devel¬ 
oped  for  the  force  generator.  With 
such  devices,  isolation  system  perfor¬ 
mance  is  limited  only  by  the  amount  of 
external  power,  the  designer  is  willing 
to  expend  and  system  complexity. 

An  example  of  a  simple  active  iso¬ 
lation  system  is  the  use  of  height 
controlled  air  bags  for  vehicle  suspen¬ 
sion.  Here  the  relative  displacement 


across  the  air  spring  is  sensed.  The 
pressure  in  the  air  u>-3  is  controlled 
to  naintain  constant  vehicle  height. 

Tl.a  design  flexibility  achieved,  is  the 
ability  to  lower  dynamic  spring  rate 
without  excessive  static  deflection. 

In  the  mounting  of  airborne  equip¬ 
ment,  high  performance  pitch  and  roll 
control  has  been  achieved  by  using  ac¬ 
tive  elements.  They  are  controlled  by 
signals  proportional  to  the  absolute 
angular  accelerations  of  the  equipment. 

The  primary  limitation  in  the  app¬ 
lication  of  active  elements  to  isola¬ 
tion  is  the  neoa  for  external  power. 

The  problem  is  two  fold.  Where  large 
masses  are  to  be  isolated,  the  external 
power  requirements  can  easily  become  ex¬ 
cessive.  This  is  the  case  for  high 
performance  vehicle  suspension  systems. 

Secondly,  the  need  for  an  external 
power  source  requires  the  equipment  to 
generate  the  power  or  convert  it  to  a 
useable  form.  If  the  force  generator 
is  to  be  hydraulically  powered,  pumps, 
resevoirs,  filters  and  valving  would 
be  required.  This  auxiliary  equipment 
tends  to  increase  isolation  system  weight 
and  decrease  reliability. 

Recognizing  both  the  performance 
benefits  as  well  as  the  limitations  of 
active  isolation  elements,  a  new  con¬ 
cept  in  isolation  was  developed.  This 
concept  involves  the  application  of  a 
controllable  force  generator  which  does 
not  require  significant  external  power. 
Called  an  active  damper,  this  device 
produces  a  controllable  force  which  is 
derived  from  the  relative  velocity  of 
its  attachment  points.  It,  like  the 
externally  powered  active  element,  can 
produce  forces  which  are  functions  of 
measured  system  variables  which  are 
appropriately  combined  to  form  a  com¬ 
mand  signal  for  the  device.  Since  the 
device  does  not  utilize  significant  ex¬ 
ternal  pov.’er,  its  performance  is  more 
limited  than  the  fully  active  force  gen¬ 
erator. 

This  report  describes  the  active 
damper  concept  and  some  of  its  potential 
applications.  First,  an  idealized  ac¬ 
tive  damper  is  defined.  Its  performance 
is  investigated  analytically  using  com¬ 
puter  simulation  and  compared  to  that 
of  passive  and  fully  active  systems. 

A  prototype  design  of  an  electronydrau- 
lic  active  damper  is  then  described 
and  its  operation  discussed.  Potential 
applications  of  the  active  damper  are 
finally  presented. 


SUMMARY  AND  CONCLUSIONS 

The  active  damper  is  a  new  concept 
in  the  control  of  shock  and  vibration. 

It  provides  system  performance  inter¬ 
mediate  to  that  of  a  passive  isolation 
system  and  a  fully  active  isolation 
system. 

The  active  damper  is  an  externally 
controllable  force  generator,  where  the 
force  is  developed  by  the  relative  vel¬ 
ocity  of  its  attachment  points.  Essen¬ 
tially  a  controllable  energy  dissipator, 
it  does  not  require  significant  external 
power  for  its  operation.  Like  the  fully 
active  system,  its  output  force  is  con¬ 
trolled  as  a  function  of  measured  sys¬ 
tem  variables,  such  as  velocities  and 
accelerations . 

During  portions  of  its  operation 
whera  the  command  force  and  available 
force  are  in  opposite  directions,  the 
active  damper  is  controlled  to  produce 
essentially  zero  force.  If  the  command 
force  exceeds  the  available  force,  the 
active  damper  experiences  a  lock  up 
mode  which  transmits  the  maximum  avail- 
aole  force.  3oth  of  these  conditions 
degrade  system  performance  relative 
to  a  fully  active  system. 

The  performance  of  the  active  dam¬ 
per  in  a  single  degree  of  freedom  iso¬ 
lation  system  was  investigated  by  com¬ 
puter  simulation.  The  device  was 
controlled  to  generate  a  force  propor¬ 
tional  to  isolated  mass  velocity.  The 
results  indicate  that  the  system  sig¬ 
nificantly  attenuated  vibrational 
inputs  at  and  below  the  spring  mass 
natural  frequency.  The  high  frequency 
performance  was  superior  to  a  system 
with  a  conventional  damper.  Overall 
performance  approached  that  of  a  fully 
active  system  with  isolated  mass  velo¬ 
city  feedback. 

System  performance  in  the  pre¬ 
sence  of  a  random  vibrational  input 
was  favorable.  It  was  significantly 
better  than  a  comparable  passive  sys¬ 
tem  and  approached  that  of  a  fully 
octive  system. 

In  a  two  degree  of  freedom,  oounce/ 
pitch  study,  the  active  damper  allowed 
independent  control  of  the  two  vibra¬ 
tional  modes.  As  in  the  case  of  the 
single  degree  of  freedom  system,  the 
high  frequency  performance  was  signi¬ 
ficantly  better  than  the  passive  system. 

A  prototype  design  of  an  electro- 
hydraulic  active  damper  is  presented. 

The  design  utilizes  conventional  hy¬ 
draulic  components  to  implement  the 
active  damper  concept. 


Results  to  date,  suggest  that  the 
active  damper  can  be  successfully  appli¬ 
ed  to  achieve  high  performance  vehicle 
suspensions  and  vibration  and  shock 
isolation  systems.  Impact  cushioning 
and  tuned  absorbers  are  additional  po¬ 
tential  applications  which  have  not 
been  investigated  as  yet. 

ANALYSIS  OF  THE  IDEALIZED  ACTIVE  DAMPER 

The  active  damper  is  a  device  which 
produces  an  instantaneously  controllable 
force  which  is  derived  from  the  rela¬ 
tive  velocity  of  its  attachment  points. 
The  devicu  is  shown  schematically  in 
Figure  la. 

In  the  figure,  the  velocities  of 
the  attachment  points  are  indicated  by 
X  and  ft  ,  respectively.  A  relative 
velocity,  XR,  is  defined  as  follows! 

0  0a 

xR  -  ^  -  ft  (1) 

The  force  produced  at  the  attach¬ 
ment  points,  ^actual,  is  derived  from 
the  relative  velocity  ftR  and  is  defined 
in  the  directions  indicated. 

The  active  damper  ie  represented 
by  a  viscous  damper  symbol  with  an 
arrow  which  indicates  an  instantan¬ 
eously  variable  damping  force.  The 
dashed  line  indicates  that  the  damping 
force  is  controlled  from  a  command 
signal,  ^command.  In  general,  the 
commanded  force  is  a  function  of  one 
or  more  time  varying  signals.  These 
signals  are  normally  obtained  from  mea¬ 
sured  system  variables,  such  as  displace¬ 
ments,  velocities,  accelerations  or 
forces,  which  may  be  modified  by  appro¬ 
priate  signal  conditioning. 


Figure  la 


Active  Dampe .  Schematic 


Although  the  basic  damper  symbol 
conventionally  represents  viscous  dam¬ 
ping,  it  is  to  be  understood  that  any 
type  of  basic  damping  mechanism  car.  be 
used.  This  would  also  include  square 
law  fluid  throttling,  friction,  electro 
viscous,  or  electro  mechanical  imple¬ 
mentations.  The  only  requirement  is 
that  the  basic  mechanism  be  an  energy 
dissipator,  that  is  one  vhich  produces 
a  force  in  phase  with  relative  velo¬ 
city. 

The  utilization  of  fully  active 
systems  allows  the  design  of  very 
versatile,  high  performance  isolation 
systems,  but  the  cost,  complexity  and 
weight  of  the  required  power  sources 
has  limited  their  widespread  applica¬ 
tion.  Therefore,  the  intent  of  the 
active  damper  is  to  approach  the  per¬ 
formance  of  fully  active  isolation 
devices  without  the  need  for  external 
power. 

Compared  to  fully  active  elements, 
the  active  damper  has  the  following 
limitations : 

1.  The  active  damper  can  produce  a 
force  only  when  a  relative  velo¬ 
city  is  present  across  the  attach¬ 
ment  points. 

2.  There  will  be  time  intervals  when 
the  direction  of  the  available 
force  from  the  active  damper  is 
opposite  to  the  direction  of  the 
desired  force.  During  these  in¬ 
tervals  the  active  damper  must 

be  controlled  to  produce  zero 
force . 

3.  If  the  commanded  force  exceeds 
that  which  can  be  produced  with 
a  finite  damping  coefficient, 
the  damper  is  controlled  to  a 
locked  up  or  rigid  link  mode.  In 
this  mode,  the  maximum  force  which 
can  be  produced  is  limited  to  the 
inertial  forces  derived  from  accel¬ 
erating  the  attached  masses  less 
the  algebraic  sum  of  other  forces 
acting  on  the  masses. 

These  conditions  are  illustrated 
in  Figure  lb. 

It  should  be  noted  that  the  active 
damper  responds  to  a  commanded  force, 
not  a  commanded  deunping  value.  If 
the  latter  approach  were  used,  the 
deunping  force  would  be  a  function  of 
relative  velocity.  This  would  require 
that  the  controller  sense  relative 
velocity  and  adjust  the  damping  value 
to  compensate,  in  order  tc  produce 
a  desired  force. 
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Figure  lb 

Active  Damper  Modes 


In  general,  the  application  of 
the  active  damper  is  similar  to  that 
of  fully  active  devices.  This  may  be 
illustrated  by  comparing  its  perfor¬ 
mance  to  that  cf  fully  active  devices 
in  representative  isolation  systems. 
Further  comparison  with  passive  isola¬ 
tion  devices  demonstrates  that  the 
active  damper  provides  performance  in¬ 
termediate  between  passive  and  ful ly 
active  systems. 

A  single  degree  of  freedom  system 
illustrates  the  relative  performance 
of  passive,  active  and  active  damper 
isolation. 

Passive  Isolation 

A  conventional  passive  isolator 
is  shown  in  Figure  2.  It  consists  of 
a  spring  and  viscous  damper  which  sup¬ 
port  the  mass  to  be  isolated. 

Writing  the  equations  of  motion 
ana  taking  the  Laplace  transform  yields 
the  transfer  function  relating  the 
motion  of  the  mass,  X,  to  the  motion 
of  the  base,  X  .  This  transfer  func¬ 
tion  follows: 


X  =  LS  +  K _ 

X  MS2  +  BS  +  K 


(2) 


Here  S  is  the  independent  vari¬ 
able  in  the  Laplace  transformed  equa¬ 
tion.  For  frequency  response  analyses , 

S  is  replaced  by  jw  where  j  =  /  -1 
and  a)  represents  the  frequency  in 
radians/second.  The  undamped  natural 
frequency  of  this  system  is  /~K/M 
and  the  damping  ratio  is  B  /  2  /  KM. 
Plotting  the  amplitude  ratio,  X/x  , 
versus  frequency,  w,  on  log-log  0 
paper  gives  the  familiar  transmissibil- 
ity  plot.  Figure  3. 

For  this  plot,  the  undamped  nat¬ 
ural  frequency  is  unity  and  various 
damping  ratios  from  0.1  to  2.0  are 
shown.  In  general,  the  figure  indicates 
attenuation  of  the  output  amplitude 


above  the  resonant  frequency,  an  amp¬ 
lification  at  resonance  and  unity  gain 
at  low  frequencies.  In  the  isolation 
or  attenuation  region,  the  slope  of 
the  curve  t  .comes  asymtotic  to  minus 
one.  The  isolation  region  can  be  ex¬ 
tended  by  decreasing  the  spring  stiff¬ 
ness,  K,  or  by  increasing  the  mass,  M. 
Since  the  mass  is  usually  predetermined, 
the  designer  selects  K  to  yield  the 
desired  natural  frequency.  The  con¬ 
straint  on  K  is  the  initial  displace¬ 
ment  of  the  spring  due  to  the  weight. 

Control  of  the  resonant  amplitude 
is  achieved  by  the  damper.  This  re¬ 
duction  is  accompanied  by  decreased 
isolation  above  resonance  in  the  iso¬ 
lation  region.  If  no  damping  were 
present,  the  amplitude  at  resonance 
would  be  infinite.  The  high  frequency 
amplitude  would  be  asymtotic  to  a  slope 
of  minus  two,  giving  superior  isola¬ 
tion  there.  Thus,  the  selection  of 
damping  is  a  design  compromise. 


Figure  2 

Passive  Isolator 
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Figure  3 

Amplitude  Response  -  Passive  Isolator 


Active  Isolator 


A  typical  active  isolator  is  shown 
in  Figure  4.  It  is  represented  by  an 
idealized  controllable  force  generator 
and  a  conventional  spring.  Here  the 
force  generator  is  controlled  by  an 
isolated  mass  acceleration  signal  and 
velocity  signal  generated  by  integ¬ 
rating  the  acceleration  signal.  The 
acceleration  and  velocity  gains  are 
k^  and  k2  respectively.  The  integ¬ 
ration  xs  represented  by  the  1^^  term. 

Writing  the  equations  of  motion 
and  taking  the  Laplace  transform  gives 
the  transfer  function  of  the  active 
system. 

X  =  _ K _  (3) 

X0  (M  +  kx)S2  +  k2S  +  K 


control  of  resonant  amplitude  with¬ 
out  compromising  high  frequency  per¬ 
formance.  Figure  5  shows  typical 
transmissibility  plots  for  the  active 
isolator  with  various  damping  ratios. 

The  active  system  allows  for  the 
design  of  higher  performance  isola¬ 
tion  systems.  The  penalty  of  course, 
is  the  requirement  for  external  power 
to  generate  the  controllable  force  and 
the  complexity  and  cost  of  this  equip¬ 
ment. 


As  is  evident  by  the  equation, 
the  undamped  natural  frequency  is 
given  by  /k//m  +  k^  .  Since  ki  can 
be  arbitraily  selected  to  a  positive 
or  negative  value,  the  system  natural 
frequency  can  be  adjusted  to  any  de¬ 
sired  value.  Positive  k^  will  pro¬ 
duce  a  low  natural  frequency  and 
increase  the  isolation  region.  Thus 
K  can  be  selected  to  produce  the  de¬ 
sired  static  deflection. 

The  damping  ratio  of  the  active 
system  is  given  by  k2/2  /  (M+k1)K 
Thus,  any  desired  damping  ratio  tan 
be  achieved  by  selecting  an  appro¬ 
priate  value  of  k2.  It  should  be 
noted  that  the  numerator  of  the  trans¬ 
fer  function  is  a  constant.  Therefore 
the  high  frequency  amplitude  is  asym¬ 
ptotic  tc  a  slope  of  minus  two.  Thus 
the  use  of  the  active  isolator  allows 


Figure  4 
Active  Isolator 


Figure  5 

Amplitude  Reaponee  -  Active  Isolator 


Active  Damper 
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Figure  6  illustrates  the  applica¬ 
tion  of  the  active  damper  to  single 
degree  of  freedom  isolation.  As  in 
the  case  of  the  fully  active  isolator, 
the  velocity  and  acceleration  of  the 
isolated  mass  are  measured.  The  active 
damper  is  commanded  to  produce  a  force 
proportional  to  the  sum  of  these  sig- 


Due  to  the  limitations  of  the 
active  damper  as  previously  discussed, 
we  expect  its  performance  to  approach, 
but  not  equal,  that  of  the  fully  active 
system. 

An  example  of  the  results  obtained 
from  computer  simulation  of  the  active 
damper  as  shown  in  Figure  6  follows. 

In  this  example  the  effect  of  mass 
velocity  feedback  is  investigated. 

The  acceleration  gain,  k1,  is  set  equal 
to  zero.  The  velocity  gain,  k?,  is 
set  to  the  value  which  would  give  the 
indicated  system  damping  ratio  in  the 
equivalent  fully  active  system. 


Figure  7  shows  time  history  plots 
of  the  displacements  and  velocities 
of  the  base  and  mass,  and  the  damper 
out- at  force,  F_.  Also  shown  is  the 
tutal  suspension  system  force,  Fs, 
which  is  the  algebraic  sum  of  the 
spring  and  damper  force. 

In  Figure  7a  the  velocity  feedback 
gain,  k2,  is  set  to  give  a  system 
damping  ratio  of  1.00.  The  base  dis¬ 
placement  input  frequency  is  equal  to 
0.5  times  the  system  natural  frequency. 

The  plot  of  damper  force  versus 
time  shows  that  the  damper  turns  off 
twice  during  each  cycle.  This  indi¬ 
cates  that  the  relative  velocity  across 
the  damper  ia  in  a  direction  opposite 
the  command  force,  that  is,  a  force 
proportional  to  body  velocity,  X. 

0The  velocity  plot  shows  that  X 
and  Xq  are  equal  during  portions  of 
the  cycle.  This  indicates  the  lock 
up  condition,  resulting  from  command¬ 
ing  a  force  higher  than  that  available 
from  the  active  damper. 
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The  bottom  plot  shows  the  some¬ 
what  nonlinear  mass  displacement,  due 
to  the  nonlinear  force  generated  by 
the  active  damper. 

It  also  indicates  the  attenuation 
of  the  displacement  even  though  the 
excitation  is  below  the  resonant  fre¬ 
quency  . 

Figure  7b  shows  the  operation 
of  the  same  system  at  1.5  times  ~eson- 
ant  frequency.  Here  the  damper  --?e 
is  zero  during  portions  of  the  cyc^e 
but  no  lock  up  occurs  as  evidenced  by 
the  velocity  plots.  The  displacement 
plot  shows  significant  attenuation 
of  the  base  induced  disturbance. 


FREQ  RATIO  = 
OAM5  RATIO  = 
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To  investigate  the  operation 
of  the  active  damper  in  this  system, 
several  damping  ratios  and  excitation 
frequencies  were  examined.  The  ratio 
of  the  output  displacement  to  input 
displacement  are  plotted  versus  fre¬ 
quency  for  various  damping  ratios  in 
Figure  8. 

Ab  shown,  the  performance  of  the 
active  damper  approaches  that  of  the 
fully  active  isolation  system  as  shown 
in  Figure  5.  For  the  higher  damping 
ratios,  the  base  disturbance  is  atten¬ 
uated  below  and  through  system  resonance. 
Furthermore,  the  high  frequency  atten¬ 
uation  has  a  8 lope  of  minus  two  which 
gives  superior  isolation  in  this  region 
to  that  of  the  passive  isolation  system. 
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Figure  7a 

Active  Damper  Simulation  Results 


Figure  7b 

Active  Damper  Simulation  Results 
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The  attenuation  at  and  below  reson¬ 
ance  gives  the  system  characteristics 
similar  to  that  of  a  lower  natural 
frequency  isolator,  which  is  highly 
desirable.  This  is  achieved  without 
reducing  spring  rate  which  is  favor¬ 
able  from  a  static  deflection  point 
of  view. 

In  Figure  9,  the  displacement  am¬ 
plitude  ratios  of  the  passive  system 
are  compared  to  that  of  the  fully 
active  and  active  damper  systems  with 
body  velocity  feedback.  It  shows  the 
superior  isolation  of  the  active  dam¬ 
per  and  fully  active  systems.  It  also 
indicates  that  the  active  damper  sys¬ 
tem  approaches  the  fully  active  sys¬ 
tem  in  performance. 


Active  Damper  with  Random  Input 

In  many  applications,  an  isola¬ 
tion  system  is  subjected  to  random 
disturbances.  The  performance  of  the 
active  damper  subjected  to  a  typical 
roadway  disturbance  was  investigated 
and  compared  to  a  conventional  passive 
isolator  and  a  fully  active  isolator 
with  velocity  feedback. 

To  perform  these  studies  a  random 
base  displacement  was  generated  and 
used  to  excite  a  computer  simulation 
of  the  isolation  systems.  Figure  10 
shows  the  power  spectral  density  plot 
of  the  input  disturbance.  It  is  rep¬ 
resentative  of  a  typical  roadway  input. 


Figure  8 

Amplitude  Response  -  Active  Damper 
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The  resulting  power  spectral  den¬ 
sity  of  the  acceleration  of  the  iso¬ 
lated  mass  for  the  various  systems  with 
a  damping  ratio  of  0.5  are  shown  in 
Figure  11a.  These  were  obtained  by 
analyzing  the  time  history  plots  of 
the  mass  acceleration  as  obtained  from 
the  computer  simulation.  The  natural 
frequency  of  all  systems  was  1.0  Hz. 
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Figure  10 

Power  Spectral  Density  -  Base  Displacement 
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Power  Spectral  Density  - 
Isolated  Mass  Acceleration 
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Figure  lib 

Power  Spectral  Density  - 

Isolated  Mass  Acceleration 

As  shown  in  Figure  11a,  the  per¬ 
formance  of  the  fully  active  and 
active  damper  systems  is  superior  to 
the  passive  system  at  all  frequencies. 
This  effect  is  most  pronounced  at 
frequencies  above  system  resonance. 

Here  the  passive  isolator  damper  trans¬ 
mits  significant  accelerations  to  the 
isolated  body  since  it  produces  forces 
proportional  to  relative  velocity. 

The  performance  of  the  active 
damper  approaches  that  of  the  fully 
active  system.  The  nonlinear  charac¬ 
teristics  of  the  active  damper  tend 
to  increase  the  disburbance  energy  at 
high  frequencies  as  compared  to  the 
fully  active  system,  however.  The 
performance  of  the  active  damper  through 
resonance  is  similar  to  that  of  the 
fully  active  system  but  is  somewhat 
degraded . 

Figure  lib  presents  body  accel¬ 
erations  for  the  same  input  distur¬ 
bance  with  the  system  damping  ratio 
set  at  2.0.  Here  the  high  frequency 
performance  of  the  passive  system  is 
seriously  degraded.  The  fully  active 
and  active  damper  system  are  again 
comparable  The  high  frequency  de¬ 
gradation  of  the  active  damper  is 
somewhat  more  pronounced.  The  apparent 
decrease  in  system  natural  frequency 
for  both  active  systems  is  evidenced 
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disturbance  is  given  in  Figurl  n  * 
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Figure  12 
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Figure  13 

Two  Degree  of  Freedom 
Active  Damper  Isolation  Syatem 


Hardware 

Implementation 


Figure  14 

Two  Degree  of  Freedom  Amplitude  Response 


The  active  damper  concept  requires 
a  controllable  force  generator  where  the 
force  is  derived  from  relative  velocity 
of  the  attachment  points.  The  device 
must  be  an  energy  dissipator  or  damper 
to  insure  that  external  power  need  not 
be  supplied  to  vary  its  coefficient. 

One  of  the  criteria  in  selecting 
an  appropriate  damping  mechanism  is  the 
ability  to  readily  control  its  damping 
properties.  Another,  is  the  availabil¬ 
ity  of  materials  and  components  for 
its  construction. 

Fluid  damping  is  a  prime  candidate 
on  both  counts.  A  great  deal  of  prior 
art  exists,  which  utilizes  throttled 
fluid  as  a  damping  mechanism.  This 
art  includes  shock  absorbers  for  ve¬ 
hicle  suspensions,  hydraulic  deceler- 
ators  and  similar  devices. 

The  addition  of  suitably  controlled 


valving  to  these  devices  provides  the 
essential  elements  of  the  active  dam¬ 
per. 

Figure  15  is  a  schematic  represen 
tation  of  an  active  damper  using  these 
elements.  A  piston  and  cylinder  with 
an  integral  accumulator  is  used  to 
generate  mechanical  force  from  hydrau¬ 
lic  pressure.  The  pressure  is  exter¬ 
nally  controllable  through  a  pair  of 
pressure  relief  valves  as  indicated. 
The  upper  valve  controls  damper  force 
in  tension.  The  lower  valve  regulates 
the  output  force  in  compression. 

To  illustrate  the  operation  of 
the  device,  assume  the  relative  velo¬ 
city  of  the  attachment  points  is  de¬ 
creasing  the  distance  between  them. 
This  tends  to  force  fluid  from  the 
lower  chamber,  through  the  external 
conduits  to  the  upper  chamber. 


E 


) 


Figure  15 

Electrohydraulic  Active  Damper  Schematic 


If  a  compression  force  is  comman¬ 
ded,  a  control  force  proportional  to 
the  desired  force  is  applied  externally 
to  the  stem  of  the  lower  poppet  valve. 
Zero  external  control  force  is  simul¬ 
taneously  applied  to  the  upper  poppet 
valve. 

The  weak  poppet  valve  spring, 
aided  by  the  increased  pressure  in  the 
lower  chamber  closes  the  upper  valve. 
The  lower  valve  opens  to  that  area 
such  that  the  pressure  drop  across  the 
valve  times  the  valve  area  equals  the 
external  command  force.  The  poppet 
valve  spring  rate  is  assumed  neglig¬ 
ible. 

Since  the  pressure  drop  across 
the  lower  valve  is  applied  acrossed 
the  piston,  the  output  force  is  pro¬ 
portional  to  the  applied  command  force . 
Specifically,  it  is  amplified  by  the 
ratio  of  piston  area  to  valve  area. 

For  constant  command  force,  the 
output  force  is  independent  of  the 
relative  velocity  of  the  end  points. 

If  this  velocity  increases,  the  poppet 
valve  assumes  that  area  required  to 
maintain  the  desired  pressure  drop. 

In  general,  the  command  force  will 
be  a  function  of  measured  system  vari¬ 
ables,  and  will  vary  accordingly  as 
a  function  of  time.  As  the  command 
force  is  modulated,  the  output  force 
will  follow  proportionally. 

If  a  tension  force  is  commanded, 
the  external  force  on  the  lower  valve 
is  made  zero  and  an  external  force  is 
applied  to  the  upper  valve.  With  the 
attachment  points  distance  decreasing. 


the  upper  valve  remains  closed.  The 
lower  valve  opens  fully,  producing 
essentially  zero  pressure  drop  and 
zero  output  force  from  the  damper. 

This  is  the  case  previously  dis¬ 
cussed,  where  the  damper  produces 
zero  output  force  if  the  commanded 
valve  is  opposite  to  that  attainable 
for  the  existing  relative  velocity. 

With  the  relative  velocity  of  the 
attachment  points  in  the  opposite 
direction  the  process  reverses.  In 
this  case,  the  lower  valve  remains 
closed.  The  upper  valve  controls  the 
output  force  when  tension  is  commanded. 
If  compression  is  commanded,  the  upper 
valve  opens  producing  essentially  zero 
output  force. 

If  the  relative  velocity  is  at 
any  time  insufficient  to  produce  the 
required  flow  to  achieve  the  commanded 
pressure  drop,  the  controlling  valve 
reaches  the  fully  closed  position. 

Then  both  valves  remain  closed  and  the 
lock  up  case  occurs.  Here  the  damper 
is  transmitting  the  maximum  possible 
force  which  is  less  than  that  commanded. 
At  that  time  when  the  damper  can  again 
achieve  the  commanded  force,  the  con¬ 
trolling  valve  re-opens  and  controls 
the  output  force. 

In  summary,  the  active  damper 
illustrated  in  Figure  15,  controls 
the  hro'ctling  of  fluid  produced  by 
restive  velocity  of  the  attachment 
points.  It  utilizes  small  forces  and 
displacements  of  the  poppet  valves  to 
control  the  amplified  forces  and  dis¬ 
placements  of  the  piston.  It  will 
produce  commanded  forces  in  tension  or 
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compression  if  possible.  If  the  rela¬ 
tive  velocity  is  in  the  wrong  direction, 
it  provides  essentially  zero  force. 

If  a  force  is  commanded  which  exceeds 
that  available,  it  locks  up,  providing 
maximum  available  force  for  that  in¬ 
terval  . 

Figure  16  illustrates  a  breadboard 
version  of  this  concept.  Here,  commer¬ 
cially  available  pressure  relief  valves 
are  used.  The  pressure  relief  setting 
of  these  valves  is  electrically  con¬ 
trollable  from  an  external  signal. 

They  produce  a  pressure  drop  propor¬ 
tional  to  the  applied  voltage,  as  il¬ 
lustrated.  Diode  networks  direct  the 
command  signal  to  the  proper  valve  to 
achieve  either  tension  or  compression 
forces . 

The  controller  accepts  measured 
system  variable  inputs  and  produces 
a  single  output  voltage  proportional 
to  desired  damper  force.  For  example, 
the  controller  could  consist  of  an 
adjustable  gain  for  the  isolated  mass 
velocity  signal.  This  was  one  of  the 
cases  investigated  analytically.  In 
general,  the  controller  would  consist 
of  gain,  summing  and  filter  elements 
operating  on  appropriately  selected 
system  variables. 

Although  the  active  damper  illus¬ 
trated  is  electrically  controlled,  in 
certain  cases  direct  hydromechanical 
control  is  possible.  For  example, 
a  spring,  mass  and  damper  could  be 
used  to  sense  isolated  mass  accelera¬ 
tion  or  velocity  and  directly  control 
pressure  relief  valves.  Fluid  con¬ 
nections  between  dampers  could  be 
utilized  with  appropriate  valvir.g  to 
control  pitch  and  roll  modes  directly. 
The  optimum  hardware  implementation 
is  of  course  dependent  on  the  specific 
application. 


APPLICATIONS 

The  active  damper  represents  a 
new  class  of  components  for  applica¬ 
tion  in  shock  and  vibration  isolation 
systems.  Utilization  of  devices  of 
this  type  can  provide  system  perfor¬ 
mance  intermediate  to  passive  and 
fully  active  systems.  Broad  applica¬ 
tion  catagories  include  vehicle  sus¬ 
pension,  vibration  and  shock  isola¬ 
tion,  impact  cushioning,  and  tuned 
absorbers. 


Vehicle  Suspension 


In  vehicle  suspension,  the  ac¬ 
tive  damper  can  be  used  in  parallel 
with  conventional  spicnging  to  attain 
increased  isolation  and  stability. 

For  example,  by  appropriate  use  of 
active  dampers,  significant  attenua¬ 
tion  of  vibration  and  shock  can  be 
attained  at  and  below  the  spring-mass 
natural  frequency.  As  demonstrated 
analytically,  this  improvement  can  be 
obtained  without  sacrificing  high 
frequency  performance.  Achieving 
increased  isolation  through  active  dam¬ 
pers  allows  the  designer  to  use  3tiffer 
springing,  which  increases  pitch  and 
roll  stability  and  minimizes  static 
deflection.  As  demonstrated  in  the 
two  degree  of  freedom  analyses,  in¬ 
dependent  control  of  bounce  and  pitch 
modes,  is  also  possible  with  active 
dampers. 


Suspension  systems  which  require 
multiple  feedback  loops  to  achieve 
the  required  performance  might  use  an 
electrohydraulic  active  damper.  Ve¬ 
hicle  velocities  and  accelerations  could 
be  measured  and  appropriately  filtered 
to  generate  the  command  signal. 


Suspensions  requiring  only  isol¬ 
ated  mass  vertical  velocity  or  accel¬ 
eration  feedback  could  utilize  a  self 
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contained  hydromechanical  active  dam¬ 
per.  This  type  of  device  would  be 
similar  to  a  conventional  damper  in 
external  configuration  and  installa  - 
tion. 


Vibration  and  Shock  Isolation 

Performance  benefits  attainable 
with  active  dampers  in  vibration  and 
shock  isolation  systems  are  similar  to 
those  described  under  vehicle  suspen¬ 
sions.  Increased  vertical  isolation 
and  independent  pitch  and  roll  control 
are  possible  by  using  active  dampers 
with  a  variety  of  spring  elements. 

Pitch  and  roll  control  of  self 
leveling  pneumatic  spring  isolation 
is  a  probable  application.  A  decrease 
in  apparent  natural  frequency  of  rub¬ 
ber  mounted  equipment  is  another  pro¬ 
bable  use  of  active  dampers. 

In  general,  vibration  and  shock 
isolation  systems  will  require  a  large 
range  in  active  damper  capacity.  Typ¬ 
ical  specific  applications  include 
isolation  of  precision  avionics  and 
reconnaissance  equipment,  operator 
seating,  helicopter  rotors,  and  larqe 
bases  and  platforms. 


Impact  Cushioning 


Since  the  active  damper  is  a  con¬ 
trollable  energy  dissipator,  it  should 
provide  a  high  degree  of  design  flex¬ 
ibility  in  impact  cushioning  systems. 
Current  hydraulic  decelerators  have 
predetermined  nonlinear  damping  ver¬ 
sus  stroke  characteristics.  This 
allows  for  uniform  deceleration  of  a 
known  mass  with  known  initial  velocity. 
Some  devices  are  manually  adjustable 
to  utilize  the  entire  stroke  and  there¬ 
by  minimize  deceleration  forces  for 
a  specific  mass  and  initial  velocity. 


The  active  damper,  being  exter¬ 
nally  controllable,  could  be  automat¬ 
ically  adjusted  to  minimize  decelera¬ 
tion  forces  where  the  mass  and  initial 
velocity  are  unknown.  This  feature 
could  be  highly  desirable  for  such 
application  as  dock  fendering  and 
material  handling.  The  use  of  the 
active  damper  in  impact  cushioning 
has  not  been  investigated  to  date. 


Absorbers 


The  active  damper  should  intro¬ 
duce  additional  flexibility  to  the 
design  of  tune 3  vibration  absorbers. 
By  connecting  the  active  dampers  in 
series  with  springs  attached  to  the 
absorber  mass,  it  should  be  pozsible 
to  automatically  vary  the  absorber 


resonance.  Since  the  active  damper 
includes  a  zero  force  and  lock  up  mode, 
as  well  as  the  controllable  force  mode, 
it  can  act  as  a  variable  stiffness 
linkage  to  control  the  effective  spring 
rate  of  the  absorber.  This  type  of 
application  has  not  been  investigated 
to  date. 


DISCUSSION 


Would  the  (yatn  be  confuaed  If  you  war*  dealing, 
for  example,  with  an  Input  coaprlaed  of  two 
predominate  frequenclea,  ona  vary  low  and  ona 
vary  high  with  roughly  160  dagraaa  of  aaparatlon. 
la  thla  automatically  takan  cara  of  or  would  It 
praaant  problama  for  tha  loolator? 

Mr.  Croabv;  Wa  did  aoma  atudlaa  with  two 
alna  wava  lnputa  and  tha  ayatam  waa  abla  to  taka 
cara  of  It.  I  think,  In  tha  limit,  tha  random 
axcltatlon  la  probably  tha  limiting  caaa.  If 
it  can  parform  undar  random,  it  ahould  ba  abla 
to  handla  any  multiplicity  of  alngla  alnuaoidal 
lnputa ■ 

Mr.  Ka«ur  (Radiation.  Inc.);  What  motlona 
ara  you  ancountarlng?  Looking  at  tha  plctura 
that  you  had  of  tha  llttla  laolator,  it  lookad 
aa  If  you  had  to  hava  qulta  a  bit  of  motion  In 
ordar  to  gat  any  amount  of  forca  to  work  with 
your  laolator. 

Mr.  Croabv:  In  tha  llnaar  caaa  It  waa 
lndapandant  of  tha  motion  and  wa  modalad  thla 
auch  that  during  tha  tlma  It  waa  turnad  on,  it 
waa  llnaar.  In  othar  worda,  It  waa  lndapandant 
of  tha  amplltuda.  Wa  didn’t  raally  gat  down 
to  worrying  about  making  an  orlflca-typa 
control  whara  you  gat  vary  amall  motlona,  ao 
that  If  you  ara  on  tha  low  part  of  tha  aquara 
law  curva,  you  ara  going  to  hava  low  forcaa 
out.  If  you'ra  going  to  daalgn  a  davlca  for 
vary  low  motlona,  you  might  go  to  a  vlacoua 
flow  and  control,  or  mayba  lta  an  electro* 
machanlcal  davlca  or  avan  a  controllable 
Coulomb  friction  davlca.  lhare'a  a  great 
deal  of  flexibility  In  tha  Implementation  of 
tha  bealc  concept.  I  think  you  hava  to  tailor 
tha  epeclflc  actuation  device  to  tha  problem. 

Ia  *t  large  or  email  motion.  What  kind  of  an 
environment  la  it  In?  You  would  hava  to  atudy 
thoaa  ceaaa  Individually, 


Mr,  Maaur  (Radiation.  Inc.1:  All  thoaa 
curvee  you  hava  ah own  ua,  ware  they  of  an 
actual  laolator  or  ware  they  Juat  aoma 
hypothetical  calculation  that  you  did? 

Mr.  Croabv:  In  thla  particular  caaa,  tha 
curva  that  wa  hava  ahown  ara  from  tha  nonlinear 
coeiputer  elmuletlon  atudlaa.  Wa  ara  In  tha 
procaaa  of  developing  aoma  breadboard  end 
prototype  electrohydreullc  devlcaa  and  ara 
hopeful  that,  at  tha  next  meeting  we  will  be 
abla  to  praaant  aoma  good  experimental  data. 


Wa  In  tha  Navy  have  bean  Intareatad  In  theae 
active  eyetema.  Juat  how  would  you  propoaa  to 
handla  your  phaaa  and  raaponaa  to  a  frequency 
and  amplltuda  that  you  ara  Intareatad  in 
bucking  out,  and  atlll  hava  your  aanaor  ba 
lanuna  to  all  othar  forma  of  vibration  that 
you  ara  not  Intareatad  In?  Ia  your  raaponaa 
tlma  feat  enough  with  thla  aarvo  ayatam? 

Mr.  Croabv:  Tha  hardware  that  wa  ara 
looking  at  right  now,  la  on  tha  order  of  15 
Ha  raaponaa,  that  la  with  the  electrohydreullc 
Implementation,  .f  you  go  to  emaller,  Ilka 
reconoalaenca  type  application  ,  you  might 
ba  able,  uelng  electromagnetic  divlcea, 
to  gat  thla  higher  raaponaa.  If  you  era 
dealing  with  vary  large  atructuraa,  auch  ea 
you  might  have  on  ahlpboerd,  you  might  be  down 
lower  then  that.  It  dependa  upon  tha  apaclflc 
Implementation.  In  terma  of  tha  ability  tu 
control  certain  frequenclea  end  rajact  other 
frequenclea,  you  can  uae  that  aema  electrical 
filtering  davlca.  You  could  uae,  with  a  cully 
active  ayatam,  an  electrically  controlled 
thing.  You  could  uae  filtering.  We  have  r.ot 
raally  lnveetlgeted  Che  uae  of  bend-paaa 
flltera  for  thla  device,  although  thla  ia 
aomethlng  we  ahould  lnvaatigate. 
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VIBRATION  CHARACTERISTICS  OF  SKIN" STRINGER  STRUCTURES 


J.  P.  Henderson 
Air  Force  Materials  Laboratory 
Wright-Patterson  AFB,  Ohio  45433 


Results  of  transfer  matrix  analysis  of  the  vibrations 
of  flat  and  curved  skin-stringer  structures  are  presented 
in  the  form  of  resonant  frequencies,  mode  shapes,  moment 
distributions,  and  the  forced  response  of  damped  structures. 
The  response  of  a  five  panel  laboratory  specimen  is  com¬ 
pared  with  a  56  panel  complete  structure,  and  theoretical 
predictions  for  the  response  of  flat  structures  are  compared 
with  experimental  data.  In  addition,  the  effects  of  cir¬ 
cular  curvature  on  the  resonant  frequencies  and  mode  shapes 
in  a  five  panel  structure  are  discussed.  _ 


INTRODUCTION 

One  of  the  most  commonly  used  types 
of  aircraft  construction  is  the  skin- 
stringer  structure.  A  typical  fuselage 
of  this  type  consists  of  a  thin  metal 
skin  stiffened  in  one  direction  by  heavy 
frames  and  by  lighter  stringers  normal 
to  the  frames.  In  recent  years  consid¬ 
erable  effort  has  been  applied  to 
analysis  of  both  the  forced  and  free 
vibration  of  this  type  of  structure. 

This  effort  has  been  prompted  by  con¬ 
cern  over  the  response  of  structures  to 
acoustic  excitation  and  the  resulting 
fatigue  problems,  as  well  as  interior 
noise  problems  caused  by  the  vibrating 
structure  acting  as  an  acoustic  source. 
Efforts  to  reduce  these  prcblems  through 
more  sophisticated  design  procedures 
and  the  efficient  utilization  of  damping 
materials  require  detailed  information 
on  the  frequencies  of  maximum  response 
and  the  distributions  of  the  dynamic 
strains  and  displacements. 

Several  recent  papers  have  discussed 
the  development  of  analytical  techniques 
for  predicting  vibration  response  of 
this  type  of  structure.  Most  recently, 
advances  in  the  application  of  transfer 
matrix  analysis  have  made  it  possible 
to  analytically  evaluate  the  effects  of 
circular  and  noncircular  curvature  in 
the  structure  [1,2,3],  stringer-width 
[4],  stringer  stretching  [2],  and  the 
effect  of  tuned  viscoelastic  dampers 


on  the  response  of  skin-stringer  struc¬ 
tures  [2]  . 

It  is  the  purpose  of  this  paper  to 
uiscuss  the  vibrational  characteristics 
of  skin-stringer  structure  predicted  by 
these  analytical  techniques  and  compare 
these  results  with  some  recent  experi¬ 
mental  measurements.  No  attempt  will 
be  made  to  present  the  detailed  mathe¬ 
matics  involved  in  transfer  matrix 
analysis,  since  discussions  of  this  type 
of  analysis  are  available  in  other  pub¬ 
lications  [1-5].  Instead  it  is  intended 
to  present  a  review  of  resonant  fre¬ 
quencies,  modes  shapes,  moment  distri¬ 
butions,  and  forced  frequency  response 
functions  that  can  be  expected  in  this 
type  of  structure. 

Validity  of  the  Analysis 

Although  the  details  of  the  analy¬ 
sis  will  not  be  presented  here,  it  is 
appropriate  to  review  the  assumptions 
of  transfer  matrix  analysis  and  to  dis¬ 
cuss  how  the  mathematical  model  relates 
to  real  aircraft  structures.  The  most 
important  assumption  in  this  type  of 
analysis  is  that  the  vibrational  charac¬ 
teristics  of  the  panels  in  a  complete 
structure  can  be  reasonably  predicted  by 
considering  rows  of  panels,  stiffened 
by  stringers,  and  supported  on  the  edges 
by  stiff  parallel  frames  which  are  ass¬ 
umed  to  act  as  simple  supports.  Althoucji 
such  a  row  of  panels  certainly  does  not 
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represent  all  the  properties  of  an  air¬ 
craft  fuselage,  there  is  experimental 
evidence  indicating  that  these  assump¬ 
tions  can  lead  to  quite  useful  engi- 
nsering  predictions  of  the  vibrations 
occuring  both  in  laboratory  specimens 
[6]  and  real  aircraft  structures  [7,  8], 
particularly  if  the  frames  are  spaced 
farther  apart  than  the  stringers. 
Applying  this  boundary  condition  assum¬ 
ption  and  assuming  that  the  steady 
state  motion  of  the  structure  varies 
harmonically  with  time,  the  displace¬ 
ments  and  forces  of  primary  interest 
can  be  expressed  as: 


displacement 
x  direction 


in  U“  ft  (s) cos 
n-ln 


nvx 

“F~ 


.lot 


displacement  in 
a  direction 


v-  (a) sin 
n*l 


nirx 

“TT 


int 


other  loaction,  s  ■  s^ 


displacement 
z  direction 


in  w«  U  (s) sin 
n-ln 


ntrx 

b 


ifit 


rotation  about 
x  axis 


n,_ ntrx  in< 


Figure  1.  Sign  Convention  for 
Curved  Panels. 


This  state  vector  of  displace¬ 
ments  and  forces  at  any  point  in  the 
shell  can  be  defined  for  a  given  fre¬ 
quency  0  as: 


bending  moment  Mg*  [  Mn(s)ain  eint 
n«l 


Kirchhoff  shearv  ^  (s)8in  ng*  .int 
sn-l  n  b 


dM 


where  V  =Q  + 


s  s  dx 


in-plane 

tension 

m  -T  h  t.\  nvx  iOt 

N  -l  N  (s) sin  e 

n=l  n 

and 

in-plane 

shear 

Nsx=  *Ak  (s>cos  TT  eiat  (1) 
n=l  n 

Figure  1  shows  tne  sign  convention  ass¬ 
igned  to  these  displacements  and  force:. 

The  transfer  matrix  analysis  of 
curved  structures  is  formulated  by  de¬ 
termining  the  relatiomihip  between  the 
state  vector  at  some  arbitrary  initial 
location  in  the  structure,  for  example 
s  ■  8  q ,  and  the  state  vector  at  any 


{ Zn  (s)  }  -  (r  (s)  ,*(s)  ,  «(s)  ,8  (s)  ,M(s)  , 

V(s),  Na(s),  N8x(s)}  n  (2) 


where  it  is  understood  that  the  {  } 

indicate  a  column  vector.  The  elements 
in  this  state  vector  are  complex  valued 
when  damping  is  present  in  the  structura 
A  non-dimensional  state  vector  can  also 
be  defined  as: 


{Zn(s>  } 


It  4  *  a  Mh2  Vh2 

jh'  h'  h'8  'D  '  D 


N  h2  \ 
sx  > 

D  In 


(3) 


where  the  functional  notation  indicating 
dependence  on  s  has  been  omitted  for 
simplicity,  but  is  still  implied.  No¬ 
menclature  is  defined  in  Table  1. 

Provided  that  there  are  no  exter¬ 
nally  applied  forces  between  sQ  and  s., 
the  basic  transfer  matrix  relationship 
is  of  the  form 

lZn(8l>)  -  I'Vo^n'Vl  (4> 
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where  . [T  ] _  is  an  8  by  8  transfer 
matrix 1whicn  has  a  unique  value  at  each 
frequency  n.  This  transfer  matrix  is 
the  chain  product  of  field  transfer 
matrices  [U  ) ,  representing  transfer 
across  a  shell  segment,  and  stringer 
tranfer  matrices  t?n) • 

Derivation  of  each  type  of  trans¬ 
fer  matrix  is  described  in  reference 
[2]  along  with  methods  of  formulating 
the  analysis  of  the  forced  vibration 
of  a  row  with  a  moderate  number  of 
curved  panels  and  with  arbitrary 
boundary  conditions  at  each  of  the  rows. 
Complete  shells,  with  a  large  number  of 
panels  arranged  in  a  periodic  manner 
have  been  analyzed  by  formulating  a 
difference  equation  relationship  from 
the  basic  transfer  matrices  (9) . 

Response  of  Segments  of  Structures 
Compared  with  Complete  Shells 

It  is  interesting  to  compare  the 
calculated  response  of  a  typical  labora¬ 
tory  specimen,  such  as  the  five  panel 
segment  of  curved  shell  shown  in  Figure 
2,  with  the  response  of  a  corresponding 
complete  shell  with  56  identical  panels 
as  shown  in  Figure  3.  The  calculated 
nondimen sional  displacement  response 
of  the  center  point  of  five  panel  seg¬ 
ment  is  shown  in  Figure  4,  for  the 
case  in  which  the  structure  is  excited 
by  a  harmonic  force  f  distributed  along 
a  line  in  the  middle  of  the  structure, 
where 

f(x,n)  -  F  sin  ^  eint  (5) 


,w  on**ciiciuwi*»« 


Figure  2.  Five  Span  Curved  Skin- 
Stringer  Laboratory 
Test  Specimen. 

Inherent  structural  damping  of  the 
riveted  structure  was  modeled  by 
assuming  complex  stiffness,  with  a  loss 
factor  n  *  .05,  in  the  stringer. 
Damping  in  the  panels  was  not  accounted 
for.  This  approach  seems  reasonable, 
since  most  of  the  inherent  structural 
damping  is  due  to  the  riveted  joints 
and  not  hysteresis  in  the  materials 
(.10,  11).  The  value  of  stringer  loss 
factor  was  selected  to  approximate 
typical  overall  damping  as  measured  in 
actual  structures  [4].  The  three 
response  peaks  correspond  to  symmetric 


modes  for  which  n  -  1  in  equation  (1) ; 
that  is, in  the  frequency  range  shown, 
there  is  no  response  in  modes  with 
node  lines  parallel  to  the  frames. 

Table  1 

DIMENSIONS  AND  PROPERTIES  OP  STRUCTURES 
used  In  calculations  presented  in  Figures  12-19 

Young' s  Modulus  E  ■  10.5*10®  Lb  in* 

Poisson’ s  ratio  V  ■  0.3 

distance  between  frames  b  •  14  in. 

skin  thickness  It  •  .050  in. 

1  71 

distance  between  stringers  I  ■  c»  6ii, 

stringer  tree  A  ■  .2200  in  * 

stringer  dim’  A2  ■  0.41 17 in. 

stringer  dim*  Ct  .  0.7912  in. 

mess  density  P  •  .101  388  Lb-sec*'in® 

STRINGER  MOMENTS  OF  INERTIA: 

transverse  Ip  *  3. 5831  x  10  *  in4 

in  plane  If;  .  3, 5433  *  10'*  in4 

polar  (mass)  •  2.6939  *  ID'5  limbc 

TORSION  CONSTANTS 

St.  Venant  C  •  4.2083  *  1C4  in4 

warping  Cwa .  1  1928  *  10'*  in® 

tle*ural  ng'dity  D  ■— illL 
12(1  V*) 

radius  of  curvature  a  •  as  speeded  (in.) 

•Refer  to[z]for  details 


Figure  3.  56  Span  Complete  Skin- 

Stringer  Structure. 
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Figure  4.  Frequency  Response  of 

Five  Span  Segment  (ref  1) 


Typically,  there  is  an  anti-symmetric 
.node  between  every  two  symmetric  modes 
but  those  do  not  appear  in  Figure  4 
due  to  symmetry  of  the  excitation. 

For  comparison,  the  response  of  a 
complete  ring  of  56  curved  panels, 
with  the  same  dimensions,  stringers, 
and  damping  as  used  in  the  five  panel 
segment,  has  been  calculated  by  Mc¬ 
Daniel  [1] .  The  response  in  the 
center  of  the  panel,  where  the  excitation 
is  applied,  is  chown  in  Figure  5. 


i  i _ i _ i _ i — j — i — i — i — i — i — i — i — 

I »! 'M »■' <  II  <•' 

Figure  5.  Frequency  Response  of  56 
Span  Complete  Structure 
([1]). 


The  question  naturally  arises  as  to 
whether  or  not  the  response  of  a  finite 
length  laboratory  specimen  is  represen¬ 
tative  of  the  complete,  fuselage-like, 
structure.  It  is  apparent  from  Figures 
4  and  5  that  the  modal  density  of  the 
response  of  the  complete  structure  is 
much  higher  than  found  in  the  finite 
length  specimen,  and  that  the  response 
peaks  to  a  given  excitation  are  higher 
in  the  smaller  structure.  Figures  6  and 
7  show  some  of  the  calculated  undamped 
normal  modes  and  normalized  moment  dis¬ 
tributions  for  each  structure.  Mode 
shapes  and  moment  distributions  excited 
in  the  smaller  structure  are  typical 
of  those  found  in  the  complete  structure 
These  typical  response  modes  are  useful 
in  testing  the  effectiveness  of  vibra¬ 


tion  damping  techniques. 

Comparison  of  Analytical  and  Experi¬ 
mental  Results 

Another  question  that  can  be 
raised  when  studying  the  results  of 
analytical  studies  is  whether  or  not 
the  analysis  predicts  behavior  typical 
of  real  structures.  Recently,  response 
calculated  by  transfer  matrix  analysis 
of  a  flat,  five  panel,  skin  stringer 
laboratory  specimen  was  compared  with 
the  results  of  carefully  conducted 
laboratory  measurements  [4].  Table  2 
shows  a  comparison  of  resonant  frequen¬ 
cies  predicted  analytically  for  the 
symmetric  modes  in  a  flat  structure 
and  those  measured  experimentally  in 
the  laboratory.  The  a.  alysis  used  to 
obtain  these  results  takes  into  account 
the  finite  width  of  the  stringer.  Other 
analysis,  employing  different  assump¬ 
tions  as  to  the  interaction  between  the 
stringer  and  skin  near  the  stringer, 
did  not  agree  as  well  with  experimental 
results  [4] . 

A  comparison  between  analytically 
predicted  and  experimentally  measured 
frequency  displacement  response  func¬ 
tions  is  shown  in  Figures  8-10.  The 
theoretical  response  curves  are  for  a 
unit  harmonic  force  applied  at  the 
center  point  of  the  structure.  In  the 
experiment  the  structure  was  excited  by 
a  small  electromagnetic  shaker  with  a 
very  light  moving  element  in  order  tojnot 
unduly  mass  load  the  structure.  Since 
the  excitation  force  could  not  be 
measured  without  mass-loading  the  struc¬ 
ture  in  these  experiments,  the  experi¬ 
mental  results  were  arbitrarily  normal¬ 
ized  for  comparison  with  the  theory. 

As  in  the  previous  example,  damping 
was  analytically  modeled  by  assuming 
complex  stiffness  in  the  stringer.  How¬ 
ever,  in  the  analytical  results  shown 
in  Figures  8-10,  damping  due  to  bending 
of  the  stringer  (nb=  0.1)  had  to  be 
made  three  times  as  large  as  the  damping 
due  to  torsion  of  the  stringer  (tk  = 
0.0333).  c 

While  these  particular  assumed 
loss  factors  in  bending  and  torsion 
were  chosen  in  an  attempt  to  approxi¬ 
mate  the  experimentally  measured  modal 
damping,  there  does  appear  to  be  some 
rational  explanation  for  the  stringers 
dissipating  more  energy  in  bending  than 
in  torsion.  In  investigations  of  the 
response  of  typical  aircraft  structures, 
Ungar  [10]  attributed  damping  in  a 
riveted  joint  to  be  primarily  due  to 
normal  movements  between  the  skin  and 
the  stringer,  which  would  be  predominant 
in  the  stringer  bending  mode.  In  addi- 


138 


tier,  Mead  [11]  has  pointed  out  that 
acouJtic  damping  of  structures  will  be 
higher  when  adjacent  panels  are  in 
phase.  An  increase  in  the  damping  of 
the  stringer  bending  modes  over  the 
stringer  torsion  modes  can  be  noted  in 
the  experimental  results  shown  in 
Figures  8-10. 
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about  25  for  the  third  symmetric  mode 
in  which  the  stringers  are  primarily 
bending. 


-  theory  p»nElS  1  •  5 
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Figure  8.  Comparison  of  Experimen¬ 
tally  and  Analytically  determined 
Frequency  Response  of  Panel  1  of 
a  Flat  Structure. 


Figure  6.  Free  Vibration  Normal 
Modes  and  Moment  Distributions 
for  Five  Span  Structure  (ref(l]). 
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Figure  7.  Free  Vibration  Normal 
Modes  and  Moment  Distributions  for 
56  Span  Complete  Structure  [ref  [1]). 

For  example  the  resonant  amplification 
factor  Q  measured  at  the  center  of 
panel  3  was  about  50  for  the  first  mode 
in  which  the  stringer  is  twisting  and 
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Figure  9.  Comparison  of  Experimen¬ 
tally  and  Analytically  Determined 
Frequency  Response  of  Panel  4  of 
a  Flat  Structure. 


However,  the  relative  importance  of 
these  modes  in  sonic  fatigue  consider¬ 
ations  can  vary  depending  on  the 
spatial  distribution  of  the  excitation. 
For  instance,  the  third  symmetric  mode 
might  be  more  efficiently  excited  by 
a  turbulent  boundary  layer  with  small 
values  of  scale  of  turbulence. 


in  Figures  2  thrc  jh  1^. 
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Figure  10.  Comparison  of  Experimen¬ 
tally  and  Analytically  Determined 
Frequency  Response  of  Panel  3  of 
a  Flat  Structure. 


Effects  of  Curvature 

Resonant  frequencies  in  typical 
fiat  skin-stringer  structures  have  been 
shown  by  Lin  [2,  12]  to  occur  in  peri¬ 
odically  spaced  frequency  bands.  The 
mode  shape  usually  associated  with  the 
lower  bound  of  the  first  frequency  band 
is  characterized  by  adjacent  panels 
vibrating  out  of  phase  with  each  other 
and  stringers  undergoing  primarily  tor¬ 
sional  displacements,  as  shown  for  the 
first  "stringer  twisting"  mode  in 
Figure  11.  The  mode  shapt  correspond¬ 
ing  to  the  upper  bound  of  the  first 
band,  called  the  "stringer  bending"  mode 
is  characterized  by  adjacent  panels 
vibrating  in  phase  and  the  stringers 
undergoing  primarily  bending  deformations. 
Mode  shapes  corresponding  to  the  lower 
and  upper  bounds  of  the  second  band, 
for  which  n  =  1,  are  likewise  charac¬ 
terized  by  stringer  twisting  and 
stringer  bending  as  shown  in  Figure  11. 
Other  bands,  having  additional  node 
lines  parallel  to  the  stringers,  are 
at  higher  frequencies.  For  structures 
consisting  of  a  large  number  of  panels 
there  were  a  large  number  of  resonant 
frequencies  in  each  band  and  the  fre¬ 
quency  response  of  the  structure  ex¬ 
hibited  "filter  band"  characteristics 
in  response  to  the  imposed  excitations. 
These  analytical  predictions  have  been 
confirmed  experimentally  [2]. 

Results  of  specific  numerical  cal¬ 
culations  of  the  effects  of  curvature  on 
the  distribution  of  undamped  resonant 
frequencies  and  normal  modes  are  shown 
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SECOND  STRINGER  TWISTING  MODE 


SECOND  STRINGER  TENDING  MODE 

Figure  11.  Limiting  Modes  (ref. [2]). 
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Figure  12.  Symmetric  Normal  Modes  Flat 
Structure,  n  =  1. 
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TABLE  2 


panels  in  each  structure 
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Figure  14.  Symmetric  Normal  Modes, 
a  =  150"  ,  n  =  1. 
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Figure  13.  Symmetric  Normal  Modes, 
a  =  115" .  n  =  1. 


The  particular  structures  investigated, 
which  have  the  dimensions  and  material 
properties  shown  in  Table  1,  representing 
laboratory  specimens  used  in  damping 
tests.All  structures  were  identical  ex¬ 
cept  for  radius  of  curvature  which 
ranged  from  infinity  (or  flat)  to  25". 
Each  structure  was  considered  to  have 
five  identical  panels  and  six  identical 
stringers.  Stringer  end  conditions 
were  assumed  at  the  ends  of  the  rows  of 


Figure  15.  Symmetric  Normal  Modes 
a  =  125" ,  n  =  1. 
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Although  only  the  first  five  symm¬ 
etric  normal  modes,  for  which  n  =  1,  are 
shown,  important  changes  in  the  dynamic 
oehavior  of  these  structures  can  be 
noted.  It  is  apparent  that  the 
stringer  twisting  mode,  which  is  the 
lowest  frequency  mode  considered  for  all 
structures,  is  only  slightly  affected 
by  increasing  curvature.  This  can  be 
explained  physically  by  realizing  that 
the  out-of-phase  motion  of  adjacent 
panels  tends  to  cancel  out  membrane  de¬ 
formations  and  forces  in  the  curved 
structures.  On  the  other  hand,  the 
stringer  bending  mode,  which  is  the 
third  symmetric  mode  in  the  flat  struc¬ 
ture,  has  ell  panels  vibrating  in  phase 
and  is  associated  with  high  membrane 
deformations  and  forces  in  curved  struc¬ 
tures.  This  is  manifested  in  the  rapid 
rise  in  resonant  frequency  with  slight 
increases  in  curvature,  and  the  gradual 
change  in  mode  shape  to  a  mode  with  node 
lines  parallel  to  the  stringers.  The 
well  defined,  periodically  spaced,  fre¬ 
quency  bands  observed  in  flat  structures 
appear  to  spread  out  and  lose  their  sig¬ 
nificance  as  curvature  increases.  Re¬ 
sonant  frequencies  for  these  structures 
are  tabulated  in  Table  2. 

It  is  interesting  to  note  that  the 
resonant  frequencies  tabulated  in  Table 
2  exhibit  what,  at  first  sight,  appears 
to  be  peculiar  behavior.  Note  that 
the  calculated  resonant  frequencies  of 
some  of  the  modes  appear  to  decrease 
slightly  for  small  increases  in  curva¬ 
ture  in  the  nearly  flat  panels.  At 
first  the  author  thought  this  was  an 
error  in  the  analysis  and  spent  many 
hours  looking  for  a  sign  error  in  a  small 
term  in  the  analysis  or  in  the  computer 
program.  Although  the  possibility  of 
such  an  error  still  exists,  it  appears 
that  this  behavior  is  due  to  coupling 
between  the  membrane  forces  and  the 
bending  forces  in  the  flat  plate.  The 
analysis  used  is  based  on  eighth  order 
shell  theory  and  of  course  considers 
both  bending  and  in-plane  forces  and  dis¬ 
placements.  Normally,  in  a  flat  panel, 
the  in-plane  effects  are  decoupled  from 
the  bending  effects.  However,  in  these 
skin-stringer  structures, the  stringer, 
which  is  attached  to  the  panel  at  a 
point  different  from  its  shear  center  or 
centroid,  couples  the  in-plane  and  bend¬ 
ing  effects  even  in  the  flat  case.  If 
the  terms  in  the  stringer  transfer  matrix 
representing  this  coupling  are  removed 
the  resonant  frequencies  monotonically 
increase  with  an  increase  in  curvature. 
The  small  increases  in  resonant  fre¬ 
quencies  in  the  flat  cases  are  accom¬ 
panied  by  increases  in  the  in-plane 
forces  in  the  panel.  Apparently  this 
behavior  reflects  the  great  in-plane 
stiffness  of  a  flat  structure.  These 


small  changes  in  resonant  frequency 
are  not  significant  from  an  engineering 
standpoint  since  they  are  about  1%  of 
the  resonant  frequency,  and  it  would 
be  very  difficult  to  experimentally 
confirm  this  behavior  since  the  diff¬ 
erences  in  frequency  are  less  than  the 
typical  specimen  to  specimen  deviations 
in  this  type  of  structure. 


SUMMARY 


Some  results  of  transfer  matrix 
analysis  of  the  vibration  characteris¬ 
tics  of  typical  skin-stringer  structures 
have  been  presented  in  this  paper.  It 
has  been  shown  that  investigations  of 
five  panel  laboratory  specimens  can 
produce  useful  information  on  typical 
modes  and  frequencies  but  will  not  re¬ 
produce  the  modal  densities  of  larger 
structures.  Furthermore,  it  has  been 
denonstrated  that  transfer  matrix 
analysis  can  reasonably  predict  the 
resonant  frequencies  and  damped  response 
of  typical  specimens  if  the  finite 
width  of  the  stringer  is  considered  and 
the  damping  in  the  stringer  terms  is 
carefully  chosen.  Increasing  the 
curvature  in  this  type  of  structure  has 
been  shown  to  result  in  a  gradual 
change  of  mode  shapes  and  resonant  fre¬ 
quencies  until  eventually  the  well  de¬ 
fined  frequency  bands,  characteristic 
of  flat  structures,  lose  their  signifi¬ 
cance.  Hopefully,  the  paper  has  given 
the  reader  a  better  physical  under¬ 
standing  of  the  types  of  response  be¬ 
havior  present  in  skin-stringer  struc¬ 
tures,  and  more  specifically  the  effects 
of  curvature  and  other  structural  para¬ 
meters  on  these  phenomena.  The  analyti¬ 
cal  techniques  discussed  can  be  further 
applied  to  such  problems  as  that  of 
designing  efficient  deunping  treatments 
for  use  in  skin-stringer  structures. 
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DISCUSSION 

Mr,  O'Leary  (Botins  Vertol):  Is  this  trans¬ 
fer  matrix  technique  like  s  Myklested  sssoclstsd 
matrix  or  la  it  Ilka  a  finite  element  epproech? 
Cen  you  aey  In  e  couple  of  words? 

Mr.  Henderson:  The  transfer  matrix  tech¬ 
nique  la  a  technique  In  which  you  define  e 
state  vector.  In  the  case  of  the  curved  struc¬ 
ture,  there  are  four  displacements  end  four 
forces.  If  you  know  tha  state  vector  at  the 
edge  of  one  panel,  you  define  whet  It  would  be 
at  the  other  edge  of  tha  panel.  You  cen  work 
serosa  panels  end  stringers  In  this  manner. 

It  does  Include  distributed  mass  end  distributed 
stiffness.  Now,  soma  of  the  oerly  transfer 
matrix  techniques  used  e  Myklested  type  of 
epproech  where  they  lumped  mess  along  lines 
end  so  forth.  This  particular  epproech  Is  e 
distributed  mass  epproech  end  It  Is  not  directly 
related  to  s  finite  element  technique.  It 
requires  less  computer  time  then  e  finite 
element  approach  would. 

Laarv :  How  effective  ere  the  bound¬ 
ary  conditions  on  e  particular  pert  you  ere 
Investigating?  If  you  take  e  portion  out  of  e 
wing  or  e  fuselage,  obviously  the  boundary 
conditions  of  that  edge  where  you  assumed  the 
state  vector  have  some  influence  on  the  fre¬ 
quencies. 

Mr.  Hsnderson:  You  can  put  arbitrary 
boundary  conditions  on  the  edges  of  the  panels. 
Tha  ons  overriding  restriction  In  the  analysis 
Is  the  feet  that  you  have  to  make  It  e  one 
dimensional  analysis  end  you  have  to  have  the 
simple  supports  on  the  frames.  As  a  matter  of 
feet.  It  Is  very  convenient  In  e  transfer 
matrix  analysis  to  put  slestlc  boundary 
conditions  In  the  ends  of  your  panels.  Say 
you  have  e  stringer  at  the  end  of  your  panel, 
you  just  put  a  transfer  matrls  across  thst 
strlngsr.  It  Is  very  easy  to  Incorporate 
different  boundary  conditions  at  the  ends  of 
the  panels  usin'*  ths  transfer  matrix  technique. 
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MATERIALS  FOR  VIBRATION  CONTROL  IN  ENGINEERING 


A.  D.  Nashif 


University  of  Dayton 
Dayton,  Ohio 


Design  data  on  the  damping  properties  of  a  number  of  materials 
have  been  measured  and  are  presented  as  functions  of  both  temperature 
and  frequency.  The  selected  materials  are  typical  of  those  which  can 
be  utilized  collectively  to  reduce  vibrational  amplitudes  and  noise 
levels  in  resonating  structural  systems  over  an  extremely  wide  temper¬ 
ature  range  typically  from  -200®F  to  2000®F. 


INTRODUCTION 

Many  of  the  resonant  noise  and  vib¬ 
ration  problems  which  severely  affect 
present  day  technology  and  which  have 
not  all  be  resolved  by  means  of  con¬ 
ventional  vibration  and  noise  control 
techniques,  are  highly  amenable  to  re¬ 
solution  by  proper  use  of  materials 
which  dissipate  large  amounts  of  energy 
under  cyclic  strain  deformation.  It  is 
clear  that  future  application  of  this 
vibration  control  technology,  utilizing 
damping  materials,  depends  critically  on 
the  existence  of  a  highly  sophisticated 
and  broad  data  base  concerning  the 
damping  properties  of  materials  having 
high  damping  capability  at  various  point* 
in  the  temperature  range  -200®F  to  +2000 
®F.  This  wide  temperature  range  arises 
because  practical  vibration  and  noise 
problems  can  occur  under  widely  varying 
environmental  conditions,  ranging  from 
deep  space  at  temperatures  as  low  as 
-200®F,  through  general  industrial  vib¬ 
ration  problems,  which  occur  near  room 
temperature,  as  in  appliances,  through 
problems  associated  with  internal  com¬ 
bustion  engines  and  transmissions  at 
temperatures  around  200*F  to  300®F,  to 
problems  associated  with  engine  exhaust 
systems  and  gas  turbines  at  temperatures 
up  to  2000°F.  What  is  even  more  remark¬ 
able  than  the  width  of  this  temperature 
range,  however,  is  the  variety  of  mater¬ 
ials  avai'-ble  for  use  within  it,  inclu¬ 
ding  elastomers  between  -200®F  and  +500 
°F ,  plastics  from  +200®F  to  400®F  or  so, 
and  enamels  between  +600®F  and  +2000®F. 
The  reason  for  establishing  data  for  a 
variety  of  different  materials,  to  cover 
such  an  extremely  wide  temperature  range, 
is  the  fact  that  good  damping  materials 
exhibit  high  damping  Properties  only  in 
a  relatively  narrow  temperature  range, 


known  as  the  transition  region  which  is 
illustrated  in  Figure  1. 


GLASSY  "E'!ION|Jj*g*'TlON  |  RUBBERY  REGION 


TEMPERATURE 

Figure  1.  Variation  of  the  proper¬ 
ties  of  a  typical  damping  material 
with  temperature. 

This  paper,  therefore,  will  outline 
and  quantify  the  damping  behavior  of 
some  typical  materials,  which  have  been 
evaluated  up  to  the  present  time  for 
damping  applications  in  the  above  tem¬ 
perature  ranges,  including  elastomers, 
plastics,  and  enamels.  This  data  will 
be  the  first  step  toward  providing  the 
designer  with  information  needed  for 
practical  application  of  damping  to  real 
problems  in  the  future. 

MEASUREMENT  TECHNIQUES 

Vibrating  beam  tests  were  conducted 
to  obtain  the  damping  properties  pre¬ 
sented  in  tuls  paper,  because  such  tests 
can  provide  reliable  damping  data  over 
wide  temperature  and  frequency  ranges. 
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The  damping  material  was  either  coated 
on  a  metal  beam  or  sandwiched  between 
two  metal  beams,  as  shown  in  Figure  2. 
Externally  coated  beam  specimens  were 

nfe?^meaSUre  the  damPin9  Properties 
of  stiff  materials,  where  the  real  part 

?n3Y?Un?J  raodulus  ranged  in  value  from 
10  to  10  psi,  while  the  sandwiched 
beam  specimens  were  used  for  relatively 
soft  materials  with  Young's  moduli  under 

Ihe  damPin9  properties  were 
computed  from  the  results  of  tests 
conducted  on  both  damped  and  undamped 
beams  as  follows,  using  the  procedures 
described  for  data  reduction. 


/n 
'  ‘r 


r±fB  B 


Oberst  bean-  sjrecimer, 


'bl  Modified  Obrr at  h.'»*  apecn 


fc)  Sandwiched  beam  specimen 

Figure  2.  Beam  Specimens 

Coated  Beam  Tests 

This  technique  was  developed  by 
[1]  ,f°r  measuring  the  extensional 
m°d?1Vs  Properties  of  materials. 
The  material  is  coated  on  one  side  of 

s..hWfma  ?nd  the  comP°site  beam  is  then 
t°  a  sinusoidal  force  of  fixed 
amplitude  by  means  of  a  driver  and  the 
obtained  by  means  of  a  pickup 
transducer,  as  illustrated  in  Figure  3. 

hnnh  .  j  Fe?P°nse  spectra  of  the  beam, 
both  odal  frequency  and  half-power 
bandwidth  can  be  measured  for  each  mode 
of  vibration.  The  loss  factor  -,n  and 
e  ref1  Part  of  Young's  modulusEn  of 
the  material  can  then  be  calculated  by 
using  the  following  equations: 

(<Jn/uln)2(1+hr°r)  = 

1+2  E  h  (2+3h  +2h2)  +  E2h4 
- ±— £. _ £ _ r  r  r  , 

1  +  E  h 
r  r 


E  h  (3+  6h  4  4h2+  2E  h3+  E2h4) 
—  *  r  r  r  r  r 


(1  +  E 


rhr)(l+  4Erhr+  6Erh2+  4Erhr3+  E2h4) 
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Figure  3.  Schematic  diagram  of  ex¬ 
perimental  beam  setup. 

A  modification  of  this  technique 
[2],  designed  to  simplify  the  data  re- 
duction  and  get  a  good  understanding 
®r5or  magnification  factors,  is 
obtained  by  coating  the  beam  on  both 
sides  with  the  damping  material.  The 

Sst«I,eq",U°"5  for  >“h  ‘ric 


[( (U  / 


n'Sn*  <1+2hrPf)  -HE, 

8h3  +  12h2  7  6h  'and 

r  r  r 


nD/n  =  1  + 


(8hr  +  I2h2  +  6hf)  Ed 


Sandwiched  Beam  Tests 

?y  th1*  technique,  the  material  is 
sandwiched  between  two  identical  metal 
beams  and  tests  are  conducted  in  a 
similar  way  to  the  coated  beam  tests. 

The  equation  used  for  this  technique  arc 
sed  upon  those  developed  by  Ross, 
Kerwin  and  Ungar  [3]  for  a  three- layer 
damped  system  and  modified  for  a  simple 
symmetric  sandwiched  beam  [4,5].  An 
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iteration  process  is  r.eeceu  to  compute 
tne  damping  properties  of  materials  by 
these  equations  because  they  are  cou¬ 
pled.  An  •  ally  attempt  has  bee::  race 
[ 6 1  tc  uncouple  those  equations  n:  tatter 
to  eimpl  if y  tr,e  data  reduction.  Anotiicr 
simpler  forrti  of  these  uncoupled  equa¬ 
tions  is  pm  sented  here: 

.  _  'A-u'  -  -le-E’"  -  2  A'  )' 

D  (1-2A  +  2B>  2  +  4  (A-  !  1 


V  >  *j 

i  T  D 


A-B-2 (A-B) 2  -  2  (A') 2 


where: 

A  -  !  nAJnl2(2+.rhrKB/.M  and 

B  =  1 

b  ( 1 thf )  ‘ 

Data  Reduction 

It  should  be  noted  that  all  rbe 
above  equations  contain  etms  that  an. 
essentially  functions  of  small  differ¬ 
ences  between  large  numbers,  which  may- 
lead  to  large  error  magnifications  [1, 

2,  6).  A  number  of  different  beam  geo¬ 
metries  were  used  for  each  material  in 
order  to  overcome  this  difficulty.  Tne 
experimental  setup  illustrated  ir.  !'n- 
ute  3  was  used  for  measuring  the  burp¬ 
ing  properties  of  materials  up  to  _•  0 0 0 r  . 
Above  this  temperature,  the  specimen 
was  placed.  ’’  :  l  !  i  .  -n  '  .  t  or 

s.'idher  a: it.  .  hi  :  e:  rn  iht-  u.-v  y. 

properties  oi  the  ma‘  cm,  wvr;  the:- 
obtained  by  measuring  the  drivirg  t<oinu 
force  and  ac .•  •  1  eratior. . 

For  a 1 1  materials,  and  for  each 

"■v}  ■  f  /-  •  r  '.  on,  t -.e  free;  :<.ncy  and  the 
i",ss  ■  *f  -  i-  ty,  ,.  ir,  i  o  •■>£.”  •  err 

i-:  1  ret  ,.r  :  T; 

•  :  i  r  y  t: ,  i  “  r  .  ‘  :  ua  w:*  •'  •  o  . 

.. 'l  y  7  .H  S  •  c.1  I  biiO 

LTi.'/'ji.itr  ons  ah.-ovv,  tre  1*0  ■  • 

part  of  the  modulus,  ana  the  o*;s  fac¬ 
tor,  of  each  j.atrri.il  were  c'n-n  calcu- 
lited  and  cross-pl-  *  •  ,j  ,g.ii'  :t.  f  eyve- 
ncy  at  a  *ru:. r  or  ..  ‘  <v.u  !••••• 

a1,  'ocular  i  -  -  'v.i..  — .  It  •  i  n  .  vs  i. 
to  Ihrouuh  cl. js  s-ixm  v:h-r  t  to .1  >uu  pro¬ 
cedure  b-jeau.-u  •'a.rpi  ."ut.jr  i  *. '  r  ar  '• 


frequency  and  temperature  sensitive. 

All  experimentally  determined  values  of 
the  real  part  of  the  modulus  and  the 
. ss  factor  were  then  plotted  on  one 
master  graph  for  each  material  by  using 
the  temperature-frequency  superposition 
principle  [7).  These  master  graphs 
were  then  used,  to  plot  the  damping  pro¬ 
perties  of  each  material  in  a  usable 
for'  ,  a.-  shown  in  Figures  1  to  11. 

o' SCt?S  SI  ON 

Although  many  materials  have  good 
damp  .  :.g  capabilities  m  t...e  large  from 
-it  'p  »t  20Ci  f  .  only  fo;:  materials 
wore  se'-cted  for  this  paper  because 
they  are  typical  oi  what  is  available  for 
four  important  temperature  ranges  cov¬ 
ering  "low",  "room",  "medium  high",  and 
"high  temperatures"  . 

Figures  4  and  a  represent  the  real 
part  of  Yeung's  modulus  and  the  loss 
lactor,  respectively,  of  a  natural 
rubber  [8]  as  a  function  of  both  fre¬ 
quency  and  temperature.  This  material 
is  typical  of  many  elastomers  such  as 
silicones,  butyl,  and  acrylonitrile- 
butadiene  rubber,  which  have  high  damp¬ 
ing  capabilities  in  the  range  from 
-20i'F  tu  about  jiTF.  Such  a  capability 
■lakes  these  materials  very  effective 
when  utilized  in  "onstrti.wd  or  sand¬ 
wich  treatments  near  then  transition 
region  because  of  the  extremely  high 
loss  factor,  as  car.  be  seen  in  rigure  5. 
Ir.  addition,  these  materials  are  very 
useful  us  links  for  tuned  damping  de¬ 
vices  when  they  are  utilized  in  their 
rubbery  region  because,  of  the  small 
variation  of  the  modulus  values  with 
temDerature,  as  can  be  seen  in  Figure  4. 

i  he  second  material  e.-atunced  was 
3M- 4 1 7  adhesive  [9]  which  is  typical  of 
many  pressure  s>  nsitive  transfer  adhe¬ 
sives  that  have  •?  i  r  optimum  damping  in 
'or.  r.  :?■  :  'er  i  .t 

if  m  ‘i  *  'as  its 

v-titimuir.  damping,  0«  Figures  b  anu  7, 
ar  room  temperature.  This  makes  it  app- 
1 .cable  tor  many  industrial  vibration 
and  noise  problems,  when  utilized  in  a 
shear  configuration. 
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lications  such  as  in  exhaust  systems, 
engine  housings  and  after-burners,  vi¬ 
treous  enamels  can  provide  high  damping 
capabilities  up  to  2000°/-'. 


TEMPERATURE  (V) 


figure  4.  Variations  cf  the  reai 
part  of  Young's  modulus  with  tempera¬ 
ture  and  frequency  for  Natural  Rubber. 


TEMPERATURE  !°F) 


Figure  5.  Variations  of  the  loss 
facto i  with  temperature  and  fre¬ 
quency  for  Natural  Riivbcr. 


TEMPERATURE  (f ) 


F'qure  6.  Variations  of  the  real 
part  of  shear  modulus  with  temperature 
and  frequency  for  3M-467  adhesive. 
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Figure  7.  Variations  of  the  loss 
factor  wit.M  t  tr  r  eroture  and  frequency 
for  3K-467  adhesive. 
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uSS  f?ctor<  as  can  be  seen  from 
the  above  figures,  it  can  also  be  seen 

from  fhpcn  fi  u  ^  i.  .  , 

auui  d  material 

can  provide  good  damping  over  a  wide 

b^Towr?t=rf .rangc'  which  is  usually  well 
below  its  firing  temperature. 
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Figure  8.  Variations  of  the  part  of 
sliear  modulus  with  temperature  and 
frequency  for  High  Impact  Resistant 
Polystyrene  Plastic. 
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Figure  10.  Variations  of  the  real 
part  of  Young's  Modulus  with  tempera¬ 
ture  and  frequency  for  Chicago  Vit¬ 
reous  Enamel  ^325 
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Figure  9.  Variations  of  the  los~ 
factcr  with  temperature  for  High  Im¬ 
pact  Resistant  Polystyrene  Plasti- 

Resuits  for  a  typical  example  of  one  of 
these  enamels  are  shown  in  Figure  10 
and  11  [11] .  Such  materials  can  be 
utilized  in  a  free  layer  damping  confi¬ 
guration  because  of  their  high  modulus 
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Figure  11.  Variations  of  the  los=- 
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CONCLUSIONS  AND  RECOMMENDATIONS 


Examples  of  damping  materials 
which  collectively  cover  a  temperature 
range  from  -200°F  to  2000“F  have  been 
discussed  in  this  paper  along  with  com¬ 
plex  modulus  data  to  enable  designers 
to  utilize  such  materials  for  resonant 
vibration  and  noise  problems.  However, 
at  the  present  time,  there  is  no  know¬ 
ledge  of  good  damping  materials  in  a 
small  region  within  this  extremely  wide 
temperature  range.  This  is  the  region 
between  400°F  and  600°F,  where  most 
elastomeric  damping  materials  leave  off 
and  enamel  damping  materials  take  over. 
Future  work  is  needed  in  this  area  to 
evaluate  and/or  develop  new  damping 
materials  for  this  gap.  Possibly  low 
melting  temperature  glasses  might  be 
an  answer. 


ACKNOWLEDGEMENTS 


The  author  would  like  to  express 
his  appreciation  to  his  colleagues  at 
the  Air  Force  Materials  Laboratory  for 
their  many  helpful  discussions,  to  S. 
Askins  for  his  assistance  with  the 
instrumentation,  to  G.  Buchhalter  for 
his  assistance  with  the  experimental 
program,  and  to  Debbie  Gochoel  for 
typing  the  manuscript.  This  work  was 
sponsored  by  the  U.S.  Air  Force  under 
Contract  No.  F33-615-70-C-1337 . 


REFERENCFS 


1.  Oberst,  H.  and  Frankenfeld,  K.  "Uber 
die  Dampfung  dunner  Bleche  durch 
festhaltende  Belage" ,  Acustica,  1952 
Vol.  2,  pp.  181-194,  (1954) . 

i.  Nashif,  A. D .  "New  Method  for  Deter¬ 
mining  Damping  Properties  of  Vis¬ 
coelastic  Materials” ,  Shock  and  Vib¬ 
ration  Bulletin  36,  Part  4,  pp.  37- 
47,  (1967). 

3.  Ross,  D.,  Kerwin  Jr.  E.M.,  and  Ungar 
E.E.,  Damping  of  Plate  Flexural  Vib¬ 
rations  by  Means  of  Viscoelastic  Lam¬ 
inae'1  ,  Structural  Damping,  J.E. 
Ruzicka,  Ed.,  ASME ,  New  York  (1959). 

4.  Braunisch,  H.  " Schwingungsgedampf te 
dreischichtige  Verbundsysteme" , 
Acustica,  Vol.  22,  pp.  136-144, 
(1969/70) . 

5.  Roscoe,  A.S.  Ill,  Thomas,  E.V.,  and 
Blasingame,  W. ,  "Measurements  of 
Complex  Shear  Modulus  of  Viscoelastic 
Materials  by  Mechanical  Impedance 


Methoas" ,  Shock  and  Vibration  Bulle¬ 
tin  35,  Part  7,  pp.  267-274,(1966). 

6.  Abdulhadi,  F.  "Determination  of 
Damping  Properties  of  Soft  Viscoel¬ 
astic  Materials",  Shock  and  Vibra¬ 
tion  Bulletin  41,  Part  2,  pp.  133— 
139,  (1970). 

7.  Ferry,  S.D.,  Viscoelastic  Properties 
of  Polymers,  New  York,  John  Wiley 
and  Sons  Inc.  (1961). 

8.  Manufactured  by  Lord  Manufacturing 
Co. ,  Erie  Pa. 

9.  Manufactured  by  3M-Co.,  St.  Paul, 
Minn. 

ID.  Manufactured  by  Impact  Plastic  Co., 
New  Jersey. 

11.  Manufactured  by  Chicago  Vitreous 
Co.,  Chicago,  Ill. 


SYMBOLS 


a  Characteristic  number  of  the  nth 
n  mode 

E^  Young's  modulus  of  metal  beam 
ED  Young's  modulus  of  damping  material 


Gp  Shear  modulus  of  damping  material 
h^  Thickness  of  metal  beam 

hD  Thickness  of  damping  material 

hr  hD/hl 

£  Length  of  beam 

n  Loss  factor  of  composite  beam 

nD  Less  factor  of  damping  material 

Density  of  metal  beam 

PD  Density  of  damping  material 

u  Natural  frequency  of  nth  mode  of 
composite  beam 

(i).  Natural  frequency  of  nth  mode  of 
n  metal  beam 
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DISCUSSION 


Mr.  Platus  (Mechanics  Research) :  Did  you 
consider  ir.  looKing  at  the  temperatures,  the 
temperature  rise  due  to  energy  dissipation  in 
the  damping  materials  themselves?  How  do  you 
control  temperatures?  Is  this  a  problem? 

Mr.  Nashif:  In  this  particular  measuring 
technique  it  is  not  a  problem,  because  in  all 
vibrating  beam  techniques  you  have  to  keep  it 
at  low  force  input  so  you  can  stay  in  the  linear 
rai.ge  of  the  material.  In  that  linear  range 
there  is  very  little  heat  dissipated.  If  we 
were  using  a  different  technique,  like  a  reso¬ 
nance  technique  or  an  impedance  technique  and 
trying  to  put  high  strain  into  the  material, 
then  we  have  to  control  temperature  and  that 
gets  to  be  a  problem.  When  using  tuned  dampers 
with  large  deformations,  you  have  to  consider 
it  in  designing  the  dampers  so  you  can  tune  it 
for  the  right  temperature  range  with  considera¬ 
tion  of  heat  build-up. 

Mr.  Platus:  Have  you  determined  fatigue 
properties  for  any  of  these  materials  or  does 
it  become  a  problem 

Mr.  Nashif:  No,  we  have  not  determined  the 
fatigue  life  of  these  materials.  In  our  appli¬ 
cations  we  haven't  had  any  problem. 


Mr.  Forkols  (Naval  Research  Laboratory) : 
There  are  problems  of  fatigue,  then  internal 
friction  which  under  resonant  conditions  can 
destroy  the  material,  parti'.ularly  a  low  modulus 
material  like  solid  polyurethane.  Wc  also  hay* 


the  problem  of  creep  with  other  materials.  Have 
you  considered  this  in  some  of  your  analyses? 


Mr.  Nashif:  As  a  matter  of  fact  we  did  go 
through  that.  On  our  first  application  of  a 
tuned  dan  per,  we  made  the  tuned  damper  and 
didn't  pay  much  attention  to  the  tensil  strength 
of  the  material.  It  came  apart  in  two  seconds. 

At  that  time  we  had  to  go  back  and  find  nother 
material  with  much  higher  tensil  strengta  which 
still  wasn't  good  enough  until  we  added  quite  a 
bit  of  carbon  black  filler.  This  increased  the 
tensil  strength  enough  so  it  would  withstand  the 
environment.  That  is  why  I  mentioned  that,  for 
tuned  damping  devices,  you  have  to  restrict  your¬ 
self  to  silicone  materials,  natural  rubber,  butyl 
rubber  and  rubbers  which  have  a  much  higher  ten¬ 
sil  strength. 


Mr.  Forkols:  I  do  know  that  Internal 
friction  can  raise  the  temperature  quite  high. 

I  Imbedded  thermocouples  inside  the  rubber  ma¬ 
terial  and  got  excessive  temperature  rises. 

Have  you  done  this  too? 

Mr.  Nashif:  We  have  done  some  work  on 
that,  because  whenever  we  apply  these  damping 
materials  for  tuned  dampers,  we  have  to  worry 
about  the  effect  of  the  strain  on  the  changes 
in  the  modulus  and  the  loss  factor.  This  be¬ 
comes  very  difficult  because  of  high  strain. 

Your  material  is  changing  because  of  the  strain 
effect  and  also  the  temperatures  building  up 
quite  rapidly.  You  have  two  effects  simultane¬ 
ously.  We  have  some  data  on  that,  but  not  very 
much. 

Mr,  Henderson  (Materials  Lai-  WPAFB) :  This 
conment  is  relative  to  the  last  :wo  questions. 

We  have  conducted  fatigue  lnves.lgatlons  on  aome 
of  these  materials,  specifically  the  pressure 
sensitive  materials.  Some  of  the  work  done  by 
Whittier  years  ago  at  the  University  of  Minne¬ 
sota  does  indicate  that  you  car.  take  these  ma¬ 
terials  to  very  high  strains.  1  think  he  went 
up  to  10  million  cycles  with  no  indications  of 
fatigue  damage.  The  other  thing  to  keep  in  mind 
on  typical  surface  treatments  chat  he  is  talking 
about  here  is  that  our  viscoelastic-elastic  lay¬ 
ers  are  often  about  0.002  inches  thick  and  they 
are  on  a  metal  structure.  We  do  not  get  heat 
buildup  in  the  viscoelastic  layer,  because  the 
metal  structure  dissipates  that  heat  very  rapid- 
lv. 


151 


VISCOELASTIC  EPOXY  SHEAR  DAMPING  CHARACTERISTICS 


C.  V.  Stahle,  A.  T.  Tweedle,  and  T.  M.  Gresko 
General  Electric  Company,  Space  Division 
Valley  Forge,  Pennsylvania 


An  experimental  study  evaluating  the  shear  damping  characteristics  of  a 
number  of  viscoelastic  epoxy  compounds  Is  presented.  The  basic  epoxy  com¬ 
pound  (SMRD  100F50)  Is  castable,  has  low  outgasslng  properties,  and  a  low  den¬ 
sity  compared  to  other  viscoelastic  materials.  To  further  explore  this  class  of 
materials,  a  series  of  formulations  were  selected  to  determine  the  effects  of 
stiffness,  crosslinking  In  the  base  resin,  plasticiser,  filler  material,  and  com¬ 
binations  of  plasticizer  and  filler  material.  A  high  damping  Butyl  rubber  com¬ 
pound  was  also  evaluated  for  comparison  with  the  epoxy  compounds. 

A  steel  block  was  attached  to  a  shaker  through  a  shear  layer  of  the  material. 
The  peak  quadrature  response  relative  to  the  Input  motion  was  used  to  determine 
the  storage  modulus,  loss  modulus  and  loss  factor.  Comparison  of  the  measured 
response  with  that  determined  using  complex  and  viscous  damping  models  In¬ 
dicates  that  reasonable  accuracy  can  be  obtained  with  either  representation. 

The  results  show  that  a  loss  factor  on  the  order  of  1. 5  can  be  obtained  for 
more  than  two  orders  of  magnitude  variation  In  storage  modules.  The  addition  of 
filler  material  to  the  base  resin  Increase?  the  stiffness  without  degrading  the  loss 
factor  whereas  crosslinking  provides  high  stiffness  but  lowers  the  loss  factor. 

The  comparison  of  measurements  on  two  Bamples  having  the  same  formulation 
Indicates  that  variations  on  the  order  of  30  percent  In  the  modulus  can  be  expected 
with  present  methods  of  compounding.  A  hypothetical  example  using  a  constant 
shear  layer  thickness  shows  the  filled  materials  to  be  the  most  effective. 


INTRODUCTION 

As  a  result  of  a  previous  Investigation  of  high- 
damping  space-compatible  materials,  a  viscoelastic 
epoxy  material,  SMRD  100,  was  found  to  have  an 
exceptionally  high  loss  factor.  It  was  used  as  the 
outer  layer  of  a  two-layer  damping  treatment  that 
effectively  reduced  the  dynamic  magnification  factor 
of  a  relay  panel  of  the  NASA-Goddaid  Space  Flight 
Center  Earth  Resources  Technology  Satellite  as  re¬ 
ported  In  Ref.  1.  The  basic  viscoelastic  epoxy 
compound  Is  castable,  has  low  outgasslng  proper¬ 
ties,  and  a  low  density  compared  to  other  visco¬ 
elastic  materials.  Although  a  considerable  amount 
of  literature  exists  regarding  the  damping  charac¬ 
teristics  of  a  number  of  elastomeric  oompounds 
(e.g. ,  Ref.  2),  little  information  appears  to  be 
available  on  viscoelastic  opoxy  materials. 

To  further  explore  this  class  of  materials,  an 
experimental  study  evaluating  the  shear  damping 
characteristics  of  a  series  of  variation  of  the  baslo 
SMRD  100  vtsooolastlc  epoxy  oompound  was  per¬ 
formed.  The  effeots  on  damping  of  stlftnesa, 


crosslinking  In  the  base  resin,  plasticizer,  filler 
material,  and  combinations  of  filler  material  and 
plasticizer  were  Investigated.  A  high-damping  Butyl 
rubber  was  also  evaluated  for  comparison  with  the 
viscoelastic  epoxy  compounds. 

The  following  sections  describe  the  material 
formulations  selected,  the  method  used  to  determine 
the  material  shear  damping  loss  factor  and  the  re¬ 
sulting  relation  between  stiffness  and  loss  factor  for 
the  formulations  evaluated.  Predicted  results  using 
viscous  and  complex  damping  representations  are 
compared  with  measured  responses.  Finally,  some 
considerations  In  selecting  the  material  that  maxi¬ 
mizes  the  effective  damping  are  mentioned. 

MATERIAL  FORMULATIONS 

The  material  formulations  selected  for  experi¬ 
mental  evaluation  are  shown  In  Table  1.  As  tndl- 
oated  In  the  table,  the  materials  can  be  placed  In 
seven  groups  according  to  purpose.  Nearly  all  the 
materials  listed  are  variations  of  the  basic  resin 
formulation  used  In  the  original  SMRD  100 F50  whioh 
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TABLE  1 

Material  Formulations 


Group 

Purpose 

Te  st 

Spec  imcn 
Numbe  r 

Formu¬ 
lation 
Numbe  r 

Ha  rdne  ss 

Shore 

A 

AI20i 

Plasti¬ 

cizer 

<r 

Desi  r lption 

I 

Damping  and 

A 

10 

64 

Clear  Damping  Compound 

Stiffness 

B 

12 

SO 

Clear  Damping  Compound 

Variation  of 

C 

II 

«3 

Clear  Damping  Compound 

Base  Resin 

DD 

12 

so 

Duplicate  B 

EE 

11 

so 

Duplicate  C 

FF 

24 

.. 

Softer  than  B  r  C 

II 

25 

40 

Softer  than  B  or  C 

II 

Crosslinking 

G 

SMRD  100 

60 

Crosslinked  Clear  Compound 

Effect 

I 

SMRD  104 

90 

Crosslinkcd  Clear  Compound 

111 

Pla  sticizer 

HH* 

20 

40 

5 

Plasticized  C 

Effect 

GG* 

22 

35 

15 

Plasticized  C 

IV 

Effect  of  Alumina 

D 

16 

85 

120 

Alumina  Filler 

Filler 

E 

15 

60 

120 

Alumina  Filler  in  C 

F 

13 

50 

120 

Alumina  Filler  in  B 

H 

19 

- 

175 

More  Filler  in  B 

V 

Effect  o'  Micro¬ 

J 

SMRD 

50 

Microapheres  12  percent 

sphere  Filler 

100F50 

VI 

Effect  of  Filler 

JJ 

2b 

55 

110 

9 

Filler  and  Plasticizer 

and  Pla  sticizer 

KK* 

2/ 

37 

110 

15 

Filler  and  Plasticizer 

VII 

Control 

K 

50 

Butyl  Rubber 

*Not  tested  because  of  bond  failure 

v  as  used  In  the  ERTS  spacecraft.  The  resin  In  this 
compound  is  a  flexible  epoxy  resin  and  the  filler  Is 
silica  microspheres  In  about  12  percent  by  weight. 
(The  50  designation  refers  to  the  nominal  Shore  A 
hardness. ) 

The  test  specimens  are  designated  by  letters 
and  used  various  formulations  as  Indicated  in  the 
table.  The  specimens  were  made  and  tested  at  two 
different  times.  The  single  letters  designate  the 
initial  specimens  and  the  double  letters  Indicate  the 
specimens  made  at  a  later  date. 

Group  1  consists  of  seven  samples  of  the  clear 
base  resin  with  slight  variations  In  the  formulation 
to  alter  the  damping  and  stiffness  characteristics. 
The  hardness  measurements,  ranging  from  68  to 
something  less  than  43  for  sample  FF,  Indicates 
that  this  series  gave  a  range  of  materials  on  the 
soft  side.  Because  of  the  viscoelastic  nature  of 
these  materials,  It  was  found  that  hardness  mea¬ 
surements  are  subject  to  a  wide  degree  of  variation 
between  samples  and  between  operators.  The  hard¬ 
ness  Is  not  a  very  adequate  measurement  and  should 
only  be  considered  as  indicative  of  trends.  Included 
In  this  group  are  two  duplicate  specimens  which 
were  selected  to  evaluate  the  consistency  of  the 
formulations . 

Group  II  samples  were  made  to  Investigate  the 
effect  of  adding  a  crosslinker  to  the  base  resin.  It 
was  thought  that  the  crosslinker,  besides  stiffening 
the  resin  might  change  the  overall  character  of  the 
damping.  The  two  samples  used  existing  formul¬ 


ations  which  were  originally  developed  for  steri- 
lizable  conformal  coating  application. 

In  Group  III,  plasticizer  was  added  to  the  for¬ 
mulation  used  for  Specimen  "C"  The  materials 
turned  out  softer  as  expected.  They  also  failed  to 
bond  firmly  to  the  test  fixture  so  that  they  could  not 
be  tested.  Because  of  the  inherently  good  bonding 
characteristics  of  epoxy,  the  bond  surfaces  were  not 
etched  and  no  special  care  was  taken  In  preparing 
the  surfaces.  This  combined  with  the  fact  that  the 
plasticizer  Beems  to  interfere  with  bonding,  as  also 
indicated  by  Specimen  KK,  prevented  the  effect  of 
plasticizer  alone  to  be  evaluated. 

Alumina  filler  was  added  to  samples  in  Group 
IV.  The  alumina  is  much  cheaper  than  the  micro¬ 
spheres  and  is  of  a  finely  divided  granular  nature 
rather  than  spheres  A  range  of  hardnesses  of  the 
base  resin  with  filler  was  chosen  to  survey  the  ef¬ 
fect  of  the  filler.  The  filler  led  to  a  harder  formu¬ 
lation  with  the  same  base  resin  (compare  C  and  E  in 
Table  1) .  The  addition  of  55  percent  more  filler  in 
H  seems  to  have  moved  it  somewhat  toward  the  soft¬ 
er  side  as  compared  to  F.  This  may  be  with  the 
variability  of  the  measurement  or  the  optimum  point 
of  filler  addition  may  have  been  past.  That  Is,  as 
filler  Is  added,  some  point  is  reached  where  the 
mechanical  properties  of  the  compound  peak  and 
then  fall  off.  Samples  of  the  alumina  filler  resins 
were  cast  in  6  x  6  x  l/8  In.  molds.  These  showed 
good  uniformity  with  only  very  narrow  bands 
(<  1/16  In.)  at  the  top  and  bottom  Indicating  settling 
of  the  filler. 
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The  combination  of  filler  and  plasticizer  was 
made  in  Group  V.  Unfortunately,  the  sample  KK 
with  15  percent  plasticizer  came  unbonded  and  could 
not  be  tested.  JJ  which  is  a  plasticized  F  was  found 
to  be  very  flexible. 

The  original  compound  investigated  for  space¬ 
craft  use  was  Included  in  Group  VI.  The  SMRD 
100F50  was  designated  as  specimen  J.  The  expense 
and  difficulty  In  handling  the  microspheres  does  not 
make  this  formulation  a  good  choice  where  weight 
Is  not  an  overriding  concern.  The  microspheres 
tend  to  float,  giving  a  variation  in  density  across  a 
casting. 

Butyl  rubber,  the  Group  VII  material,  was  used 
as  a  control.  The  sample  had  one  slotted  surface 
which  was  subsequently  tested  with  the  slots  in  the 
direction  of  applied  motion. 

All  of  the  formulations  were  cured  for  16  hours 
at  275°F.  No  attempt  was  made  to  determine  opti¬ 
mum  cure  time  and  temperature  or  to  add  catalysts 
to  speed  the  cure.  The  cure  could  probably  be 
speeded  up  somewhat. 

A  number  of  other  formulations  of  castable 
flexible  resins  were  tried  and  discarded  as  being 
too  bouncy  in  a  steel  ball  drop  test.  All  together, 
about  25  different  formulations  were  tried. 

TEST  SPECIMEN  DESCRIPTION 

Each  test  specimen  consisted  of  a  steel  block 
and  an  aluminum  base  plate  sandwiching  a  layer  of 
damping  material  as  shown  in  Fig.  1.  The  visco¬ 
elastic  damping  material  was  cast  in  place  between 
the  block  and  base  plate  with  a  thickness  of  0.090 
in.  and  a  rectangular  area  3  in.  by  2  in.  Small 
samples  of  the  material  were  cast  and  cured  sepa¬ 
rately  to  enable  the  hardness  to  be  evaluated.  The 
butyl  rubber  specimen  was  bonded  to  the  block  and 
base  plate  using  Eastman  910.  The  steel  block  was 
3  in.  by  2  in.  by  2. 44  in.  high  and  weighed  4. 14 


pounds.  The  block  simulated  the  Inertial  loading  of 
an  application  being  considered  at  that  time. 


DAMPING  MATERIAL  °90" 


Fig.  1  -  Te3t  specimen 

The  test  specimens  were  compact  and  easily 
transportable  to  the  test  area  where  they  were 
mounted  to  a  slip  plate. 


TEST  ARRANGEMENT  AND  PROCEDURE 

Each  specimen  was  mounted  horizontally  to  an 
MB  C-150  driven  Team  Table  and  vibrated  at  5  g’s 
from  20  to  2500  Hz  at  the  rate  ot  two  octaves  per 
minute.  The  specimens  were  shaken,  one  at  a  time, 
in  a  direction  so  as  to  shear  the  damping  material 
along  the  length  of  the  shear  area  (Fig.  2). 


VIBRATION  DIRECTION 


Fig.  2  -  Test  arrangement 

An  accelerometer  attached  to  the  front  face  of 
the  specimen  measured  the  response  of  the  steel 
block.  The  input  acceleration  was  controlled  by  an 
accelerometer  mounted  to  the  edge  of  the  baseplate. 
Initial  tests  indicated  that  no  resonant  effects  oc¬ 
curred  in  the  2500  Hz  range.  On-line  response  plot¬ 
ting  of  the  quadrature  and  coincident  response  com¬ 
ponents  relative  to  the  base  acceleration  was  accom¬ 
plished  using  a  Spectral  Dynamics  Model  lot*  Co- 
Quad  Analyzer.  The  total  response  was  also  plotted 
after  processing  it  through  a  SD101  tracking  filter. 
Thus,  three  plots  of  response  were  obtained  from 
each  specimen  which  were  subsequently  used  to  de¬ 
termine  the  damping  characteristics  of  the  materials 

COMPLEX  AND  VISCOUS  DAMPING  REPRESEN¬ 
TATION 

The  results  of  previous  investigations  of  the 
damping  characteristics  of  viscoelastic  materials  of 
the  type  investigated  in  this  paper  have  shown  that  a 
complex  modulus  representation  is  the  most  desir¬ 
able  in  that  it  minimizes  the  frequency  dependence 
of  the  damping  [2  ].  However,  in  some  applications 
it  may  be  desirable  to  use  a  viscous  representation 
because  of  the  ease  with  which  it  can  be  combined 
with  other  elements  in  a  system.  The  differences 
and  errors  resulting  from  these  two  types  of  rep¬ 
resentation  were  examined  as  part  of  this  Investi¬ 
gation. 

As  Indicated  in  the  previous  section,  the  test 
specimen  cons(sted  of  a  steel  block  attached  to  a 
base  plate  through  a  shear  layer  of  damping  materi¬ 
al  and  excited  by  base  motion.  Because  of  the  di¬ 
mensions  of  the  block  and  the  relatively  high 
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compression  stiffness  of  the  damping  material,  the 
test  specimen  can  be  represented  analytically  as  a 
single  degree  of  freedom  system  (Fig  3).  Fc,. 
complex  damping,  the  response  of  the  system  rel¬ 
ative  to  the  base  motion  Is: 


Solving  equation  (5)  for  r)  in  terms  of  A  gii  ,>s 


4  A 


V  = 


£!1„ 


(5a) 


4  A“  -  l 
Ql’ 


X 
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[(l  -fl2)  +TI2:  - 1  (nfl2) 


(1 


„2, 2  2 

8 )  +n 


(i> 


where  8  = -  and  r)  is  the  loss  factor  of  the 

w 

V 

damping  material. 


This  equation  allows  T)  to  be  evaluated  from  the 
maximum  quadrature  response  The  quadrature 
res|>onso  has  a  well-defined  peak  for  high  damping 
materials  whereas  the  total  response  peak  is  poorly 
defined.  Once  r)  is  determined,  the  natural  frequen¬ 
cy  and  hence  the  real  part  of  the  shear  modulus  can 
be  determined  from  equation  (4).  This  completely 
defines  the  theoretical  response  of  the  system. 


Fig.  3  -  Analytical  models  of  test  specimen 
The  quadrature  and  coincident  response  are: 


Using  a  similar  approach  for  viscous  damping,  the 
following  relations  are  determined: 


A  =  - 


(i  -rr  +  <2 1 8) 


(6) 


(1  -82)+(203)2 

o  o  o 

(i  -rr+  (2td) 
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V=L< 


ir  - 1)  +2vr  -  c“  +  i] 


1/2 


(8) 


Where  8Q.  Is  solved  for  a  particular  C  value  and 
substituted  in  equation  (6)  to  obtain  AqP- 


Figures  1  and  5  show  comparison  between  the 
theoretical  curves  for  complex  and  viscous  damping 
and  the  actual  test  curves  for  specimen  A.  The  C 
and  7)  values  used  for  the  theoretical  curves  were 
chosen  to  obtain  the  same  peak  quadrature  value. 

The  comparison  for  specimen  A  is  typical  of  the  re¬ 
sults  obtained.  It  will  be  noted  that  the  total  re¬ 
sponse  does  not  exhibit  a  well-defined, resonant  peak 
for  these  high  damping  materials,  making  quadrature 
response  measurement  a  necessity. 
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AC  = 


Ml 


(1  -02)2+T)2 

(iVhV 

<1  -82)2  +f)2 


(2) 


(3) 


Differentiating  the  quadrature  response  with  respect 
to  8  and  setting  it  equal  to  zero  defines  the  value  of 
8  and  Aq  at  which  the  quadrature  response  peaks: 


V=  <1+T>2)174 


n  i  +n 


QP  2/2 

*  2  +  2  r)  -  2  v  l  +  ?) 


(4) 

(5) 


Comparing  total  response  curves,  it  can  be  seen 
that  the  complex  damping  curve  has  a  closer  proxi¬ 
mity  to  the  test  curve  than  does  the  viscous  curve. 
This  is  also  true  when  comparing  the  coincident 
component  curves  (Figs.  4e  and  5c).  Although  the 
complex  damping  curve  drops  below  zero  prema¬ 
turely,  it  does  show  a  negative  value  whereas  the 
viscous  curve  does  not.  A  coniDarison  of  the  quad¬ 
rature  eurves  (Figs.  4b  and  5b)  shows  that  the  vis¬ 
cous  damping  curve  is  more  representative  than  the 
complex  damping  curve,  especially  for  the  high  fre¬ 
quency  range.  Thus,  in  summary,  t..e  complex 
damping  curves  seem  to  fit  the  coincident  component 
and  the  total  response  test  results,  while  tte  viscous 
curve  seems  closer  to  the  quadrature  test  results 

The  complex  damping  model  and  its  equations 
will  be  used  for  the  remaining  portions  of  this  paper. 
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Fig.  4  -  Comparison  of  complex  model  response 

with  experimental  results,  Specimen  A 

However,  these  comparisons  indicate  that  reason¬ 
able  accuracy  can  be  obtained  with  either  represen¬ 
tation.  Neither  model  shows  a  clear  advantage  ove  r 
the  other. 

EXPERIMENTAL  RESULTS  AND  DISCUSSION 

The  experimental  measurements  and  specimen 
characteristics  determined  using  the  complex 
damping  relations  are  summarized  in  Tabic  2 . 

Basic  measurements  are  the  magnitude  and  fre- 
i,., difl  i.'c.’t  qurtdrahm  .efi-onsc,  and 
fqp.  From  thet-e  measure n  cu the  lor-  i  icto;  oi 
the  material,  jj,  and  the  resonant  frequency  of  the 
specimen,  fjj,  were  derived.  The  table  shows  that 
results  were  obtained  for  resonant  frequencies  that 
varied  from  approximately  100  Hz  to  2000  Hz.  The 
percent  error  ir  the  calculated  maximum  dynamic 
m'VMieatio-i  fa'-''1!'.  Oc,  as  determined  front  the 
rj  and  ip  value1  and  the  rtaxiinnm  measured  dynam¬ 
ic  ainplfpeation,  is  aiso  .-ho.vr..  Tiio  pmj; 
quadrature  response  used  to  derive  the  loss  factor 
shows  a  variation  that  is  well  within  the  measure¬ 
ment  accuracy  and  should  provide  a  good  measure 
of  r) .  The  percent  error  in  the  dynamic  magnifi¬ 
cation  provfdes  an  indication  of  the  accuracy  of  the 
complex  damping  representation.  The  average 


Fig.  5  -  Comparison  of  viscous  damping  model 
response  with  experimental  results,  Specimen  A 

error  is  approximately  6  percent  with  approximate¬ 
ly  half  the  data  falling  above  or  below  the  average. 
The  maximum  error  was  approximately  15  percent 
and  was  for  the  stiffest  most  lightly  damped  speci¬ 
men,  1.  Tests  at  twice  the  excitation  level  showed 
no  significant  nonlinear  effects. 

Table  3  summarizes  the  loss  iactor,  chear 
storage  modulus,  and  shear  loss  modulus  deter¬ 
mined  from  the  experimental  data.  The  storage  and 
loss  modulus  were  determined  using  the  relations; 


Storage  Modulus  = 

G'  =  M(2*fn)2  (i 

)  (9) 

Loss  Modulus  -  G’ 

'  «t|G* 

(10) 

where  t  is  the  thickness  (0.C90  in.)  and  A  is  the  area 
(G  in.  of  the  shear  layer.  The  loss  factor  and  loss 
modulus  are  plotted  as  a  function  of  the  storage 
modulus  in  Figs.  G  and  7  for  the  various  materials. 
Examination  of  the  results  relative  to  the  purposes 
of  the  groups  tested  indicates  the  following: 

Base  Resin  -  A  relatively  wide  range  of  stiffnesses 
was  obtained  through  variations  in  the  base  resin 
wfthout  degrading  the  loss  factor.  The  loss  factor 
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TABLE  2 


Summary  of  Measurements  and  Comparison  of  Calculated  ana  Measure  Total  Response 
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TABLE  3 

Material  Stiffness  and  Damping  Characteristics 
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does  not  appear  to  be  affected  by  the  storage  modu-  cent  variation  in  loss  factor  and  storage  meddus  but 

lus  although  there  may  be  a  slight  tendency  for  the  almost  identical  loss  modulus.  Although  the  28  per- 

loss  factor  to  be  lower  for  the  stiffer  formulations.  cent  variation  includes  experimental  •rror.  this 

appears  to  be  the  degr  e  of  repeatability  that  can  be 

Repeatability  -  The  duplicate  specimens  Indicated  expected  with  the  present  method  of  compounding, 

reasonable  repeatability  although  something  affected  If  larger  quantities  were  made,  the  criticality  of 

one  specimen.  The  two  Formulation  No.  11  sped-  weighing  the  ingredients  would  be  reduced  and  better 

mens,  C  arc  F.K,  displayed  approximately  28  per-  repeatability  should  result.  On  the  other  hand,  the 


Fig.  6  -  Variation  in  loss  factor  with  shear  storage  modulus 


Fig.  7  -  Variation  in  shear  loss  modulus  with  shear  storage  modulus 


B  specimen,  which  was  duplicated  by  DD,  did  not 
cure  properly.  When  torn  apart,  material  B  indi¬ 
cated  good  bonding  to  both  surfaces  of  the  test  spec¬ 
imen.  However,  the  resin  in  the  fixture  was  very 
soft  and  t;  cky  as  Indicated  by  the  low  value  of  the 
storage  modulus.  It  was  softer  than  the  "hockey 
puck"  cured  along  with  the  B  specimen.  The  B 
specimen  resin  may  have  become  contaminated 
somehow.  At  any  rate,  the  large  variation  in  stor¬ 
age  modulus  (approximately  3  1/2:1)  and  loss  factor 
(approximately  1  1/2:1)  is  not  considered  represen¬ 
tative  of  the  degree  of  repeatability  that  can  be  ob¬ 
tained. 

Crosslinking  -  The  crosslinker  resulted  in  a  large 
increase  in  the  storage  modulus  but  did  not  provide 
a  comparable  increase  in  the  loss  modulus.  The 
net  effect  was  a  significant  degradation  of  the  loss 
factor.  Although  these  materials  may  be  useful  if 
high  stiffness  with  only  moderate  damping  is  re¬ 
quired,  other  materials  appear  to  provide  superior 
characteristics. 


Filler  -  The  addition  of  filler,  either  alumina  or 
silica  microspheres,  was  found  to  increase  damping 
as  well  as  stiffness.  Both  the  storage  modulus  and 
loss  modulus  were  increased  over  that  of  the  base 
resin.  The  loss  factor  remained  high  for  most  of 
the  compounds  being  only  slightly  less  than  that  of 
the  base  resin  compounds.  The  microsphere  filler 
was  not  as  effective  as  the  alumina  filler.  However, 
on  a  weight  basis,  the  microsphere  material,  SMKD 
100F50,  is  comparable  to  the  alumina-filled  com¬ 
pounds.  Because  the  specific  gravity  of  the  micro¬ 
sphere-filled  material  is  only  0.7  compared  to  1.2 
for  the  alumina-filled  material,  the  microsphere- 
ftlled  material  provides  an  equivalent  loss  modulus 
of  4800  on  an  equal  weight  basis.  Therefore,  all  the 
materials  provide  a  high  effective  loss  modulus. 

Plasticizer  and  Filler  -  The  addition  of  plasticizer 
to  the  filled  material  does  not  appear  attractive. 

The  primary  effect  of  the  plasticizer  is  to  lower  the 
storage  and  loss  modulus,  roughly  proportionally. 
Although  the  loss  factor  remained  reasonably  high, 
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the  damping  totality  of  the  material  la  reduced  which  *  »  (0 

In  many  application  la  undealrable. 


Butyl  Rubber  Control  -  Vlscoelantlc  epoxy  materi¬ 
al  show  an  order  of  magnitude  increase  In  the  loss 
modulus  and  double  the  loss  factor  of  the  Butyl 
rubber  used  as  a  control.  As  a  rubber  compound, 
the  Butyl  specimen  Is  relatively  atlff  (50  Durometer) 
and  has  a  high  loss  factor.  At  room  temperature 
the  Butyl  specimen  characteristics  do  not  compare 
favorably  with  those  of  the  viscoelastic  epoxy  mate¬ 
rials;  however,  the  Butyl  comparison  may  be  mere 
favorable  at  a  lower  temperature. 


v  Ot 


Kd  (1  ♦!*)) 


9*  (i  ♦  mt 

i 


Fig.  8  -  Analytical  model  of  typical  system 


The  damping  characteristics  of  the  mate  rial  a 
tested  in  this  study  fall  within  the  banded  region  of 
Fig.  6 .  This  banded  area  indicates  the  range  of 
parameters  that  can  be  readily  obtained  with  varia¬ 
tions  of  the  present  formulations.  The  graph  Indi¬ 
cates  that  roughly  three  orders  of  magnitude  varia¬ 
tion  in  storage  modulus  oan  be  obtained,  but  that  the 
loss  factor  will  deteriorate  for  the  stiffs r  materials. 
The  "best"  materials  appear  to  be  the  filled  mater¬ 
ials  In  that  they  provide  a  high  loss  factor  and  a  rel¬ 
atively  high  stlfhieas. 

MATERIAL  APPIJCATION 

Although  It  la  difficult  to  generalize,  the  exam¬ 
ination  of  the  merits  of  the  various  materials  ap¬ 
plied  as  a  shear  layer  to  a  single  degree  of  freedom 
system  Indicates  the  factors  that  must  be  consid¬ 
ered.  The  system  that  will  be  considered  Is  ehown 
In  Fig.  8.  It  la  a  simple  spring  mass  system  ex¬ 
cited  by  base  motion.  A  shear  layer  of  damping 
material  represented  by  (1  +  lrj)  la  added  In 
parallel  to  the  undamped  support  spring,  K.  It  will 
be  assumed  that  the  allowable  shear  strain  Is  th* 
same  for  the  various  damping  materials.  The 
objective  la  to  determine  the  amount  of  the  various 
damping  materials  required  to  provide  a  desired 
dynamic  magnification  factor,  Q. 


the  same  for  all  materials  for  a  particular  dynamic 
magnification  factor.  Therefore,  a  material  which 
minimizes  A/t  will  provide  the  smallest  shear  area 
design.  This  ratio  can  be  generalized  by  dividing  by 
the  spring  constant  of  the  system.  Substituting  OA/t 
for  In  equation  (11)  and  solving,  the  parameter 
describing  the  "amount  of  damping  material  la  found 
to  be; 

A  -  _ 1 _  US) 


Examination  of  this  equation  Indicates  several  limit¬ 
ing  conditions.  If  rj  >  >  rj  ,  the  controlling  para¬ 
meter  Is  simply  Or;,  the  foss  modulus  of  the  damp¬ 
ing  material.  As  the  desired  system  loss  factor 
approaches  the  material  loaa  factor,  very  large 
amounts  of  damping  material  are  required,  ft  be¬ 
comes  Impossible  to  provide  the  desired  system 
damping  when  r;  *  rj^. 


Also  of  Interest,  Is  the  shift  in  system  resonant 
frequency  from  the  original  resonant  frequency,  fQ. 
This  can  be  expressed  as; 


Vl  - 

o 


1/2 


(U) 


Using  the  notation  of  the  previous  sections,  the 
system  loss  factor  and  magnification  factor 
(Q)  are: 


Q 


<U) 

(12) 


A  convenient  measure  of  the  amount  of  damping 
material  la  A/t  where  A  la  the  shear  area  of  the 
damping  layer  and  t  la  the  thiokneas.  Based  on  the 
assumption  of  a  constant  allowable  shear  strain  for 
the  various  materials,  the  layer  thickness  will  be 


Using  these  equations  and  the  values  of  O  and  r; 
for  seleoted  materials  from  Table  3,  the  curves 
shown  In  Figs  9  and  10  were  obtained.  The  curves 
show  the  variation  In  parameters  A/tK  and  t/^  as  a 
function  of  the  system  dynamic  magnification  factor. 
Aa  Indicated  previously,  low  values  of  A/tK  are  de¬ 
sired  In  that  this  provides  the  smallest  damping 
material  area.  The  curves  show  the  filled  materi¬ 
als  to  be  the  best.  Although  not  evident  from  the 
previous  ourves,  the  "D"  material  la  better  than  the 
other  filled  materials  for  Q  values  greater  than 
roughly  *,  while  the  "F"  material  whloh  has  a  con¬ 
siderably  higher  loss  faotor,  Is  best  for  the  very  low 
Q  range.  The  unfilled  base  resin,  as  Indicated  by 
the  curve  for  Specimen  C,  requires  3  to  4  times  the 
area  of  the  best  filled  materials  while  the  Butyl  re¬ 
quires  20  times  the  area.  The  crosslinked  material 
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Ftg.  8  -  Variation  in  araa  parameter  with 
dynamic  magnlfloatlon  /actor 


Fig.  10  -  Variation  In  system  resonant 
frequency  with  dynamic  magnification  factor 


.mCiie«  tr of  inur,,t  “>  ^  •  hp  tin. 
jfi  •“!*.  ,B~»UM  of  the  **+ lo,#  of  th. 

fUJ*d  matartaU.  they  provide  a  relatively  small  In- 
tl"“*  *“  "sonant  frequency  for  dynamic  magnifica¬ 
tions  on  the  order  of  10  but  would  provide  20  to  40 
p.ro«t  Inorease  In  the  resonant  frequency  1  Mower 
dynamlo  magnificat  lone  are  required. 

Although  the  trends  and  limitations  indioated  In 
this  example  aid  In  understanding  the  factors  in. 

SZSZT?*  d‘mptng  materials,  practical  ap¬ 
plications  Involve  many  other  considerations  How- 

h^l  **?  VU°°*1“tl0  materia  p“  vli 

llm^t10**  f*°t0r*  Whl0h  eaa  *»•  UMd  effectively  to 
limit  resonant  responses  through  proper  application. 

CONCLUSIONS 


°“  PMulU  ofthl1  Investigation,  the 
following  oonoluslona  are  made: 

V  vleooelastlo  materials  having  loss  factor, 
S’? flUtyl  rubb*r  ,r*  «v«ll*We  for  a 

?’  Th*  e*p#rlment*1  technique  and  the  complex 
damping  representation  used  for  the  material  evalu- 

wTi  .n  m,t•r,,1,  to  ^  meeeurod  and  modeled 
te  “  «verage  error  of  6  percent. 

L  00mpl*x  d,mP*ng  or  Viscous  damping  can 

^th^ai^hl”Mnt  m,t6rl#1  ch*r*cterl«los 
wiin  rtaiooable  tocurtcy. 

d  ^‘‘ccs  having  additional  croeellnlclng  de¬ 

grade  the  damping  of  the  material. 


,tUfn#,a  wlthout  algnlflcant  de- 
f lh*  1°,#  f*°ter  and  provides  the  highest 
loss  modulus  of  the  materials  tested. 


fZtor**  ^  ,tlf£tle,,  Wlthout  de«r‘dln«  tee  loss 


1’  ♦  ’vJtf*current  meteods  of  compounding,  the 

are  repeatable  within  ap¬ 
proximately  So  percent.  p 
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DISCUSSION 


Mr.  Nashif  (University  of  Dayton);  I 
think  the  reason  the  butyl  rubber  didn't  »hov 
up  as  good  as  your  material  Is  because  appar¬ 
ently  your  material  la  optimised  at  room 
temperature,  while  butyl  rubber  la  optimised 
at  zero  degrees  fahrenhelt.  At  that  temperature 
it  has  as  high  a  damping  or  as  high  a  loss 
factor  as  the  material  you  have  developed. 

I  think  for  a  better  comparison  you  should  have 
picked  a  room  temperature  optimised  material 
to  compare  with.  Do  you  have  any  coiments  on 
that? 

Mr,  Stahle:  When  we  were  doing  this 
testing  we  hadn't  looked  Into  the  temperature 
characteristics  of  the  material.  I  have  since 
become  very  much  aware  of  the  fact  that  there 
is  a  transition  temperature  range  where  the 
materials  show  up  as  much  better.  I  was  aware 
of  what  It  was  for  the  butyl.  It  was  a  material 
used  In  this  particular  application,  and  we  put 
It  in  as  a  control.  However,  I  have  the  feeling 
the  loss  factors  that  this  class  of  materials 
has  at  this  transition  temperature,  which  la 
apparently  room  temperature,  la  relatively  high. 
1  vender  If  you  would  conment  on  that. 


Mr.  Nashif:  It  is  about  as  high  as  most 
of  the  materials  optimized  at  room  temperature. 

Mr,  Stahle:  la  It  higher  or  Is  it  Just  as 

high? 

Mr.  Nashif:  It  Is  as  high.  Most  materials 
at  their  optimum  are  usually  between  one  and 
1.6  In  loss  factor.  The  problem  is  to  find 
where  that  optimum  is  so  you  can  match  It  with 
the  environment  that  the  material  is  going  to 
be  used  for. 

Mr,  Henderson  (Materials  Laboratory  WPAFB) : 
If  I  understood  your  slide  correctly,  you  were 
using  the  mass  on  the  shear  layer  as  a  means  of 
deriving  your  material  properties.  Is  this 
correct? 

Mr.  Stahle:  That  Is  correct. 

Mr.  Henderson:  Did  you  take  any  measure¬ 
ments  to  find  out  If  your  block  was  rotating? 
Your  center  of  mass  of  the  block  was  much 
higher  that  your  shear  layer  and  we  have 
found  In  some  of  our  previous  tests  that  this 
can  sometime;,  give  a  lot  of  rotation  In  that 
block,  r  .d  you  put  accelerometers  In  various 
locations  ->n  the  block  or  what? 

Mr.  Stahle:  No,  we  did  not.  The 
characteristic  as  Indicated  by  the  quadrature 
total  response  show  a  single  resonant  peak. 

The  shear  layer  Itself  was  rather  thin  and 
also  the  length  of  the  shear  layer  was  fairly 
large,  I  presume  the  rotational  motion  did 
not  effect  the  results,  however,  we  did  not 
measure  this.  The  accelenneter  was  at  the 
center  of  the  block.  We  had  no  Indication  of 
a  second  resonance. 
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(U)  In  this  paper  a  parametric  study  of  free  vibrations  of  viscoelastic 
laminates  has  been  carried  out  using  a  three-dimensional  analysis. 
Three-layer  laminates  with  a  viscoelastic  core  of  the  standard  linear 
solid  type  are  studied  numerically.  The  most  important  pava^  Hers 
affecting  damping  are  the  relaxation  parameter  of  the  core,  inter¬ 
modular  ratio,  and  the  standard  linear  solid  parameter.  Also,  damp¬ 
ing  is  not  always  a  monotonic  function  of  intermodular  ratio  or  the 
relaxation  time  of  the  core. 

Thin-plate  theory  yields  highly  inaccurate  estimates  of  damping, 
whereas  an  approximate  laminate  theory,  in  which  displacements 
are  assumed  to  be  piecewise  linear  across  the  thickness  and  trans¬ 
verse  shear  deformations  are  taken  into  account,  evaluates  the 
damping  very  accurately. 


INTRODUCTION 

(U)  Damping  in  laminates  has  been  studied 
by  DiTaranto  and  McGraw  ( 1]  and  Abdulhadi  [  2j . 
In  both  studies,  transverse  shear  stresses  in 
the  outer  layers  and  bending  stresses  in  the 
core  were  neglected.  Such  simplifications  lead 
to  inaccuracies  when  the  core  material  does 
not  have  a  relatively  low  modulus.  Classical 
thin-plate  theory,  when  applied  to  laminates, 
also  leads  to  errors  when  the  laminate  is  thick 
and  the  core  is  of  relatively  low  modulus  mate¬ 
rial.  The  purpose  of  the  present  paper  is  to 
study  the  damping  characteristics  of  viscoelas¬ 
tic  laminates  under  free  vibrations  by  means 
of  an  exact  three-dimensional  analysis,  in  which 
no  simplifying  assumptions  other  than  small 
deformations  and  linear  stress-strain  law  are 
made.  The  laminates  are  simply  supported  on 
all  sides.  The  complex  frequencies  of  free 
vibration,  whose  real  parts  correspond  to 
oscillations  and  imaginary  parts  correspond  to 
damping,  are  evaluated  for  three-layer  lami¬ 
nates  with  viscoelastic  cores  and  elastic  outer 
layers.  The  influences  of  various  parameters 
on  damping  are  investigated  and  the  significant 
parameters  are  identified.  Since  the  simple 
support  conditions  simulate  the  nodes  in  wave 
propagation  in  Infinite  laminates ,  the  results 
presented  are  readily  applicable  to  tnfinice 
laminates . 

A  general,  three-dimensional  analysis  is 
very  complicated,  except  perhaps  for  simple 
configurations  such  as  simply  supported  rec¬ 
tangular  laminates.  When  three-dimensional 


analysis  Is  impossible  or  impractical  from  a 
computational  standpoint,  approximate  iberote 
must  be  used.  With  this  in  mind,  an  assess¬ 
ment  of  some  of  the  approximate  theories 
(those  of  Abdulhadi  [  2] ,  Srinlvas  [  3]  ,  and  the 
classical  thin  plate)  is  made  by  comparing 
their  results  with  the  exact  results  presented 
herein. 


NOMENCLATURE 


a,  b 

Length  and  width  of 
laminate 

h. 

J 

Thickness  of  j-th  layer 

G1’G3 

Shear  modulus  t  outer 
layers  1  and  3 

C'j 

Complex  shear  .nodunio 

of  the  core 

K 

Bulk  modulus  of  the 

core 

k 

Bulk  modulus  param¬ 
eter  of  the  coi  c  -  K '/n 

m,  n 

Integers  used  in 
trigonometric  expansion 
of  displacements  and 
stresses  in  x  and  y 
directions,  respectively 

[  (mh^a)2  +  (nh^b)2] 

Modal  parameter 

t 

Time 
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u ,  v,  w  Displacements  in  x,  y ,  z  directions, 
respectively 

fy  Standard  linear  solid  parameter 

r,  inter  nodular  ratio  =  G./'p 


Relaxation  parameter 


r «.  r 

-I  - T  T 


uplhl  J 


r  .  2-11/2 

i 

Damping  coefficient  -  -7.  —  ; 

o,  1 


Lh.2?22 


Oscillation  coefficient  =  — 4 —  '  ft 

L  G1  J  r 

•;lastic  shear  modulus  cf  the  core 
Poisson's  ratio  of  the  j-th  layer 

Mass  density  of  the  j-th  layer 


Relaxation  time  of  the  viscoelastic 


analysis  of  simply  supported  elastic  lami¬ 
nates  [5]  is  adapted  to  viscoelastic  laminates 
and  is  briefly  describecTTn  the  Appendix.  The 
analysis  is  applicable  to  multilayer  laminates 
and  no  restriction  is  needed  about  the  type  of 
viscoeiastic.  material. 

The  mode  shape  is  trigonometric  in  the 
(x,  y)  plane  and  is  of  the  form, 

w(x,y,z)  =  W(z)  sin(mjtx/a)  sin(nny/b) 

The  time  dependence  of  displacements 
and  stresses  in  a  freely  vibrating  viscoelastic 
laminate  is  oi  the  form 

-n.t 

£(x,y,z,t)  =  H(x,y,z)e  (B  sin  Qft  +  C  cos  firt) 

(1) 

where,  £  and  S  correspond  to  any  stress  or 
dlsplacem  *.  B  and  C  are  arbitrary  con¬ 
stants  and  D  and  D .  are  the  real  and 
r  d 

imaginary  parts  of  the  complex  frequency  S3 
and  correspond  to  oscillation  and  damping, 
respectively. 


s2  Complex  frequency  of  vibration 

H  ,  S2 .  Real  and  imaginary  parts  of 

r  frequency  S3 


Coordinate  system  and  dimensions  are  given 
in  Fig.  i. 


Fig.  1.  Three-layer  laminate 


ANALYSIS 

The  governing  differential  equations  and 
the  stress-displacement  relations  of  linear 
small  deformation  theory  for  free  vibrations  of 
viscoleastlc  bodies  are  the  same  as  those  for 
elastic  bodies  [4] ,  except  that  the  bulk  modulus 
K,  shear  modulus  G,  and  frequency  SI  are 
complex  for  viscoelastic  bodies.  Thus,  visco¬ 
elastic  laminates  ar.  formally  analyzed  much 
as  elastic  laminates  are^  GTThis  paper,  the 


The  characteristic  equation  defining  the 
frequencies  is  given  In  the  Appendix.  This 
transcendental  characteristic  equation  can  be 
solved  to  yield  an  infinite  set  of  frequencies  for 
given  material  properties  and  modal  parameter 

L(mhj|a)2  +  (nhj/b)23.  Ofthis  infinite  set  of 

frequencies,  the  one  contributing  most  to  the 
response  under  a  transverse  load  Is  called  the 
primary  flexural  frequency.  In  this  paper  only 
primary  flexural  frequencies  are  presented 
because  they  are  the  most  important  in  trans¬ 
verse  vibration  and  flexural  response  pro'  i.is. 

For  numerical  Investigations  three-layer 
laminates  with  elastic  outer  layers  and  visco¬ 
elastic  core  of  standard  linear  solid  type  have 
».#•{•»»  considered.  Fen  a  stoncajd  lino.u  soLd. 
the  bulk  modulus  is  a  real  constant,  but  the 
shear  modulus  Is  complex  and  frequency 
dependent: 

=  p(l  +  iTS3)/(l  +  i«rS3)  (2) 

where  a  is  the  standard  linear  solid  parame¬ 
ter  and  r  is  the  relaxation  time.  The  relaxa¬ 
tion  time  Is  a  measure  of  the  damping  capacity 
of  the  viscoelastic  material.  The  standard 
linear  solid  would  correspond  to  an  elastic 
material  when  either  a  =  1  or  r  =  0.  In  such 
a  case  G  =  p,  a  constant,  and  for  this  reason 
p  Is  referred  to  as  the  elastic  shear  modulus. 


I 


NUMERICAL  RESULTS 

In  the  numerical  investigations,  greater 
importance  was  attached  to  the  properties  of 
the  core,  since  it  is  the  damping  agent.  In 
order  to  keep  the  volume  of  results  within 
reasonable  limits,  the  two  outer  layers  were 
made  identical  and  their  properties,  in  general, 
held  constant  while  the  core  properties  were 
varied  systematically. 

The  ratio  of  the  shear  modulus  of  the 
outer  layers  to  the  elastic  shear  modulus  of 
the  core  is  referred  to  as  the  intermodular 
ratio  (fl  -  G.j/i).  Also,  three  nondimensional 
parameters  —  the  relaxation  parameter  of  the 
core  X ,  the  damping  coefficient  A^,  an-1  fhe 

oscillation  coefficient  A  —  are  defined  as 
r 


Laminate  A  is  considered  the  reference  lami¬ 
nate.  In  the  other  laminates,  of  the  material 
properties  a,  pj/pg,  **,  and  v  j  only  one  is 

different  from  those  of  laminate  A.  The 
differing  property  is  indicated  by  an  asterisk 

(M. _ 

In  Fig.  2,  the  damping  and  oscillatory 
coefficients  are  plotted  against  the  relaxation 
parameter.  In  Fig.  3,  the  damping  and  the 
oscillatory  coefficients  are  plotted  against 
intermodular  ratio  for  different  relaxation  and 
modal  parameters.  In  Fig.  4.  the  dai  ii 
oscillatory  coefficients  obtained  by  app. 
mate  theories  —  classical thin-plate  theory, 
sandwich  plate  theory  [2 j ,  and  refined  laminate 
theory  [3j  *  -  are  compared  with  exact  values. 

DISCUSSION 


y,  A^,  and  Ar  are  linearly  related  to  r, 
and  Dr,  respectively. 

Six  different  laminates  (see  Table  1)  were 
chosen  for  numerical  investigation.  A  wide 
range  of  y's  (3  to  3000)  and  0's  (1  to  100)  have 
been  considered.  For  example,  for  a  three-layer 
laminate  with  1/8-iiich-thick  aluminum  outer 
layers,  y  of  3  and  3000  correspond  to  core 
relaxation  times  of  0.0000105  and  0.0105  second. 


TABLE  1 

Properties  of  Laminates 


Number  of  layers:  3 

Outer  layers  (1  and  3):  Elastic  and  identical 
Core  (layer  2):  Standard  linear  solid,  hp/hj  =8 

Laminate 

a 

Vp2 

k 

*1 

A 

0.1 

5 

2 

0.3 

B 

* 

0 

5 

2 

0.3 

C 

0.5* 

5 

2 

0.3 

D 

0.1 

10* 

2 

0.3 

E 

0.1 

5 

5 

0.3 

F 

0.1 

5 

2 

0.2* 

Figure  2  indicates  that  damping  does  not 
monotonically  increase  with  relaxation  parame¬ 
ter.  The  range  in  which  the  damping  coeffi¬ 
cient  decreases  with  increase  in  y  is  a 
function  of  a  and  (1.  Damping  starts 
decreasing  when  the  bending  energy  in  the  core 
begins  to  dominate  over  the  shear  energy  in 
the  core.  Also,  at  low  values  of  y  the  damp¬ 
ing  coefficient  is  nearly  independent  r,  a  and 
,3.  At  high  values  of  y,  both  or  an'.  0  have 
a  significant  influence  on  the  damping  coeffi¬ 
cient. 


Figure  3  indicates  that  the  damping  coef¬ 
ficient  does  not  decrease  monotonically  with 
increasing  intermodular  ratio  (that  is,  decree 
ing  shear  modulus  of  the  core).  This  is  due 
the  way  in  which  bending  and  shear  energies  in 
the  core  vary.  With  increasing  0,  bending 
erergy  in  the  core  decreases  while  the  shear 
energy  increases  initially,  then  decreases 
later.  In  the  range  from  zero  to  the  value  of 
0  for  which  A^  is  minimum,  the  bending 
energy  in  the  core  predominates  over  the  shear 
energy.  For  j3's  greater  than  this  minimum, 
the  shear  energy  in  the  core  predominates  over 
the  bending  energy.  The  damping  coefficient 
A^,  has  a  maximum  in  the  range  of  (3  greater 
than  0  (for  Ad  minimum).  This  maximum 
corresponds  to  maximum  shear  energy.  The 


0  for  which  A^  is  a  minimum  and  the  0  for 
which  A^  is  a  maximum  differ  for  different 
y's,  but  are  not  strong  functions  of  the  other 


core  properties. 


‘Reference  [3j  deals  with  elastic  laminates 
and  has  been  adapted  here  to  viscoelastic 


laminates. 
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Aa  shown  by  the  curves  A,  B,  and  C  In 
ig.  3,  the  damping  decreases  as  the  standard 
Lnear  solid  parameter  a  Increases,  and  the 
afluenceof  a  on  damping  depends  only 

lightly  on  (3. 

The  Influence  of  the  bulk  modulus  param- 
>ter  (k  =  K/V)  on  damping  is  very  small, 
ixcept  at  low  values  of  the  intermodular  ratio 
refer  to  curves  A  and  E). 

A  decrease  in  the  density  of  the  core, 
relative  to  the  outer  plies,  increases  damping 
(comp^e  curves  A  -d  D).  Howler,  the 
ratio  X./A  .  which  is  a  measure  of  the 
decrease  inr amplitude  between  successive 
peaks  of  oscillation,  does  not  change 
significantly. 

A  decrease  in  Poisson's  ratio  of  the 

outer  plies  Vi  decreases  the  damping  (see 

curves  A  ani  F).  Damping,  as  well  as  the 
H  \  /x  increase  as  the  modal  parameter 

Ft,..  3(b)  and  3(d)). 


(d)  Modal  parameter  =  8  X  10  ,y  =  31.6 

Fig.  3.  Concluded 

b.  Oscillation 


Figure  2  indicates  that  with  increasing 
v  x  remains  almost  constant  up  to  a  certain 
y\ t£en  increases  rapidly  .then  ^  r 

hks  a  maximum  with  a  subsequent  d^em 
The  rapidity  of  increase  as  well  as  the  si* 

sequent  behavior  with  an  increase  in  y  is 

a  function  of  both  P  and  o  • 

Figure  3  indicates  that  the  oscillation 

coefficient  Xr  decreases  monotonicafly  with 

an  increase  in  P- 

The  parameter  a  has  negligible  influ¬ 
ence  on  Xr  at  lower  values  of 

higher  values  of  y  5)t  In  general, 

an  increase  in  oi  r1©*  ° 

rhe  vSue  S  xr  is  higher  for  a  viscoelastic 
laminate  than  it  is  for  an  elastic  laminate 

^==1  forTore).  The  bulk  modulus  param¬ 
eter  (k)  has  an  insignificant  influence  on  Xr. 

A  decrease  in  Poisfon's  ratio  of  the  outer 
plies  (v  i)  reduces  Xr  slightly.  The 
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oscillation  coefficient  increases  with  increase 

s(TJ m*  p"a"e“r  (comp,re 

c.  Approximate  Theories 


Thin-plate  theory  yields  highly  errone- 

intPr^fSj  866  P8'  4)'  esPeciaUy  when  the 
intermodular  ratio  is  high.  It  underestimates 


damping  and  overestimates  the  oscillatory 
coefficient,  with  the  error  in  the  damping 

EES"  b6ing  greater  than  error  in  the 
oscillation  parameter.  Also,  thin-plate  theory 
does  not  indicate  the  true  trend  in  the  varia-  y 
tion  of  damping  with  respect  to  the  variation 
in  the  intermodular  ratio  or  relaxation 
parameter. 


Ex»ct  and  r«fln«d 
approximate  laminate  theory 
Sandwich  plate  theory 
■  Thin  plate  theory 


\  / 
X 

/  \ 


(a)  Laminae  B,  modal  parameter 


2  x  10'4,  p  =  20 


Fig.  4.  Comparison  of  results  from  approximate  and  exact  theories 


a  a  the  refined  approximate  laminate 
theory  [3]  the  displacements  u  and  v  are 
assumed  piecewise  Unear  across  each  of  the 
f.1.1®®  and  *  18  assumed  constant  across  the 
thickness.  Taking  into  account  the  effects  of 
transverse  shear  deformations  and  rotary 
JJf  Sferning  differential  equations, 

+  2  x  No.  of  plies)  in  number,  are  derived 
through  variational  considerations.  Both  A 

“d/d  J)bt?in?d  uslng  0118  analysis  could  not 

be  distingulBhed  from  the  exact  curveSTiT - 

Figs.  2  to  4.  The  reasons  for  such  a  high 
degree  of  accuracy  are:  (1)  the  true  distribu¬ 
tion  of  displacement  across  the  thickness  is 
nearly  piecewiue  linear  (found  from  three¬ 


dimensional  analysis),  and  (2)  the  transverse 
shear  deformations  and  bending  stresses  in 
the  core  are  taken  into  account. 

niaf  „^suIt3  obtained  using  the  "sandwich 
plate  theory  [2]  are  plotted  in  Fig.  4.  This 
theory  yields  accuraw  results  for  low  to 
moderate  values  ol  y  when  the  intermodular 
rat.o  is  high;  but  at  high  values  of  y,  results 
become  inaccurate.  At  lower  values  of  B 
the  results  are  highly  erroneous.  This  is  ' 
because  the  influence  of  the  bending  stiffness 
of  the  core,  which  is  neglected,  is  substantial 
at  iower  values  of  p.  At  higher  values  of  p 
the  bending  stiffness  of  the  core  is  low;  thus* 
neglecting  it  does  not  affect  the  results 
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(b)  Laminate  B,  modal  parameter  =  2  x  10  ,  y  =  31.6 


Fig.  4.  Concluded 


CONCLUDING  REMARKS 

In  this  paper,  a  parametric  study  of  free 
vibrations  of  viscoelastic  laminates  was 
carried  out  using  three-dimensional  analysis. 
Numerical  results  were  presented  for  three- 
layer  laminates  with  elastic  outer  layers  and 
viscoelastic  cores  of  the  standard  linear  solid 
type.  The  various  parameters  involved  are 
the  relaxation  parameter  of  the  core,  the  inter¬ 
modular  ratio ,  the  standard  linear  solid  param¬ 
eter,  Poisson's  ratio  of  the  outer  layers, 
density  ratio,  and  ratio  of  bulk  modulus  to 
elastic  shear  modulus  of  the  core.  Of  these, 
the  most  significant  parameters  influencing 
damping  are  the  relaxation  parameter  of  the 
core,  intermodular  ratio,  and  the  standard 
linear  solid  parameter.  The  damping  was  not, 
in  general,  a  monotonic  function  of  either  the 
intermodular  ratio  or  the  relaxation  parameter 
of  the  core. 

The  thin -plate  theory,  when  applied  to 
viscoelastic  laminates,  is  highly  erroneous, 
especially  when  estimating  damping.  The 
sandwich  plate  theory  of  Ref.  [2]  yields 


accurate  results  only  for  high  values  of  inter¬ 
modular  ratio  and  moderate  values  of  the 
relaxation  parameter.  The  refined  approxi¬ 
mate  laminate  theory  of  Ref.  [3] ,  in  which 
in-plane  displacements  are  assumed  piecewise 
linear  across  the  thickness  and  transverse 
shear  deformations  and  rotary  inertia  are 
taken  into  account,  yields  highly  accurate 
values  of  damping  and  oscillatory  parts  of 
the  frequency  for  all  values  of  intermodular 
ratio,  relaxation  parameter,  and  modal  param¬ 
eter.  Furthermore,  as  this  approximate  theory 
is  far  simpler  than  the  exact  three-dimensional 
analysis,  it  can  be  used  profitably  in  the  analy¬ 
sis  of  laminates  for  which  three-dimensional 
analysis  is  either  impossible  or  impractical 
from  a  computational  standpoint. 
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APPENDDC 

THREE-DIMENSIONAL  ANALYSIS 


In  the  exact  three-dimensional  analysis  of  laminates,  each  layer  of  the  laminate  is  treated  as 
a  homogeneous  plate.  In  addition  to  the  boundary  conditions,  the  conditions  of  continuity  and  equilib¬ 
rium  at  the  interfaces  are  also  satisfied.  The  governing  differential  equations  of  linear,  small- 
deformation  theory  of  viscoelasticity  for  free  vibrations  are  [4] , 
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where  subscript  "j"  refers  to_the  j-th_layer.  and  Oj  are  the  complex  Poisson's  ratio  and 
complex  shear  modulus.  Uj ,  vj ,  and  w,  are  complex  and  the  actual  displacements  uj,  Vj,  and  Wj 
are  given  by  the  real  parts  ujeint,  vje^1,  and  w^e^t,  respectively.  The  differential  equations 
for  elastic  materials  are  the  same  as  (Al)  except  that  in  the  elastic  case  T/j  and  Gj  are  real 
constants.  Thus,  the  analysis  for  viscoleastic  laminates  is  formally  identical  to  that  Tor  elastic 
laminates.  The  analysis  of  simply  supported  elastic  laminates  is  available  in  Ref.  [5]  and  is 
adapted  here  to  simply  supported  viscoelastic  laminates.  The  analysis  is  briefly  described  below. 

The  displacements  are  chosen  as 

Uj  =  (Z)  cos  (mirx/a)  sin  (niry/b) 

Vj  =  (Z)  sin  (mjrx/a)  cos  (nify/b)  /  (A2) 

Wj  =  Xj  (Z)  sin  (mjrx/a)  sin  (niry/b)  _ 

Substituting  these  in  Equations  (Al)  and  simplifying,  a  set  of  three  homogeneous  coupled  ordinary 
differential  equations  is  obtained.  Solution  of  these  equations  yields  expressions  for  <f>,  \p,  and 
Making  use  of  stress -displacement  relationships,  expressions  for  stresses  can  be  obtained.  The 
simple  support  boundary  conditions  are  automatically  satisfied  by  the  present  solution  because  of 
the  form  of  variation  of  stresses  and  displacements  in  the  x  and  y  directions.  Satisfying  the 
stress-fi  ae  conditions  on  exterior  lateral  surfaces  and  the  interface  conditions,  the  characteristic 
equation  is  obtained.  Solution  of  this  transcendental  characteristic  equation  yields  the  frequencies 
of  free  vibration. 
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The  characteristic  equation  for  a  three- layer  laminate  is 


e. 
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is  a  diagonal  matrix  with  diagonal  terms, 

exp(rjZ),  exp(-r^Z),  exp(mZ),  exp(-mZ),  exp(s.Z),  exp(-s.Z)], 


2  2 
g  =  (modal  parameter)  x  7 r 

A  =  A  +  iA  , 
r  a 


Z  =  z/hj!  Hj  =  1,  H2  =  (hj  +  h,)/hj,  Hg  =  (hj  +  hg  +hg)/h1 
M  =  mirhj/a,  N  =  mrhj/b. 


The  Poisson's  ratio  v .  can  be  expressed  in  terms  of  bulk  modulus  and  shear  modulus 
3K.  -  23, 

u.  =-J - L_ 

3  2(3S.  4  G^) 


OPTIMUM  PASSIVE  SHOCK  ISOLATION  FOR 
'INDERGROUND  PROTECTIVE  STRUCTURES* 


David  L.  Platus 
Mechanics  Research,  Inc. 

Los  Angeles,  California 

This  study  was  oriented  toward  configuration  and  hardware  approaches 
for  achieving  near-optimum  performance  of  six-degree-of-freedom  passive 
shock  isolation  systems  for  underground  protective  structures.  Design 
goals  were  established  and  preferred  isolation  systems  were  selected 
and  evaluated  for  three  cases  of  geometry,  attach  conditions,  and 
input  motions. 


INTRODUCTION 

Considerable  attention  has  been  given  to 
optimization  techniques  for  active  and  passive 
shock  isolation.  An  extensive  treatment  of  the 
subject  is  presented  by  Sevin  and  Pilkey  [  1 ] , 
including  an  annotated  bibliography.  The  pres¬ 
ent  paper  is  oriented  toward  configurations  and 
hardware  approaches  for  achieving  near-optimum 
performance  of  passive  isolation  systems  for 
underground  protective  structures. 

Previous  optimization  studies  of  active  and 
passive  shock  isolation  using  a  single-degree - 
of-freedom  model,  notably  those  of  Liber  and 
Sevin  [2],  led  to  the  conclusion  that,  for  many 
input  wave  forms,  a  constant-force  isolator  pro¬ 
vides  the  best  possible  solution  in  the  trade¬ 
off  between  shock  attenuation  and  rattlespace. 
Here,  rattlespace  denotes  the  maximum  displace¬ 
ment  of  the  isolated  article  relative  to  the 
base. 

Klein  [3)  atudied  active  and  passive  three- 
degree-of- freedom  coupled  planar  systems  and 
developed  the  "Optimum  Shock  Isolation  Theorem". 
According  to  this  theorem,  for  rectangular 
objects  subjected  to  translational  shock  inputs, 
optimum  performance  can  always  be  obtained  with¬ 
out  rotation  of  the  isolated  object.  Two  impor¬ 
tant  conclusions  follow.  First,  the  results 
obtained  from  optimizing  a  single -degree-of- 
freedom  active  system  are  directly  applicable  to 
any  raulti-degree-of -freedom  active  system  of 
rectangular  geometry  and  rattlespace  limits. 
Second,  an  isolation  system  whose  force  center 
coincides  with  the  center  of  mass  of  the  iso¬ 
lated  object  is  the  optimum  configuration  for 
any  passive  system.  Thus,  a  system  of  isolators 


which  provides  constant-force  behavior  in  the 
direction  of  relati  "e  motion,  and  whose  force 
center  coincides  with  the  center  of  mass  of  the 
isolated  object,  could,  theoretically,  provide 
optimum  shock  isoletion  for  many  input  wave 
forms. 

The  objective  of  the  present  investiga¬ 
tion  [4]  was  to  predict  the  performance  of  six- 
degree-of-freedom  passive  shock  isolation  sys¬ 
tems  of  "potentially  commercially  availaole" 
shock  isolators  suspending  rigid  objects.  The 
systems  were  to  be  designed  to  minimize  rattle¬ 
space  requirements  for  specified  maximum  allow¬ 
able  accelerations  transmitted  to  the  isolated 
objects.  Input  motions  were  to  be  consistent 
with  those  expected  to  result  from  nuclear  deto¬ 
nations,  and  the  allowable  transmitted  motions 
were  to  be  consistent  with  the  assumed  capabil¬ 
ity  of  electronic  equipment.  The  term  "poten¬ 
tially  commercially  available"  as  used  in  this 
study  implies  that,  as  a  minimum,  preliminary 
development  of  key  features  of  the  isolators 
must  have  been  completed. 

Isolation  system  dead  space  can  also  influ¬ 
ence  the  total  size  of  a  facility  and  the 
improvement  that  can  be  made  in  existing  facil¬ 
ities.  Although  the  primary  purpose  of  this 
study  was  to  minimize  rattlespace,  attention  was 
also  given  to  minimizing  isolation  system  dead 
space  in  the  selection  of  preferred  isolators 
and  isolation  system  configurations. 

SPECIFIC  REQUIREMENTS 

Three  cases  of  geometries,  weights,  and 
attach  constraints  were  specified  as  shown  in 
Figures  1  to  3.  The  maximum  allowable 


*The  research  program  on  which  this  paper  is  based  was  conducted  under  Contract  No.  F29601-72-C-0011, 
Project  No.  5710..  Air  Force  Weapons  Laboratory,  Kirtland  Air  Force  Base,  New  Mexico,  and  is  reported 
in  AFWL-TR-72-148,  February,  1973. 
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mm  HJJK-MV  71  USD 
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1  *,* 

Weight  «  10,000  kg 

Attach  Condition!:  Iiolatori  can  attach  any* 
whare  on  the  liolated  object  and  anywhere  on  the 
surrounding  facility. 


Figure  1. 


Caie  I  Geometry,  Weight,  and  Attach 
Conditions 


Weight  *  40,000  kg 

Attach  Conditions:  No  isolators  can  attach  to 
the  top  surface  of  either  the  isolated  object  or 
the  surrounding  facility,  and  only  compressive 
loads  can  be  applied  to  the  isolated  object. 

Figure  2,  Case  II  Geometry,  Weight  and  Attach 
Conditions 
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Weight  -  10,000  kg 

Attach  Conditions!  Isolators  can  only  attach  at 
the  top  of  the  isolated  object  and  within  a  135° 
segment  of  the  lateral  surface. 

Figure  3.  Case  III  Geometry,  Weight,  and  Attach 
Conditions 


accelerations  for  any  point  on  the  isolated 
articles  were  specified  as  +  1.58  g  vertical  and 
+  4.74  g  horizontal.  The  systems  were  required 
t  ,  withstand  several  possible  cases  of  input 
motions,  as  illustrated  in  Figure  4, 

SPECIFIC  DESIGN  OBJECTIVES 

Specific  design  objectives  were  established 
which  guided  the  selection  of  isolators  and  con¬ 
figurations  for  passive  shock  isolation  systems 
of  interest.  These  are  summarized  as  follows: 

1.  Provide  constant-force,  double-acting, 
energy -di s  s ipat ive  for  ce -dis  placement 
behavior. 

2.  Provide  omnidirectional  force-displacement 
behavior  in  azimuth. 

3.  Maintain  the  isolation  system  force  center 
as  close  to  the  cm  as  possible. 

4.  Provide  sufficient  energy-storage  load- 
stroke  behavior  in  order  to  passively 
restore  the  isolated  object  to  its  initial 
position  in  the  presence  of  gravity. 

5.  Minimize  "dead  space”  required  for  the 
isolators. 

6.  Minimize  the  generation  and  transmission 
of  high-frequency  motions. 
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Figure  4,  Typical  Input  Wave forma 


Constant -force  behavior  can  result  from 
springs  (energy-storage)  and  daiqpers  (energy- 
dissipative).  Also,  dampers  can  be  single- 
acting  (reaistanct  in  one  direction)  or  double¬ 
acting  (resistance  in  both  directions).  The 
influence  of  these  characteristics  is  illus¬ 
trated  in  Figures  5  to  9>  in  terms  of  response 
solutions  for  slngle-degree-of-freedom  systems. 
For  the  spring  behavior  of  Figure  5,  the 
required  rattlespace  is  area  A2.  Figure  6  shows 
the  improvement  which  results  from  single-acting 
energy-dissipative  behavior.  Here  the  required 
rattlespace  is  also  area  A2,  but  is  considerably 
less  than  taut  of  Figure  5.  A  further  reduction 
in  required  rattlespace  is  shown  in  Figure  7  for 
ible-ictlng  energy-dissipative  behavior,  The 
require.*  rattlespace  is  now  area  A^.  Flgurss  8 
and  9  show  the  trade-off  in  rattlespace  for 
single-acting  and  double-acting  energy-disslpa- 
tive  behavior,  using  an  input  velocity  pulse 
with  the  characteristic  reversal  of  the  speci¬ 
fied  motions.  The  required  rattlespace  is  area 
A2,  but  is  considerably  less  for  the  double¬ 


acting  system. 


From  the  for ego in^  examples,  it  is  apparent 
that,  in  general,  constant-force  double-acting 
energy-dissipative  behavior  is  closer  to  optimum 
than  constant -force  single-acting  energy-dissi¬ 
pative  behavior  or  constant-force  en.-igy-storage 
behavior.  For  many  wave  forms,  it  can  be  shown 
thr>  ‘  constant-force  double-acting  energy-dissi- 
pative  behavior  will  provide  the  true  optimum  or 
"best  possible"  solution. 


Figure  5.  Response  Solution  for  Constant-Force 
Spring  (Energy-Storage)  Behavior 


Figure  6.  Response  Solution  for  Constant-Force 
Single-Acting  Enorgy-Dissipative 
Behavior 
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Figure  7.  Response  Solution  for  Constant-Force 
Double-Acting  Energy-Dissipative 
Behavior 


Figure  9.  Response  Solution  for  Double-Acting 
Energy-Dissipative  Behavior 
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Figure  8.  Response  Solution  for  Single-Acting 
Energy-Di3sipative  Behavior 


The  effect  of  translational-rotational 
coupling  on  required  rattlespace  is  illustrated 
in  Figure  10  for  tne  case  of  horizontal  input 
motion.  The  isolation  system  force  center  is 
eccentric  to  the  cm  by  an  amount  6  •*  0.1  c.  The 
resulting  rotation  produces  two  effects.  First, 
points  at  the  bottom  of  the  object  experience 
greater  acceleration  than  the  cm,  so  the  maximum 
allowable  acceleration  of  the  cm  must  be  re¬ 
duced,  causing  an  increase  in  required  rattle- 
space.  Second,  the  horizontal  acceleration  at 
point  A,  which  establishes  the  rattlespace,  is 
further  reduced  causing  a  further  increase  in 
required  rattlespace.  For  the  geometry  and 
waveform  shown,  the  design  acceleration  is 
shown  [it]  to  be  approximately  0.5k  a^y.  The 


Figure  1C.  Effect  of  Translational-Rotational 
Coupling  on  Required  Rattlespace 


>i  1 Tiit'  ruMlornacu  Iu  clone  to  three  times 
!  lie  jjoRnible”  solution  corresponding  to 

t!>e  ■'  elei  'iron  in  Klijure  l'1, 

vf  nv  .:  tu  tao'atg® 

Three  typos  of  fifimilvo  ldolntowi  potsn- 
fiel.T.’  ripable  of  mooting  tho  npccifie  design 
requirements;  vote  Identified  an  liquid  epring- 
:;!  locks: ,  MIC  A  hock  isolators ,  and  flexible 
plsstis!  foams . 

liquid  springs  and  shook  Absorbers  are  of 
inr.rsro-.-t  because  of  their  high  efficiency, 
design  versatility,  and  advanced  state  of  devel¬ 
opment  |  h ,  -b  [ .  A  unique  and  attractive  form  of 
metering  in  liquid  shock  obaoruer s  is  the  Orivls 
head  concept  manufactured  by  Taylor  rovlces, 

Inc.  Three  types  of  Orivls  heads  are 

111 ustrrted  in  Fig  ire  11,  and  a  typical  force- 
stroke  curve  for  a  liquid  spring-shock  with  a 
Type  3  Orivls  r..-*»u  1.-.  illustrated  in  Figure  Ik. 
All  three  heads  are  doublo-ncting.  C ingle - 
acting  energy-dissipative  behavior  can  be 
achieved  with  check  valves. 

MSI  Shock  Isolators  are  mechanical  devices 
which  convert  linear  motion  to  rotary  motion 
and  drive  efficient  constant-torque  rotary 
energy  absorber:;  through  one-way  ratchet-type 
or  viscous  clutches.  Relatively  venk  springs 
provide  restoration.  An  MR  I  Shock  Isolator  for 
use  in  a  cable-actuated  system  is  illustrated 
in  Figure  13. 
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Figure  11.  Three  Types  of  Orivia  Head3  Uaed  in 
Taylor  Liquid  Spring-Shocks  [6] 


A  cable  passe:;  over  ;t  pulley  which  is 
connected  to  a  shaft  through  a  one-way  ratchet 
clutch.  The  cable  attaches  to  a  spring  mounted 
on  the  isolated  object,  which  provides  restora¬ 
tion.  The  shaft  drives  a  constant- torque 


energy  absorber  which  is  connected  to  the  iso¬ 
lated  object  through  a  viscous  clutch.  Under 
rapid  motion  which  extends  the  cable,  the 
viscous  clutch  and  the  ratchet  clutch  lock. 

The  constant - torque  energy  absorber  is  driven, 
providing  ene egy-dtsa ipative  con s tnnt -force 
resistance  to  the  cable.  cider  rapid  motion 
which  tends  to  shorten  the  cable,  the  ratchet  — 
-.q  huh  -c  '!i;a  ■■  and  ‘he  rest orf.t  len  string;  reels 
In  i...s-  ■  '-.■if  ..  It  i-.il. .  Jn.ici’  -'mw..;  i.--n': 

uxtenuio.i  -  ■  -  oaul'i,  t.ic  riiohet.  s'  u ' v .  .  ocKs 

and  the  votary  energy  absorber  is  again  driven 
to  provide  constant  -o-' is  banco  to  the  cable. 

Thus,  sets  .- ingle-acting  cable  isolator  units 
mounted  r.>  opposite  cldcs  of  the  isolated  object 
proviue  •’oublo-netinc.  behavior  for  the  isolation 
!.y slum.  ;,*-nr  n  shock.,  energy  in  the  displaced 

u'1'V".:  res' -ires  v.hc  uyjtero  through  the  viscous 
Ivl  pie;. . 


p;  ‘.or-,  i is ve  been  Invea.i- 

or  .mdi-rtroumi  protective  structure;'.  [ 7  ] 
su'd  off  .:r  advantages  ns  well  as  disadvantages 
comnarcd  with  other  passive  isolators  [  J-i  ] . 
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PREDICTION  OF  ISOLATION  SYSTEM  PERFORMANCE 

The  isolator  model  used  in  this  study  is 
shown  in  Figure  lU. 

F  represents  a  constant-friction  (Coulomb) 
damper,  c  a  viscous  dajnper,  K  a  linear  spring, 
and  6  the  initial  spring  deflection.  The 
energy-dissipation  elements  F  and  c  can  be 
selected  to  act,  in  either  one  direction  or  both 
directions  so  the  isolator  can  be  made  single- 
acting  or  double-acting  with  respect  to  damping. 

This  model  was  selected  to  represent  either 
liquid  spring-shocks  or  MRI  Shock  Isolators.  It 
is  a  good  representation  of  MRI  Shock  Isolators, 
but  only  approximates  liquid  spring-shocks.  The 
major  source  of  inaccuracy  is  the  use  of  a 
.-'.hoc  ;.i.y- independent  constant-force  element  tu.l 
"  ll-ear  viscous  damper.  Although  tke  liquid 
spring-shocks  of  interest  do  exhibit  constant- 
force  behavior  for  a  particular  stroking  veloc¬ 
ity  history,  variation  in  the  velocity  history 
can  alter  the  constant-force  behavior. 

A  computer  program,  called  0R1HK,  wnr 
written  to  solve  for  the  response  of  a  rigid 
object  suspended  on  a  set  of  isolators  of  the 
type  shown  in  Figure  and  subjected  to  the 
input  motions  of  .the  type  show  in  Figure  h. 

The  isolators  may  attach  anywhere  on  the  sus¬ 
pended  object  or  the  surrounding  facility.  The 
program  treats  large-displacement  behavior. 
Output  is  in  the  form  of  tables  and  line  printer 
plots  of  relative  displacements  and  velocities 
■and  absolute  accelerations  of  specified  points 
on  the  suspended  object. 


The  program  was  originally  written  to  han¬ 
dle  a  set  of  isolators,  each  having  one  end 
pinned  to  the  suspended  object,  and  the  other 
end  pinned  to  the  surrounding  facility.  Only 
axial  loads  are  transmitted  by  the  isolators,  in 
a  direction  established  by  the  end  points.  An 
option  was  added  to  handle  the  condition  where 
one  or  two  horizontal  isolators  attach  to  a 
fitting  which  rides  on  a  low-friction  vertical 
rail  at  the  facility  wall. 


Isolated  Object 


Flgure  14.  Isolator  Model 


OEU-ICTIOH  OF  PHKFERRH)  SYSTEMS 

Prefer  red  isolation  systems  for  the  three 
onoe:;  of  intei’ost  have  the  following  common 
features: 

•  liquid  spring-shocks  are  used  an  the 
principle  isolator  elements  for  provid¬ 
ing  constant-force  energy-dissipative 
load-stroke  behavior,  as  well  an  the 
energy-storage  behavior  required  for 
restoration. 

•  Sets  of  isolators  distributed  around 
t!\e  isolated  article  provide  omnidirec¬ 
tional  horizontal  force-displacement 
behavior  required  in  azimuth,  and  mini¬ 
mize  translational-rotational  coupling 
in  the  horizontal  plane. 

•  A  set  of  vertical  rails  connect  the 

i»wi’A*Uiiijtt.L  UUi’ti  U O  the  facility 

walls  and  decouple  the  horizontal  and 
vertical  motions. 

The  designs  of  Cases  I  and  III  use  compact 
cable-driven  rotary  isolators  employing  ball- 
screws  and  liquid  spring-shocks  as  illustrated 
in  Figure  15.  These  isolators  handle  the  large 
vertical  motions  without  substantially  increas¬ 
ing  the  total  space  required  beyond  the  rattler- 
space  itself.  The  ball-screws  efficiently  con¬ 
vert  rotary  motion  to  linear  motion,  and  can  be 
efficiently  back-driven  permitting  the  use  of 
smaller  liquid  spring-shocks  than  would  other¬ 
wise  bn  required.  Ball-splinCs ,  not  shown  in 
the  figure,  resist  the  torques  applied  to  the 
ball-nut. 

Case  I 

The  preferred  system  for  Case  I  is  illus¬ 
trated  in  Figures  15  to  17.  Pre loaded  single- 
acting  liquid  spring-shocks  are  used  in  the 
vertical  system  in  order  to  maintain  tension 
on  the  cable  and  follow  the  motion  of  the  iso¬ 
lated  object  when  the  cable  tends  to  go  slack. 
The  up-load  units  also  support  the  isolated 
object  ,nnd  restore  the  system  following  a 
shock . 

The  horizontal  isolation  system  consists 
of  two  sets  of  rail-mounted,  double-acting 
liquid  spring-shocks.  The  use  of  double-acting 
isolators  helps  to  minimize  coupling  from  rail 
friction  since  friction  forces  are  produced  on 
opposite  sides  of  the  object,  proportional  to 
the  horizontal  forces  transmitted  to  the  rails. 
The  momenta  from  these  friction  forces  approxi¬ 
mately  cancel  each  other. 

The  spring -shocks  connect  to  the  isolated 
object  and  to  the  shoe  assemblies  through 
spherical  bearings,  in  order  to  minimize  bend¬ 
ing  loads.  Because  of  these  bearing  connec¬ 
tions  stabilizer  springs  are  added  to  react 
vertical  loads  on  the  shoes  from, friction,  shoe 
inertia,  and  vertical  components  which  may 
result  from  rotation  of  the  horizontal 
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isolators.  An  alternate  means  for  providing 
stability  is  to  tilt  pairs  of  top  and  bottom 
isolators  attached  to  a  common  shoe. 


Cable 


Liquid  Ball-Screu  Drum  Ball-Screw  Liquid 


Cable  Tsolatoi»-Unlt 


Figure  15.  Case  I  Vertical  Isolation  System 
and  Cable  Isolator  Unit 


In  addition  to  the  primary  isolation 
system  illustrated  in  Figures  15  to  17,  impact 
limiters  are  required  to  attenuate  relatively 
low-velocity  impacts  between  the  isolated 
object  and  the  facility  walls;  or  within  the 
primary  isolators  as  they  "bottom  out"  prior  to 
impuct  between  the  object  and  the  facility 
walls.  The  energy  associated  with  these 
impacts  is  a  small  fraction  of  that  absorbed  by 
the  primary  system.  Relatively  small  plastic 
foam  or  elastomeric  pads  should  be  adequate. 

The  preferred  horizontal  isolation  system 
of  Figure  17  is  believed  to  be  equally  effi¬ 
cient  and  mechanically  superior  to  an  earlier 
approach,  shown  in  Figure  18,  which  was  used 
for  the  performance  evaluation. 

Because  of  the  offset  cm,  isolator  force 
levels  in  both  the  vertical  and  horizontal 
systems  vary  as  a  function  of  isolator  location 
in  order  to  minimize  translational-rotational 
coupling. 

Case  II  ■’  ;/‘i; ;'v  ■■  ■'; ;d  ;/y,  V 

The  preferred  system  for  Case  II  is  illus¬ 
trated  in  Figures  19  to  21.  The  system  is  r..nd 
up  of  the  following  key  elements . 
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Figure  19.  Case  II  Shook  Isolation  System 


to  provide  a  more  omnidirectional  system  and  to 
reduce  translational -rotational  coupling  in  the 
horizontal  plane.  Stabilizer  springs  are  used 
for  stability,  as  in  Case  I. 

The  configuration  of  the  vertical  isolators 
takes  advantage  of  the  large  vertical  dimension 
of  the  isolated  object.  Cable-pulley  systems 
are  used  which  require  two  sets  cf  single-acting 
struts  operating  only  in  tension.  An  additional 
pulley  is  used  to  bring  the  cable  into  the  iso¬ 
lated  object  near  the  cm.  This  minimizes 
translational-rotational  coupl1ng  from  the  cable 
loads  as  the  article  is  displaced  horizontally. 
The  extra  pulley  also  keeps  the  cable  inboard  of 
the  network  of  horizontal  isolators. 

As  in  Case  I,  impact  limiters  are  required 
to  attenuate  relatively  low-velocity  impacts. 

It  is  expected  that  the  Case  II  system 
could  be  simplified  by  using  considerably  fewer 


isolators,  with  little  reduction  in  performance. 
The  emphasis  in  this  study  was  on  developing 
systems  to  achieve  best  possible  performance. 
Further  trade-off  studies  should  be  performed. 


The  preferred  system  for  Case  III,  illus¬ 
trated  in  Figure  22  is  similar  to  that  of 
Case  I.  It  differs  because  of  the  attach  con¬ 
straints  which  prohibit  attaching  isolators 
the  sides,  except  for  a  135°  sector,  and  on  the 
bottom.  Therefore,  all  of  the  cables  from  the 
vertical  isolators  and  the  top  rirg  of  horizon¬ 
tal  isolators  attach  at  the  top  periphery  of  the 
isolated  article.  A  partial  ring  of  horizontal 
isolators  attaches  at  the  sides  near  the  bottom, 
within  the  135°  sector,  in  order  to  balance,  to 
the  extent  possible,  the  coupling  moments  pro¬ 
duced  by  the  ther  isolators. 
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Figure  20.  Case  II  Vertical  Isolation  System 


PERFORMANCE  EVALUATIONS 

Results  of  parametric  evaluations  for  the 
three  systems  are  shown  in  Table  1,  which  sum¬ 
marizes  the  maximum  responses  for  the  isolator 
parameters  which  are  closest  to  optimum.  Also 
shown  for  comparison  are  the  theoretical  opti¬ 
mum  solution  and  the  maximum  accelerations  and 
displacements  for  the  input  motions.  The  iso¬ 
lator  parameters  and  methods  for  their  selec¬ 
tion  are  presented  in  Reference  4. 

The  optimum  gelation  is  based  on  slngle- 
degree-of-freedom  vertical  and  horizontal, 
models  of  the  uncoupled  systems,  using  a 
constant-force,  double-acting,  energy-dissipa¬ 
tive  isolator  model.  The  rotational  inputs 
were  found  to  have  negligible  effect  on  the 
solution  using  a  technique  developed  to  deter¬ 
mine  near-optimum  solutions  wiuh  planar  trans¬ 
lational  and  rotational  inputs  [4],  The  pres¬ 
ent  so’  ition  can  be  shown  to  be  the  best  possi- 
P  ble  for  the  horizontal  and  the  top  rattlespace 


Out, lie  of  Within 

135°  Sector  135°  Sector 

Figure  22.  Case  III  Isolation  System 


input  displacements.  AI30  included  in  the 
solution  envelope  is  an  allowance  for  isolator 
dead  space.  Results  for  Case  II  are  very  simi¬ 
lar  to  those  of  Case  I.  The  parametric  evalua¬ 
tions  of  Case  III  were  too  limited  to  be  con- 


values,  even  considering  active  systems  without 
esrly  warning"  [2],  although  active  systems 
(  could  reduce  the  bottom  rattlespace  at  the 
’  expense  of  the  top  rattlespace. 

Figure  23  compares  the  results  for  Case  I 
;  with  the  theoretical  optimum  and  the  maximum 


elusive,  but  indicate  achievable  performance 
close  to  Cases  I  and  II. 

FURTHER  DESIGN  CONSIDERATIONS 

Near-optimum  performance  can  be  achieved 
based  on  the  models  used  in  the  performance 
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TABIE  1 

Results  of  Parametric  Evaluations 


System 

Maximum  Response 

Vertical 

Horizontal 

Accel. 

Rattlespace  (cm) 

Accel. 

Rattlespace 

(g's) 

Top 

Bottom 

(g’s) 

(cm) 

Case  I 

1.55 

146 

333 

3.79 

3S.61  (57.1+2) 

Case  II 

1.1*8 

147 

320 

i*.l*8 

26. 91  (62. 52) 

Case  III 

2.5 

158 

381 

l*.i* 

1*1* 

Optimum  Solution 

1.58 

lhl 

267 

k.7b 

2l*.6 

Facility  Motions 

200 

900 

900 

100 

800 

Initial  peak  response. 

Total  response  which  could  he  reduced  to  very  nearly  the  initial 
peak  response  using  low-velocity  impact  limiters. 


Input 

dlapUctaint 


Figure  23.  Case  I  Optimum  Solution,  Achievable  Rattlespace  Plus 
Dead  Space,  and  Maximum  Input  Displacements 


evaluations.  It  is  recognized  that  these  models 
are  somewhat  idealized,  and  important  potential 
problems  associated  with  real  hardware  require 
fu-'^her  investigation.  The  more  significant 
potential  problems  are  as  follows: 

•  Seal  friction  in  vertical  liquid  spring 
Isolators  causing  "dead  band"  or  uncer¬ 
tainty  in  equilibrium  position  of 
restored  system. 


Overshoot  in  the  isolation  system  force 
and  reduction  in  performance,  due  to 
unloading  or  reduced  loading  in  top 
vertical  isolator  cables  from  inertia 
of  Isolation  system  components. 

Manufacture  of  practical  liquid  spring- 
shocks  with  behavior  characteristics 
approaching  those  of  the  preferred 
isolators. 


■  ■  ;$f  v 


•  Friction  in  rail-shoe  assemblies  and 
other  attachment  hardware. 

«  High-frequency  effects. 

*  Treatment  of  low-velocity  impacts. 

A  discussion  of  these  problems  is  presented  in 
Reference  h, 

CONCLUSIONS 

Passive  shock  isolation  systems  appear 
promising  for  achieving  near-optimum  perform¬ 
ance  in  underground  protective  structures  sub¬ 
jected  to  severe  motions  from  nuclear  detona¬ 
tions.  Specific  design  goals  have  been  devel¬ 
oped  for  guiding  the  selection  of  isolators  and 
configurations,  and  several  promising  design 
concepts  have  been  identified. 
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DISCUSSION 


Mr.  Curtis  (Hughes  Alrcrnf t  Company)  : 

I  ou  hud  i\  slide  showing  various  responses* 
During,  your  paper  you  were  talking  In  terms  of 
displacements,  but  the  curves  were  labeled 
velocities  for  the  ordinates, 


Mr.  Platus;  T  didn't  have  time  to  develop 
this  graphical  solution.  Tills  Is  developed  In 
a  paper  by  Lleber  and  Is  also  described  In  the 
monograph  by  Sevln  and  Pllkey.  I  think  the 
confusion  is  that  I  was  referring  to  areas 
between  the.  curves.  We're  on  a  velocity  time 
plot  and  the  area  under  a  velocity  time  history 
Is  displacement.  The  area  under  the  Input  curve 
is  input  displacement;  the  area  under  the  re¬ 
sponse  curve  Is  response  displacement;  the 
area  between  the  two  curves  Is  the  relative 
displacement.  When  I  talked  displacement  I 
was  referring  to  these  areas. 


Mr.  Kallnowskl  f I IT  Research  Institute); 
When  you  showed  the  physical  model  we  9aw  many 
isolators,  yet  your  mathematical  model  only 
showed  one.  Were  they  all  similar  to  that? 

How  many  unknown  parameters  do  you  have  to 
optimize?  -  . 


Mr.  Platus:  The  isolator  model  shown  was 
a  general  model  of  all  of  the  isolators.  It 
involved  a  constant  force  element  for  the 
constant  force  damper,  the  linear  dashpot 
clement,  a  spring  constant  and  a  damping 
constant.  There  were  four  elements  for  each 
isolator. 


Mr.  Kallnowskl:  How  many  Isolators? 

Mr,  Platus:  There  were  16  Isolators  going 
around  the  top  and  16  around  the  bottom.  So 
there  are  32  In  the  horizontal  and  then  another 
16,  8  vertical  and  8  horizontal  That  gives 
you  a  rough  idea  of  the  total  number.  There 
was  essentially  no  optimization  done,  optimal 
synthesis  or  anything  like  that.  It  was  pretty 
clear  how  one  had  to  adjust  the  Isolator  para¬ 
meters  almost  at  the  outset.  The  parameter 
study  involved  making  some  good  guesses,  running 
the  program,  and  then  looking  at  the  results. 

The  final  report  on  the  study,  not  the  written 
paper  gives  a  pretty  extensive  description  as 
to  how  the  isolator  parameters  were  selected. 


Mr.  Kallnowskl:  The  one  thing  you  really 
don't  know  for  sure  Is  what  the  input  is  in  ' 
this  type  of  problem.  I  realize  you  were 
given  the  waveforms  ahead  of  time,  but  there 
is  a  great  amount  of  uncertainty  as  to  what 
the  waveform  is.  This  is  due  to  the  soil- 
structure  interaction  problem  involved  with 
what  ever  this  item  ties  into.  How  sensitive 
do  you  think  this  would  be  to  variations  on 
the  input  waveform  that  you  did  assume? 


Mr,  Plains;  1c  Is  true  Mint  rb<-r<-  In 
uncertainty  in  the  Input  motions,  in  our  study 
things  were  simplified  because  they  were  given 
to  us.  However,  the  fact  that  we  are  consid¬ 
ering  linslcfllly  a  constnnt  force  system  makes 
the  response  somewhat  insensitive  to  the  input 
motions.  Hie  isolation  system  characteristics 
pretty  well  fix  the  maximum  response  of  the 
isolated  object.  In  this  case,  we're  limiting 
the  object  response. to  some  specific  accelera¬ 
tion.  So  we  tailor  the  force  levels  that  the 
isolator  is  to  provide,  essentially  this  con¬ 
stant  force  behavior.  Let's  snv  the  input 
motions  are  n  little  more  severe  so  that  these 
areas  shown  in  single-degree-of-freedom  solutions 
are  a  little  larger.  The  consequence  will  be 
that  we  will  perhaps  underestimate  the  maximum 
displacement  or  rattle  space.  This  is  where 
the  uncertainty  ta,  not  in  the  acceleration 
response  of  the  article.  If  there  is  some 
uncertainty  as  to  what  the  worse  waveforms  are 
one  could  allow  for  a  little  more  severe  wave¬ 
form  in  terms  of  a  slightly  greater  displace¬ 
ment.  In  other  words,  Just  design  some  addition¬ 
al  displacement  into  the  system. 


*  Kallnowskl:  You  haven't  actually  tried 
it  for  different  waveforms  to  see  what  the 
response  would  be? 


Mr.  Platus:  No,  For  this  study  we  had 
one  waveform  corresponding  to  air-induced  motion 
and  two  others  corresponding  to  direct-induced 
motions,  and  then  they  were  phased  differently. 
All  in  all  there  were  about  four  different 
waveforms  that  had  to  be  satisfied.  It  was 
simple  to  run  through  the  computer  solutions, 
test  all  of  them  and  then  pick  out  the  one 
that  required  the  maximum  displacement.  That 
then  becomes  the  rattle  space  requirement. 

There  is  a  little  bit  of  an  iterative  proced¬ 
ure  because  the  sizing  and  the  configuration  of 
the  isolators  depends  on  what  kind  of  displace¬ 
ment  you  have  to  contend  with. 


INFLUENCE  OF  AN  ABSORPER  ON  MACHINE  TOOL  VIBRATION 
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The  influence  of  an  oil  squeeze  film  type  of  a  damped  vibration  absorber 
on  the  dynamic  behavior  of  a  machine  tool  (surface  grinding  machine)  has 
been  investigated  as  part  of  a  project.  Several  procedures  for  testing 
and  evaluating  the  vibrational  parameters  of  the  grinder  were  applied. 
Substantial  improvement  due  to  the  absorber  was  observed  and  is  presented 
herein  a*  values  of  dynamic  stiffness,  damping  ratio,  maximum  negative 
real  vector  component,  and  on  Gain-Phase  plots  indicating  chapter  resist¬ 
ance. 


INTRODUCTION 

The  ever  increasing  demand  for  higher 
quality  machine  tool  work  accentuates  the  need 
for  reducing  dynamic  weakness  of  structures. 
Dynamic  weakness  combined  with  the  influence 
of  the  cutting  process  causes  chatter  instabil¬ 
ity.  The  suppression  of  chatter  and  improve 
ment  of  dynamic  behavior  leads  to  better 
quality  products,  higher  production  rates  end 
a  more  favorable  machine  stiffness-to-cost 
ratio. 

One  effective  remedy  for  improving  the 
performance  of  a  machine  is  the  incorporation 
of  vibration  dampers.  In  recent  years, 
especially,  new  evaluation  methods  have  ailed 
in  proper  design  and  reliable  installable  *f 
absorbers  [1,  <?,  3,  4]. 

In  this  investigation  a  damped  vibration 
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ing  me. nine  st  the  pom  or  maximum  deflection 
amplitude;  namely  the  drive  motor  care  at  fhe 
rear  of  the  spindle  Generally,  it  should  be 
located  at  a  po-Hion  where  a  vibration  node 
will  not  develop  at  any  critical  speed  at 
which  the  absc  ter  •*  xpe.tnd  to  *e  effective. 

ihe  design  vil-ttd  an  auxiliary  mass  ir. 
o-rallei  with  the  ■  ’cup,  ittacned  by 

an  adjustable  spring  tc  thf  original  svs-.*.?i>. 

The  d-vrper  con'-iste  4  o*  an  al<:r*r.ur*  rylif  *  "’C.  T 
housing  about  3  inches  lov  and  £.  incuc; 
diameter.  A  steel  cylinder  reigning  aueat  iL 
pounds  was  inserted  into  the  housing  erd  held 
by  a  flexible  steel  bar.  The  small  gap  be¬ 
tween  the  cylinder  and  housing  was  filled  with 
a  specific  amount  of  damping  fluid  which  dissi¬ 
pated  the  vioration  energy.  Tr.e  goal  w a;  to 


suppress  the  most  dangerous  mode  of  vibration 
by  tuning  the  natural  frequency  o4  the  absorber 
mass  to  the  resonant  mode  and  then  by  damping 
the  device.  The  design  and  optimization  of  the 
absorber  will  be  described  elsewhere. 

After  the  absorber  tuning  and  damping  was 
optimized,  its  effect  on  the  relative  tool  de¬ 
flection  and  on  the  total  vibration  mode  shape 
was  evaluated  by  several  procedures.  The  evalu¬ 
ation  was  expected  to  be  done  in  a  simplified 
manner  without  pei  forming  t ; tr-u  consuming  and 
costly  cutting  tests. 

TEST  PROCEDURES 

Four  d’fferent  experimental  test  procedures 
have  i-i»*»r.  applied  to  analyze  the  machine  tool 
behavior  and  the  effect  of  the  added  absorber: 

1.  tuning  procedure 

c  v-  r,-|  r  n » i -  .  measurement 

3.  vc....'  component  measurement 

4.  vibration  mode  measurement. 

The  procedures  -/ere  based  on  c.  frequency 
response  method  using  an  automatic  mechanical 
impedance  measuring  system  [5,  6].  To  obtain 
the  results  in  the  convenient  form  of  a  transfer 
function  an  instrumentation  package  called  the 
Transfer  Function  Analyzer  (hereinafter  denoted 
by  TFA  was  used. 

The  transfer  function  values,  defined  as 
displacement  to  force  ratio  (compliance),  are 
not  dependent  cn  force  magnitude  and  are  appli¬ 
cable  for  any  force  situation  arising  on  the 
machine  tool  within  the  assumed  linearity  limits. 


A  sketch  of  the  j'j'-face  grinding  machine 
nve fti gated  is  ,,hown  in  Figure  1.  The  indica¬ 
te  r,.  ir.  fo-c p  loop  was  composed  of  elemet  ts 
•  i  •  it  m  the  transmission  o  ;  _  j  1 1  i  ’■  a 
Ct  actions  ot  the  tm  i  »  ‘  wcr*t'1ece. 

•e  .'.-..i  s.vitwn  of  interest  was  centered 
oun..  "  ie  sfindle  unit  equipped  wth  a  direct 


■  gore  i  -  urinoi'ig  Machine  with  Main 

i  nrce  i_oop 
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Cicatitinc  on  the  structure  where  decl  'c :  on? 
wert  reasured  during  the  mode  shape  irvestige- 
tio.  are  indicated  in  the  picture  with  numbers 
2  ^c: recti vc1 ; , 

An  exciter  head  w3s  located  on  the  m.cchine 
table.  The  exciter  applied  a  vibrating  force 
to  the  structure  to  simulate  a  cutting  force. 
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->gure  3  -  txciter  Location  and  Relative 
Tool  Motion  Measurement 


\ 

_\ 

ji — i _ i 


_ I 


^  ab  sc  *e  t  » 


rigure  2  -  Significant  locations  >  n  jpi.rile  Co.rorr 


pigure  Z  shows  the  spindle  compartment 
with  the  vi brat-' on  absorber  attached.  The  ah- 
--.rber  we.  ’ov.tc:  ir.  place  of  the  motor  rear 
cover  using  six  belts.  Two  of  the  significant 


The  situation  is  shown  in  Figure  3.  A  displace 
men*  tre-  ;durer  was  attached  to  the  side  of  the 
e/citor  iietj  t.  *?sure  the  tool  relative 
motion  (Xw). 
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INSTRUMENTATION 

The  electro-hydraulic  exciter  produced  a 
sinusoidally  alternating  force  thi  ough  the  dy¬ 
namic  >-ar,ge  of  10  to  1000  Hz.  The  dynamic 
force  F  was  maintained  by  a  feedback  control 
loop  consisting  of  a  quartz  force  transducer, 
Charge  amplifier,  electronic  control  device  and 
auxiliary  static  balanc?  circuit  (Figure  4), 


tC  lb.  p-p  acted  with  the  frequency  from  10  Hz 
through  700  Hz.  On  the  ordinate  the  tool 
motion  is  expressed  as  the  relative  displace¬ 
ment  amplitude,  Xy,  measured  by  an  inductive 
transducer  between  the  wheel  and  table  (work- 
piece). 


t 


The  Transfer  Function  Analyzer  contained 
two  tracking  filter  analyzers,  sweep  o  cillator 
and  phase  meter.  In  procedures  3  and  4  the 
Vector  Component  Analyzer  was  also  incorporated. 
The  vibration  was  measured  in  both  an  absolute 
and  relative  manner  by  accelerometer  and  induc¬ 
tive  transducers  respectively. 


As  can  b?  seen  the  first  vibration  mode  of 
approximately  80  Hz-frequency  had  the  highest 
cofppl  lance  and  thus  the  lowest  dynamic  stiff- 
ness.  The  other  modes  had  considerably  smaller 
compliances;  e.g.,  the  second  one  was  onl«  2/5 
of  the  first  one. 


EVALUATION  CONCEPT 

A  continuous  elastic  system,  consisting  of 
elements  such  as  beams,  plates,  etc.,  displays 
very  complicated  frequency  response  with  dif¬ 
ferent  vibration  modes  more  or  less  coupled. 

The  response  of  the  investigated  grinder, 
plotted  on  Bode-type  diagram,  disolayed  nine 
significant  resonances,  if  vvc  colder  as  sig¬ 
nificant  any  resonance  peak  accompanied  by  at 
least  a  30°  phase  shift  (Figure  5).  The  Eode 
diagram  as  used  in  this  paper  is  the  display  of 
log  amplitude  ratio  and  phase  angle,  each  plot- 
tec  versus  log  frequency.  The  dynamic  force  of 
i 
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The  first  mode  was  the  matter  of  our  con¬ 
cern  in  the  damping  effort.  For  analytical 
purposes  this  mode  was  considered  as  a  system 
having  a  single  degree  of  freedom  and  isolated 
from  other  modes.  After  the  vibration  absorber 
was  mounted,  the  iwoel  under  consideration  was 
transformed  into  one  having  two  degrees  of  free¬ 
dom.  The  added  mass  changed  the  dynamic  re¬ 
sponse  and  the  new  system  displayed  two  compen¬ 
sating  resonances. 

Optimization  was  achieved  when  both  reso¬ 
nant  peaks  on  the  response  curve  were  brought 
to  the  same  level  and  depressed  to  the  lowest 
possible  compliance  value  [7]. 


TUNING  PROCEDURE 

By  proper  cholc".  of  the  spring  constant  of 
the  absorber,  obtained  by  changing  the  thick¬ 
ness  ar.o  th«  length  of  spring  bar,  the  ampli¬ 
tudes  of  the  compensating  resonant  ;eaks  on  the 
frequency  response  curve  of  the  main  mass 
(Yj  values  measured  on  motorcase,  location  2  In 
Figure  2)  were  adjusted  to  equal  heights. 

The  damping  amount  was  experimentally  de¬ 
termined  by  adding  the  oil  In  small  Increments 
Into  the  absorber  cylinder.  During  the  danplng 
process  It  was  necessary  to  occasionally  re¬ 
adjust  the  spring  constant  after  the  Increased 
damping  disturbed  the  peak  heights  balance. 

When  the  damping  was  too  high  there  appeared 
only  one  resonance.  The  second  mass  became 
coupled  with  the  first  one  and  two  degrees  of 
freedom  charged  Into  the  former  single  degree; 
however,  now  with  Increased  mass  and  corres¬ 
pondingly  lower  resonant  frequency. 

The  amount  of  energy  absorbed  by  the  shear¬ 
ing  process  In  the  absorber  was  Influenced  by 
the  amount  and  type  of  damping  fluid  used. 

Conmon  mineral  oils  of  lower  viscosity  were 
used.  To  gain  more  experience  with  damping 
fluids  the  absorber  was  tuned  with  four  differ¬ 
ent  oils.  The  tuning  procedure  was  finished 
when  both  balanced  peaks  were  brought  to  the 
lowest  possible  level  but  they  still  stayed 
observable  on  the  diagram. 


In  Figure  6  an  example  of  the  tuning  proc¬ 
esses  performed  Is  shown.  The  curves  were 
obtained  by  the  TFA  In  transfer  function  form 
as  values  Y]  but  were  rearranged  to  show  nor¬ 
malized  values  of  the  amplitude  ratio  Xi/Xo . 
These  values  correspond  to  Ki/Yt,  where  Ki  Is 
the  static  stiffness  at  position  2.  Approxi¬ 
mately  twenty  diagrams  such  as  these  were 
needed  to  tune  the  damper  with  a  specific  oil. 

Experimental  results  showed  that  the 
optimum  amplitudes  Yi  reached  with  particular 
oils  were  between  2.5  x  10-5  and  3.9  x  10*5 
In/lb  or,  If  expressed  non-dimensional ly  as 
Xi/Xo  values,  between  1.6  and  2.4.  The  spread 
depended  upon  the  fineness  of  the  tuning  process; 
l.e.,  on  the  selection  of  the  Increments  and 
number  of  bar  turns  In  readjusting  the  spring 
constant.  Further  Improvement  In  the  tuning 
could  be  achieved  by  adding  smaller  oil  Incre¬ 
ments  and  shortening  the  changes  In  the  mass 
positioning.  However,  the  Improvement  would  be 
relatively  small  In  proportion  to  the  number  of 
necessary  test  runs  and  excessive  time  consump¬ 
tion. 

RELATIVE  TOOL  MOTION  MEASUREMENT 

Relative  motion  between  the  tool  and  work- 
piece  is  the  decisive  measure  of  quality  of  a 
machine  performance.  Its  value  Influences 
the  surface  deficiencies  on  the  product  and  Is 
the  measure  of  chatter. 
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Figure  6  -  Tuning  Diagrams 
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Motion  between  the  workpiece  and  tool  was 
measured  In  the  chip  thickness  direction  which 
Is  perpendicular  to  the  table  as  shown  In  Fig¬ 
ure  3.  The  relative  vibration  displacement 
was  expressed  as  dynamic  compliance  (value  Yw 
measured  on  the  wheel,  place  1  In  Figure  2)  by 
the  TFA  and  plotted  on  Bode-type  diagrams. 
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Figure  7  -  Influence  of  Absorber  on 
Relative  Tool  Vibration 


Figure  7  compares  the  motion  of  the 
spindle  wheel  of  the  original  grinder  design 
(dashed  line)  with  the  motion  of  the  adapted 
machine  (solid  line)  showing  the  effect  of  the 
added  optimum  tuned  absorber.  The  resona.it  peak 
was  lowered  which  caused  the  compliance  to  Im¬ 
prove  4.4  times.  The  lower  slope  of  the  phase 
angle  plot  Indicates  a  substantial  Increase  In 
damping. 

The  related  parameter,  minimum  dynamic 
stiffness  (the  stiffness  at  the  resonant  fre¬ 
quency),  was  Increased  In  the  same  manner  since 
Its  value  Is  determined  by  Inversion  of  the 
compliance. 

MAGNIFICATION  FACTOR 

Another  performance  parameter,  often  appar¬ 
ent  In  practice,  Is  the  dynamic  magnification 
factor  k.  It  Is  defined  as  the  ratio  of  the 
maximum  dynamic  amplitude  of  a  system  point 
(grinding  wheel),  when  the  system  Is  subjected 
to  a  harmonic  force,  to  the  deflection  of  that 
point  when  the  force  Is  applied  very  slowly,  as 
a  static  force. 

Zero  frequency  deflections  or  static  de¬ 
flections  were  estimated  from  compliance  values 
taken  at  very  low  frequency  where  the  slope  of 
the  recorded  curve  approached  zero  (2.7  x  10*5 
In/lb). 
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In  the  comparison  shown  In  Figure  7  the 
magnification  factor  has  the  value  of  1.18  for 
grinder  with  absorber  as  compared  with  the 
value  of  5.2  for  original  grinder  design. 

GAIN-PHAS  RELATIONSHIP 

Compliance  data  are  further  presented  in 
the  form  of  a  gain-phase  plot  to  provide  a  com¬ 
parison  of  the  chatter  onset  circumstances  on 
the  machine  with  and  without  the  absorber, 
Figure 

The  gain  is  plotted  on  the  ordinate  axis 
and  is  defined  as  the  absolute  value  of  the 
ratio  of  structure  displacement  in  the  uncut 
chip-thickness  direction  to  the  exciting  force 
applied  in  the  direction  of  the  resultant  cut¬ 
ting  force  which  in  our  case  is  displacement 
ccmpliance.  The  phase  angle  is  plotted  as  the 
abscissa  and  is  the  angle  between  the  foregoing 
displacement  ar.d  applied  force  which  is  derived 
in  our  case  after  subtracting  the  preset  angle, 
value  used  according  to  instrumentation  prac¬ 
tice. 
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Figure  8  -  Gain-Phase  Plots  as  Chatter 
Onset  Indication 

The  second  part  is  needed  to  form  a  con¬ 
clusion  about  chatter  onset,  and  is  a  plot  of 
vhe  critical  cutting  loci  derived  from  the 
analysis  of  the  closed-loop  representation  of 
the  chatter  mechanism.  For  evaluation  purposes 


the  mutual  configuration  of  both  plots  is  ob¬ 
served.  If  the  gain  phase  plot  representing  the 
machine  structural  dynamics  does  not  intersect 
the  other  curve  defined  by  cutting  dynamics 
then  the  system  is  absolutely  stable  at  all 
cutting  conditions  and  will  resist  chatter  [t]. 

However,  the  estimation  of  critical  cut¬ 
ting  loci  is  rather  complicated  and  would  have 
required  extensive  cutting  tests  which  were 
beyond  the  scope  of  the  project.  For  purposes 
of  comparison  tne  effect  of  the  absorber  is  ob¬ 
served  through  the  changes  in  the  structure 
portion  of  the  gain-phase  plot  while  the  cut¬ 
ting  conditions  in  compared  cases  stay  un¬ 
changed.  The  curve  of  the  cutting  process 
dynamics  as  shown  in  Figure  8  is  an  example 
approximating  the  cutting  conditions.  The 
scale  for  this  curve  (on  the  left  side)  will 
be  different  from  the  compliance  scale. 

The  shape  of  the  comoarative  curve  in  the 
right  hand  corner  of  Figure  8,  representing  the 
conditions  with  the  absorber,  reveals  that  the 
tuning  here  was  not  quite  perfect  as  shown  by 
different  peak  levels.  Nevertheless,  it  is 
obvious  that  the  distance  between  the  border¬ 
line  of  the  critical  cutting  loci  and  struc¬ 
tural  gain-phase  plot  had  substantially  in¬ 
creased  after  the  absorber  was  mounted  and  thus 
the  danger  of  initiating  chatter  w**  consider¬ 
ably  reduced.  Even  if  the  grinding  condition 
became  less  favorable,  which  would  lower  the 
position  of  the  upper  curve  (dotted  line),  it 
is  very  improbable  that  intersection  would 
occur.  The  system  with  the  absorber  incorpo¬ 
rated  is  expected  to  be  stable  at  severe  cut¬ 
ting  conditions  and  will  resist  chatter  vibra¬ 
tion  occurring  in  the  observed  range. 

VECTOR  COMPONENT  MEASUREMENT 

The  third  test  procedure  provided  plots 
of  two  vector  components  of  the  relative  vibra¬ 
tion  motion  between  the  tool  and  table.  In 
addition,  Nyquist  polar  diagrams  were  also 
obtained. 

The  coincident  component  plots  contain  che 
damping  information  [9].  Two  plots  are  com¬ 
pared  in  Figure  9.  The  dashed  line  represents 
the  original  machine,  the  solid  line  the 
adapted  machine  with  the  absorber. 

The  damping  ratio  t  was  computed  from 
peak-and-notch  frequencies  wa  and  ui[,  using  the 
equation: 

C  *  [(V“b>2  -  l]/[(V“b)2  +  ’3 

The  damping  ratio  for  the  original  grinder 
design  was  thus  obtained  as  c  =  0.075.  However, 
under  the  strong  influence  of  the  absorber  the 
resonant  peaks  sank  so  low  that  no  significant 
resonance  had  developed  and  in  some  cases  with 
p^-ticular  oils  the  coincident  curve  did  not 
cross  the  zero  line.  The  estimation  of  c  from 
peak-and-notch  readings  gave  only  approximate 
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inform*  tio  Jet  tnesr  cc'  d’tions.  comi'a- 
ison  me  damping  ratio  was  evaluated  be¬ 
tween  u.2l  and  0.23  and  the  damping  improvement 
was  Ly  a  factor  of  apptoxirately  thr<  a 


OHIGINM  OtSCN 


i-  WITh  /ISOHJtil 
./  I 


/ 


2 

i  CV 


¥ 

Q  1 


'V  *** 

_ 

I  .ocr 


rtKUlNU  Hi 


:  / 
1 1 
i  / 
i  < 
i* 


figure  9  -  Coincident  Component  Plots 


from  the  adapted  n»  chine  vt  .  t'..  a. sorb  > 
i tv' s  is  an  improvement  of  ■  3  ti"T? 

Polar  diagrems  indicct:iJ  ne  md'h’  e  chat¬ 
ter  resistance  by  ost'ina*  uq  thi  ’V.i 
negative  reai  vector  component  [id1.  Tn.- 
smaller  thfs  V3luc,  the  higher  tne  dynamic 
stability  d-splaved  by  the  machine  structure. 

"he  experimental  Nynuist  oolai  diagrams 
are  displayed  in  figure  ’i. 

The  diagrams  were  recorded  with  the  coinci 
ler.t  compc-oe it  driving  the  vertical  direction 
[ordinate1  of  the  recoiling  pen  and  the  quad¬ 
rature  component  driving  the  Horizontal  ejec¬ 
tion  (abscissa).  Nyquist  diagrams  enable 
reading  of  the  phase  in  ar.y  of  the  tour  Quad¬ 
rants;  however,  tne  frequency,  becoming  para¬ 
metric  instead  of  coordinate,  is  not  screened 
To  offset  this  disadvantage  a  dfsolay  of  fre¬ 
quency  was  ac-d:ticral ly  superimposed  on  ou' 
diagrams  by  rearranging  the  two  pen  recorder, 
for  convenience  of  reading  the  auxiliary  fre¬ 
quency  plots  were  shifted  out  of  the  polar 
curve  areas. 


Ihe  cuadtature  cu.nporcnt.  plot  was  used  fo-* 
exact  <.c termination  o'  the  resonant  frequency, 
specifically  for  the  '.ode  wpe  procedure.  The 
peak  on  the  plot  was  very  steep  and  sharply 
pointed  giving  an  accuracy  of  the  resonant  fre¬ 
quency  value  within  7.  Hz.  This  sensitivity  was 
substantially  .:igher  than  the  previous  overall 
response  plots  allowed. 

The  amplitude  ot  the  quadrature  resonant 
peak  represented  a  maximum  relative  displace¬ 
ment  between  the  tool  and  workpiece  \r tr.  less 
influence,  jo''  non-resonant.  nodes  [9] 
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Figure  10  -  Quadrature  Component 
Plots 
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In  Figure  10  the  results  obtained  from 
the  original  machine  are  compared  with  results 


Figure  11  -  Influence  of  Absorber  o.i 
Nyquist  Polar  Plots 
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I  he  niacnine  o‘  oiig-'nai  design  displayed 
the  maximum  negative  real  component  of  -2  mV 
compared  to  the  value  from  the  machine  with  the 
absorber  whUh  displayed  -0.05  mV.  In  that  kind 
or  evaluation  improvement  of  40  times  indicates 
1  .abstantial  increase  in  chatter  resistance. 

MODfi  SHAPE  MEASUREMENT 

For  vibration  mode  shape  measurement  the 
vector  component  technique  usinn  the  vector 
Ana lyzer  was  applied.  Evaluating  the  quad¬ 
rature  component  values  of  the  ahsolute  vibra¬ 
tion  displacements  along  the  mac!’ir,;j  force  loo.' 
provided  adequate  mode  ^hape  measurements. 

Excitation  frequency  wa.  lucked  and  held 
at  a  constant  value  during  the  measurement. 
Vibration  data  were  obtained  by  moving  the 
accelerometer  from  one  significant  place  to 
another.  To  obtain  enough  data  for  a  detailed 
and  reliable  deflection  picture  thirty-eight 
significant  places  were  selected  and  measured 
along  the  machine  profile  shown  in  Figure  2. 

Some  additional  plar»s  were  investigated 
luring  higher  modes  when  the  deflection  pat¬ 
tern  became  more  sophisticated. 

The  observed  value  of  quadrature  component  was 
read  from  the  Ai.alyzer  scale  for  each  acceler- 
'-.'eter  placement.  From  these  data  the  mode 
shape  pictures  of  the  vibration  modes  were 
constructed. 


due  to  the  absorber  effect  was  5.8  times. 

4rter  the  comparative  mode  patterns  of  the 
first  mode  were  evaluated  the  analysis  was  ex¬ 
panded  to  include  higher  modes  as  well.  The 
reason  *or  this  enlargement  was  not  only  to  ob¬ 
tain  supplementary  data  about  the  machine  per 
fornance  th-ough  the  entire  oractical  dynamic 
range  but,  at  the  same  time,  to  check  whether 
the  absorber  worsened  the  overall  dynamic 
behavior. 

In  the  theoretical  evaluation  of  damping 
by  a  dynamic  absorber  in  the  literature  [1]  an 
.'iddi  .icnal  effect  was  discussed.  :'ot  only  was 
the  atsoroer  effective  in  suppressing  the 
resonance  to  whicn  it  was  tuned  but  its  damping 
was  also  observable  in  suppressing  the  resonan¬ 
ces  that  occurred  at  higher  frequency  modes, 
while  it  had  little  effect  on  the  peaks  below 
the  absorber  frequency. 

in  our  investigations  the  absorber  signif¬ 
icantly  suppressed  the  resonance  of  concern  but 
no  remarkable  and  steady  differences  at  higher 
frequency  nodes  were  observed.  The  absorber 
influence  on  higher  modes  was  negligible. 

CONCLUSIONS 

Four  test  procedures  were  developed  and 
applied  to  evaluate  the  effect  of  a  specially 
designed  damped  vibration  absorber  on  the 
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Figure  12  -  Vibration  Mode  Shape  of  the  Original  Machine 


Figures  12  and  13  demonstrate  In  the  first 
mode  deflection  picture  the  difference  between 
the  original  design  of  the  machine  tool  and  the 
adapted  machine  tool  with  the  absorber. 

The  Deflection  Scale  calibrates  the  vibra¬ 
tion  motion.  The  Dimension  Scale  relates  to 
the  overall  size  of  the  machine. 

Consideration  should  be  given  to  the  loca¬ 
tion  No.  1  on  the  wheel  where  the  improvement 


dynamic  behavior  of  a  surface  grinding  machine; 
this  was  accomplished  without  conducting  time 
consuming  and  costly  cutting  tests. 

The  applied  frequency  response  method 
using  the  Transfer  Function  Analyzer  provided 
satisfactory  information  about  the  absorber 
performance. 
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Figure  13  -  Vibration  Mode  Shape  of  the  Machine  with  Absorber 


The  following  parameters  were  evaluated: 

Static  and  dynamic  stiffnesses, 

Magnification  factors, 

Damping  ratios, 

Maximum  wheel  deflections, 

Vibration  mode  shapes. 

Chatter  resistance  indications. 

A  comparison  of  the  numerical  values  de¬ 
scribing  the  differences  between  both  machine 
tool  design  is  reviewed  in  Table  1. 


It  is  evident  from  this  tabulation  that 
substantially  improved  dynamic  characteristics 
occurred  after  the  absorber  w.--.  mounted.  One 
of  the  most  significant  Improvements ,  it  can 
be  pointed  out,  was  that  the  dynamic  stiffness 
rose  4.4  times.  In  addition,  increased  chatter 
resistance  was  indicated  by  the  Gain-Phase 
plots  which  showed  a  40  times  decrease  in  the 
maximum  negative  real  vector  component. 

This  investigation  has  shown  the  applica¬ 
tion  of  a  tunable  absorber  and  the  evaluation 
of  specially  developed  testing  method,  to  give 
favorable  results.  It  is  entirely  feasible  to 
apply  this  type  of  design  Improvement  and 
analysis  to  other  machine  tools. 
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REVIEW  or  EXPERIMENTAL  RESULTS 
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Dyn-nn  i  c  Compl  i  ance 


Dynamic  Stiffness 


1-Kjni  M cation  Factor 


Max.  Relative  Displacement 
Between  Tool  and  Workpiece 


Max.  Negative  Real 
Vector  Component 


Max.  Absolute  Deflection 
on  Grinding  Wheel  in 
Radial  Direction 

Max.  Absolute  Deflection 
on  Grinding  Wheel  in 
Axial  Direction 
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